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PKEFAOE.

The present work has been undertaken at the^ request

of many teachers, in order to be placed in the hands of

beginners, and to serve as an introduction to the larger

treatise published by the author; it is accordingly based

on the earUer chapters of that treatise, but is of a more

elementary character. Great pains have been taken to

render the work intelligible to young students, by the use

of simple language and by copious explanations.

In determining the subjects to be included and the

space to be assigned to each, the author has been guided

by the papers given at the various examinations in ele-

mentary Algebra which are now carried on in this country.

The book may be said to consist of three parts. The first

part contains the elementary operations in integral and

fractional expressions ; it occupies eighteen chapters. The

second part contains the solution of equations and pro-

blems; it occupies twelve chapters. The subjects contained

in these two parts constitute nearly the whole of every ex-

amination paper which was consulted, and accordingly they

are treated with ample detail of illustration and exercise.

The third part forms the remainder of the book; it cour

sists of various subjects which are introduced but rarely

into the examination papers, and which are therefore more

briefly discussed.

The subjects are arranged in what appears to bo the

most natural order. But many teachers find it advao.'

tageous to introduce easy equations and problems at a very

•arly stage, and accordingly provision has been made for
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Buch a course. It will be found that Chapters XIX. and
XXI. may be taken as soon as a student has proceeded as

far as algebraical multiplication.

In accordance with the recommendation of teachers, tho

examples for exercise are very numerous. Some of these

have been selected from the College and University exami-

nation papers, and some from the works of Saunderson and

Simpson ; many however are original, and are constructed

with reference to points which have been shewn to be im-

portant by the author's experience aa a teacher and an

examiner.

The author has to acknowledge the kindness of many

dLstingiushed teachers who have examined the sheets of his

work and have given him yaluable suggestions. Any re-

marks on the work, and especially the indication of diffi-

culties either in the text or the examples, will be most

thankfully received.

I. TODHUNTER.
St John's Collegh,

July 1863.

Four new Chapters have been added to the present edi-

tion, and also a collection of Miscellaneous Examples which

are arranged in sets, each set containing ten examples.

These additions have been made at the request of some

eminent teachers, in order to increase the utility of tho

work.

July 1867.
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ALGEBRA FOR BEGINNERS.

L The Principal Signs,

1. Algebra is the science in "which we reason about
numbers, •svitli'The aid of Icttci-s to denote the numbers,
and of certiiin signs to denote the operations performed
on the numbers, and the relations of the numbers to each
other.

2. Numbers may be either known numbers, or num-
bers which hare to be found, and which are therefore
called unlc}}0irn numbers. It is usual to represent known
numbers by the first letters of the alphabet, a^» c, &c.,

and unknown numbers by the last letters ^,yjS; this is

however not a necessary rule, and so need not oe strictly

obeyed. Numbers may be either whole or fractional. Tho
word quantity is often used with the same meaning as

nitmhcr. Tho word integer is often used instead oi whole
nunihtr.

3. Tlio beginner has to accustom himself to the use of

letters for representing^ numbers, and to learn the meaning
of tho signs; we shall begin by expkining the most im-
portant signs and illustrating their use. We shall a.s.sumo

that tho student has a knowledge of tho elements of Arith-

metic, and that he admits the truth of the common notions

required in all parts of matiiematics, such as, if eqicals he

added to equals the wholes are equal, and the like.

4. The sign + placed before a number denotes that the
nnmlxT is to he added. Thus a + h denotes that tho num-
ber repreaeutcd by ^ is to be added to tho number repi-u-

T. A. 1



2 TEE PRINCIPAL SIGNS.

sented by a. If a represent 9 and h represent 3, then a-\-b

represents 12. The sign + is called the 2^^us sign, and
a + hh read thus ''a plus b."

5. The sign — jjkced before a number denotes that the
number is to be suhtracted. Thus a-b denotes that the

number represented by 6 is to be subtracted from the
number represented by a. If a represent 9 and h repre-

sent 3, then a — b represents 6. The sign — is called the
minus sign, and a- 6 is read thus "a minus b."

6. Similarly a^-b-irc denotes that we are to add h to

a, and then add c to the result ; a + b — c denotes that we
are to add b to a, and then subtract c fi'om the result;

a— 6 + c denotes that we are to subtract b frciln a, and then
add c to the result ; a— b — c denotes that we are to sub-

tract b from a, and then subtract c from the results

7. The sign = denotes that the numbers between
which it is placed are equal. Thus a = b denotes that the
number represented by a is equal to the number repre-

sented by b. And a + b = c denotes that the sum of the
numbers represented by a and b is equal to the number
represented by c; so that if a represent 9, and b represent

3, then c must represent 12. The sign = is called the
sign of equality, and a=& is read thus "a equals b" or
"a is eqwd to b."

8. The sign x denotes that the numbers between
which it stands are to be multiplied together. Thus
a X & denotes that the number represented by a is to be
multiplied by the number represented by b. If a repre-
sent 9, and b represent 3, then a x & represents 27. The
sign X is called the sign of multiplication, and « x 5 is

read thus " a into b." Similarly axbxc denotes the pro-
duct of the numbers represented by a, b, and c.

9. The sign of multiplication is however often omitted
for the sake of bre\'ity ; thus ab is used instead of a x &,

and has the same meaning; so also abc is used instead of
axbxc, and has the same meaning.

The sign of multipUcation must not be omitted when
numbers are expressed in the ordinan- way by figures.

Thus 45 cannot be used to represent the prodiwt of 4 and
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6, because a different meaning has already been appro-
priated to 45, namely, forty-jive. We must therefore re-
present the product of 4 and 5 in another way, and 4x5
is the way which is adopted. Sometimes, however, a
point is used instead of the sit^Ti x

; thus 4,5 is used in-
stead of 4x5. lo prevent any confusion between the
pomt thus used as a sign of multiphcation, and the point
used in the notation for decimal fractions, it is advi.sable

to place the point in the latter case higher up; thus

4'5 may be kept to denote 4 -f p^ . But in fact the point is

not used instead of the sign x except in cases where there
can be no ambiguity. For example, 1.2.3.4 may be put for
1x2x3x4 because the points here will not be taken for
decimal points.

The point is sometimes placed instead of the sign x
between two letters ; &o tliat a.h la used instead of a x 6.

Bat the point is here superfluous, because, as we have
said, ab is used instead cf a x 6. Nor is the point, nor the

8^ x necessary between a number expressed in the or-

dinary way by a figure and a number represented by a
letter ; so that, for example, 3a is used instead of 3 x a,

and has the same meaning.

10. The sipi ^ denotes that the number which pre-

cedes it is to be divided by the number which follows it.

Thus a-^h denotes that the number represented by a is to

be divided by the numbu* repreaented by h. If a repre-

sent 8, and h represent 4, then a^h represents 2. The
sign -=r is called the sign of divigion, and rt-^& is read
thu8"a&»/b."

There is also another way of denoting that one num-
ber is to be di\'i(led by another; the dividend is placed

over the divisor with a line between them. Thus ^ is

used instead oi a^h, and has the same meaning.

11. The letters of the alphabet, and the sign'^ which
we have already explained, tofrcth'T with tliose which may
occur hereafter, are called ''['j\'hva\\'((l t^m^^-'h^ because
thoy arc u>^ed to represent tTie numbers about which wo
may be reasoning, the operations performed on them, and

1-2



4 EXAMPLES. I.

their relations to each other. Any collection of Algebraical

synilols is called an ahjebraical expression , or briefly an
ejrpressini.

12. "SVe shall now ^vc mw.i examples as an exercise

in the use of the sjinbols v.hieh have been explained;

these examples consist in finding the numerical values of

certain algebraical expressions.

Suppose a = l, 6 = 2, c = 3, d=5, e = G,f=0. Then

7a + 36-2^+/=V + G- 10 + = 13- 10 = 3.

2:(b-h&bc-ae+^f=4:i- 48 -6 + = 52-6 = 46.

4^+i_^^_l«^l^^i??-3-? = 6 + S-10 = U-10= 4.

b cd ac 2 15 3

4LC + 5e _ 12 + 30 _ l?_.i4^
d-b " 5-2 3~

Examples. I.

If a= 1,6= 2, <7 = 3, 6^=4, <; = 5,/=0, find the numeri-
cal values of the foilo-i-iiig expressions:

L 9a + 26 + Sr-2/: 2. 4e-Za-2,lj + 5c.

3. Tap + 36c + 96^ --.'!/;
^

4. ^dbc-bcd+Qcde-def.

'6. abed + 'lice + able + acde + bcde, 6. -r- + — + -, ^.

6 c ^^ e

4ac S6£_.^^^ n 12^ 66 20c

b d e ' 'be cd de

'

- cds 5hcd 6ade ,^ ^ , , 36^c
9. -^7+- J—. 10. 7^ + 6cc?--^r—

,

ab ac he 2ac

2a-^rh S6 + 2C a + b + c + d _ b + c + Se

c
"• ^- + - rf^

- —2^ '2. ^-:p^^.

g + c 6 + 6? c4-e a + h+.c + d+e
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II. Factor. Coefficient. Power. Terms.

13. When one number consists of the product of two
or more numbers, each of the latter is called ^-^^^^ism of

the product. Thus, for example, 2x:}x5 = 30; and each
of the numbers 2, 3, and 5 is a factor of the product oO.

Ur we may regard 30 as the product of the two factors,

2 and 15,t)r as the product of the two factors 6 and 5,

or a.s the product of the two factors 3 and 10. And so, also,

we may consider Aab as the product of the two factors

4 and ah, or as the product of the two factors Aa and 6,

or as the product of the two factors Ah and a\ or we may
regard it as the product of the three factors 4 and a and h.

14. When a number consists of the product of two
factors, each factor is called the coefficient of the other
factor; %o Wv^i coefficient is equivalent to co-fact'ir. Thus
considering Aah as the product of 4 and ah, we call 4
the cocllicicnt of ah, and ah the coefficient of 4; and
ccmsidcring Aah as the product of Aa and h, we call Aa
the coefficient of h, and h the coefiicient of Aa. There >vill

bo little occasion to use the word coefficient in practice in

::ny of these aiscs except the first, that is the case in which
4 is regarded as the coefficient of ah ; but for the sake of

distinctness wc speak of 4 as the numerical coefficient of
ah in Aah, or briefly as the numerical coefficient. Thas
•..hen a jiroduct consists of one factor which Ls represented
liilumdiraUy, that is by a figure or figure;', an<l of an-

"i-her factor which is represented algchraically, tiiat is hj
I letter or letters, the former factor is called the numerv-
cul coefficient.

1 5. When all the factors of a product are equal, the
product is called a power of that factor. Thus 7 x 7 is

cailc'<l the »ec<md potrer of 7; 7 x 7 x 7 is called the third
j,"irer of 7; 7 -xl >i7 \7 is called the fourth p^wcr of 7;
ftiid so on. Ill like manner a x a Is called the second power
of a; ay. ax a is calkd the third power of a; ax ay. ax a
is called tlmf'urlh power of a ; and so on. And a itself i«

Bomctiracs called thc/?v^ poicer of a.
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16. A power is more briefly denoted thus: instead of

expressing all the equal factors, we express the factor once,

and place over it the number which indicates how often it

is to be repeated. Thus a^ is used to denote ay. a-, a^ is

used to denote ax ay. a; a^ is used to denote ay ay ay a;

vavX so on. And a^ may be used to denote tlie first power
of a, that is a itself; so that a^ has tfte same meaning as a

17. A number placed over another to indicate huw
many times the latter occurs as a factor in a i)<)wer. u
called an index of the power, ov an exponent of tlie power

;

or, briefly, an index, or exponent.

Thus, for example, in a^ the exponent is 3; in a" the

exponent is n.

18. The student must distinguish very carefully between
a coefficient and an exponent. Thus 3<7mean3 three timesc;
here 3 is a coefficient. But c^ means c times c times c;

here 3 is an exponent. That is

c' = c X c X c,

19. The second power of a, that is a"^, is often called the

square of a, or a squared; and the third power of a, that is

«3, is often called the cube of a, or a cubed. There are no
such words in use for the higher powers; a* is read thus

*'a to thefourth power^^ or briefly '• a to thefourth.''

20. If an expression contain no parts connected by the

signs + and — , it is called a simple expression. If an
expression contain parts connected by the signs + and —
it is called a compound expression, and tlie parts con-

nected by the signs + and — are called terms of the ex-

pression.

Tims ax, Abe, and 5aV are simple expressions ; a^-i^b'^ — d^

is a compound expression, and a', W, and c^ are its terms.

21. TVlien an expression consists of two terms it is

called a binomial expression : when it consists of three

terms it is called a trinomial expression; any expression

consisting of several terms may be called a micltinomiai

expression; or a polynomial expression.
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Tims 2a + 3b is a binomial expression; a — 2b + 5c is a
trinomial expression; and a — b + c — d— e may be called a
multinomial expression or a polynomial expression.

22. Each of the letters whioh occur in a term is

called a dimension of the term, and the number of the
letters is called the degree of the term. Thus a-b^c or
a<axbxbxbxc is said to be of six dimensions or of
the sixth degi'ee. A numerical coefficient is not counted

;

thus [)a^b* and a^b* are of the same dimensions, namely
seven dimensioiLs. Thus the word dimensions refers to

the number of algebraical multiplications involved in the
term; that is, the degree of a teiTu, or the number of its

dimensions, is the sum of the exponents of its algebraical

factors, provided wo remember that if no exponent be
expressed the exponent 1 must be understood, as indicated

in Art 16.

23. An expression is said to be h£ymonMu>mj^ when all its

terms are of the same dimensionsr Thus 7^3 + 3a-& + 4adc
is homogeneous, for each term is of three dimensions.

TVe shall now give some more examples of finding the
numerical values of algebraical expressions.

Suppose a=l, 6 = 2, <:= 3, £/=4, e = 5,/=0. Then

62 = 4, ^ = 8. 6^=16. 6» = 32.

36'= 3x4 = 12, 66' = 5x8 = 40, 96' = 9 x 32=283,

^ = 5^ = 5, «* = 52 = 25, «*= 5'=125.

0*6^=1x8 = 8, 36V= 3x 4x9 = 108.

i)?* + c>- 7a6+/= 64 4- 9 - 14 + = 59.

3r'-4r-10 27-12-10 6 ^

1
=^

i3=a

<^-2<;2+ 5c-



EXAMPLES. II.

ESAMPLES. IL

If a = 1, 5= 2, <:= 3, <i = 4, ^ = 5,/= 0, find tlie numericaS

values of the following expressions :

4. c3-2c= + 4c-13. - f
5. a^ 4- ^arh + .*3a&- + Z^.

6. e^ + 6e2Z/2 + 54_ ^^j,_ 4^,a_^

feV ^ _ 32

4a
"^

6=^ ^>^'
7.

2g + 2
,

3g-9 e^^l
^-3 " e-2 e+ 3'

^ a^+b^ c^ + e- e'-cP
9. +

—

.— + -.

e h c

10.
a2+ ir» c^-/y- ^

28
1 1 . -^.-,>—, + -^7 T4 +

a= + 6^+6-2 J^ - 6- -b^^ a^ + e'-c'-d^'

12.

15.

o4 + 4«^& + G«-/r + .
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III. Remain I.-iij Signs. Bracketdi.

24. The difference of two nurabera is sometimes de-

noted by the sign ~; thus a~b denotes the difference of

the numbers represented by a and h ; and is equal to a — 6,

or 6 — «, according as a is greater than b, or less than h : but
this symbol '- is very rarely reqtiired.

25. Tlie sifjn > denotes is greater than, and the

sign < denotes is less than; thus a >6 denotes that the

number represented by a is greater than the number
represented by h, and h<a denotes that the number re-

prc^Linted by 6 is less than the number represented by a.

'i hus in both cases the opening of tho angle is turned
towards the greater number.

26. The sign .'. denotee then or therefore; the sign *.•

denotes since or because.

27. The square root of any assigned number is that

number which has the assigned number for its square or

second po2cer. The cube root of any assigned number is

that number which lias tho assigned number for its cube or

third power. Tho fourth root of any assigned number is

that number which has the assigned number for its fourth

power. And so on.

Tlias smco 49= 7^ tho square root of 49 is 7; and so if

a=b\ tho square root of a is b. In like manner, since

125 =^3, the cube root of 125 is 6; and so if a=<^, the cube
root of a is c.

28. The square root of a may be denoted thus lja\

but generally it is denoted simply thus sja. The cube root

of a \A denoted thus 4/«- The fourth root of a is denoted

thus *Ja. And so on.

Thus V9=3; ^^8=2.

The sign J is said to bo a corruption of the initial

letter of the word radi^.
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29. "VThen two or more numbers are to be treated aa

forming one number they are enclosed within hracketi.

Thus, suppose we have to denote that the sum of a and h

is to be multiphed by c\ we denote it thus (a + 6}xc or

{a+ 6} X c, or simply (a + &, c or {a 4- 6} c; here we mean that

the whole of a + 6 is to be multiphed by c. Xow if we omit

the brackets we have a 4- he, and this denotes that h only

is to be multiplied by c and the result added to a. Simi-

larly, [a+h — c^d denotes that the result expressed by
a + h—c is to be multiplied by d, or that the whole of

a+h — c is to be multiplied by d\ but if we omit the
brackets we have a-^h — cd, and this denotes that c only
is to be multiplied by d and the result subtracted from
a + 6.

So also (a—h^c)y.'d-i^e) denotes that the result ex-
pressed by (I - 6 + c is to be multiplied by the result ex-
pressed hj d-\-e. This may aL o be denoted simply thus
{a-'b + cyd + e); just as a x 6 is shortened into ah.

So also >J(a + h + c) denotes that we are to obtain the
result expressed hj a + b + c, and then take the square root
of this result

So also (a&)' denotesabxdb; and (a&)^ denotes abxabx db.

So also {a + b - c) ^ (d ->r e) denotes that the result ex-

Eressed by a + 6— c is to be diWded by the result expressed

^ d-^e.

30. Sometimes instead of using brackets a line is

drawn over the numbei-s which are to oe treated as foiming

one number. Thus a — b +cxd+e is used with the same
meaning as (a-b-r- c) x[d + e). A line used for this pur-
pose is called a vinculum. So also [a + h— c)^[d+e) may

be denoted thus —,
~

: and here the line between
d+e

a + b-c and d-r-eiB really a vinculum used in a particular

sense. ,

31. "We have now explained all the signs which are
used in algebra. "We may observe that in some cases the
word si(/n is applied specially to the two signs + and -;
thus m the Rule for SuDtraction we shall speak of changing
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the sigyis, meaning the signs + and — ; and in multiplicar

tion untl division we sliall t>peak of the Rule of Signs, mean-
ing a rule relating to tbe»signs + and —

.

32. We shall now give some more examples of finding

the numerical values of expressions.

Suppose a=l, 5=2, c=3, c?=5, e=S. Then

v/(26 + 4c)= v'l4 + 12)= V(16)=4.

4^(4<:-2&)= 4^(12-4)=^.8)=2.

eV(25 + 4c)-(2c?-6)^(4c-2&)=8x 4-8 X 2=32- 16=-16.

^/{(e-&)(2«-56}}= .y{(8-2)(16-10)}= J[Q x 6)= 6.

{(e- d)(b+ c) - {d- c)(c+ a)]{a + d)^{3x 5 -2x'i}6=7xe^ 42.

^{c' + 3c^-i-3cb'- + b'-')-^ Ja^ + b^-2ab)

=^(27 + 54 + 3&+8)-^ V(l+4-4)=4/(125)-J-l=i5.

Examples. III.

If a=l, J =-2, c=3, d=5, e= S, find the numericaJ
values of the following expressions

:

1. a(b + c:. 2. bic + d). 3. c{e-d).

a^ + c^ + d'
4. b'ia* + e^-c''). 5. c2(e2- 6=^ - c-). 6.

a^ + b*

7. .^,_^^, .< a V(3M. 9. V(26 + 4(/+5^).

10. (a + 2ft 4- 3c 4- 50 - 4«0(66- 5(^?- \c- 3ft + 2rt).

11. (a'- + ft' + <:»)(d"-rf»-c-*). 12. (3c/'-7c'il

13. e^{d^-Ze) + dJ{d} + 3e).

14. e_{^(« + i) + 2} + (0-^e)^(0-4).

1 ">. ^/(a- 4- 2ab 4- ft*) x */(a» J- 3a-ft 4- 3aft' 4- ft^.

16. ^(c'-3c*a + 3ca*-a')+^/(ft*4-c*-2<:ft).
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IV. Change of the order of Terms. Like Termt,

33. When all the terms cf an expression are connected
by the sign + it is indifferent in what order they are

placed ; thus 5 + 7 and 7 + 5 give the same result, namely,
12; and so also a + h and h + a give the same result, namc'ly,

the sum of the numbers which are represented by a and 6.

V/e may express this fact algebraically thus,

a + h= 'b + a.

Similai'ly, a + h-hc=a + c-¥'b= h + c + a.

34. "When an expression consists of some terms pre-

ceded by the sign + and some terms preceded by the
sign - , we may Amfce the foniier terms first in any order
we please, and the latter tenns after them in any order we
please. This is obvious from the common notions of arith-

metic. Thus, for example,

7 + 8-2-3=8 + 7-2-3^7 + 8-3-2= 8 + 7-3-2,
a + h — c — e='b + a — c— e=a->t-b — G — c='b-\-a — e — c.

35. In some cases we may change tlie order of the
terms further, by iii;.\ing up the terms v.hich are preceded
by the sign - witli thoie wlrich are preceded by the sign +

.

Thus, for example, suppose that a represents 'lO, and h re-

presents 6, and c represents 5, then

a+ &-<:=« -c + &=&-c + a;

for we arrive without any difficulty at 11 as the result in

all the ciises.

Suppose however that a represents 2, l represents 6,

and c represents 5, tlien the expression a— c^h presents a
diihcuity, because we are thus apparently required to take
a greater number from a ie.--s, namely, 5 from 2. It Avill

bo convenient to agree that such an expression as a— c + 5,

when c is greater than a, shall be understood to mean the
same thin^ n^ a + h-c. At present we shall not use such
an expression as a + &— c except when c is less than a + &;
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80 that a + 5 - c will not cause any difficulty. Similarly, we
shall consider — 6 + a to mean the same thing as a — &.

36. Thiis the numerical value of an expression remains
the same, whatever may be the order of the terms v. hich
compose it. This, as wu have seen, foilovrs partly IVcm our
notions of audition and subtraction, aiicL partly from an
agreement as to the meaning which we ascribe to an ex-
pression wlien our ordinary arithiiictical notions ai-e not
strictly applicable. Such an agretnient is called in algebra
a cnncenttony and concentional is the conesponding ad-
jective.

37. fsii shall often, as in Art. 34, have to distinguish

the terris of an expression which are preceded by the sign
-- from t'nc terms which are preceded by ti.e sign — , and
the fohowiiig deiinition is accordingly adopted. The terms
in an expression v. hich are preceded by the sign + are
called ji'jsitice tenns, atid the terms which arc preceded
by the sign — are called negative terms. This deiinition is

introduced merely for the ^jike of brevity, and no meaning
is to be given t) tiie As^rds j'ositice and negative beyond
what is expressed in the definition.

38. It will be seen that a term may occur in an ex-

pression preceded by no sign, namely the first term. Such

a term is counted xcilh the positive terms, that is it is

treated as if the sign -f^ preceded it. It will be found that

if such a cliange be made in the order of the tenns, as to

bring a term which originally stood first and was preceded

by no sign, into any other place, then it will be preceded by

the sign + . For example,

a + h— c-h-¥a —c=h-c + a\

here the term a has no sign before it in the first expres-

sion, but ill the other erjuivalent ex]>re^^ionH it i.- preceded

by the sign -»-. Hence we have the following important

addition to the definition in Art. 37 ; if a icnn he preceded

by no sign, the sign + is to be understood.

39. Terms are said to be like when they do not differ

at all, or ditfcr only in tli'ir numerical coefficients; other-

wise they are said to be unlike. Thus a, 4a, and 7« are
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like terms ; a^, 5a', and Ga^ are like terms; a^, ah, and 6*

are unlike terms.

40. An expression which contains like terms may bo
simiDhfied- For example, considci the expression

6a - a + 36 + ;7c - 6 -t- 3c — 2a

;

by Art. 35 this expression is equivalent to

6a— a— 2«+ 3b—b + 5c + 3c.

Now 6a—a— 2a=3a; for whatever number a may re-

present, if we subtract a from 6a we have 5a left, and then

if we sul)tract 2a from 5a we have 3a left. ^Similarly

35 - ^;= 2.V ; • and oc + Sc= Sc. Thus the proposed expression

may be put in the simpkr form

3a + 2Jj + 8c.

Again; consider tho expression a— 3b— 4b. This is

equal to a— lb. For it we have first to subtract 2>b from

a number a, and then to subtract 4& from the remainder,

we shall obtain the required result in one operation by

subtracting lb from a; tliis follows from the common no-

tions of Arithmetic. Thus

a — 3&-4o=a— 76.

41. There will be no difficulty now in giving a mean-
ing to such a statement as the follo^ving,

-36-46= -76.

We cannot subtrn.ct 36 from nothing and then subtract

46 from tlwj remainder, so that the statement just given is

not here intelligible in itself. sc]»ari:itcd from the rest of an
algebraical sentence in which it may occur, but it can be
easily explained thus: if in the course of an algebraical

operation we have to subtract 36 from a number and then

to subtract 46 from the remainder, vre may subtract 76 at

once instead.

As the student advances in the subject he may be led

to conjecture that it is possible to give some meaning to

the proposed statement by itself, that is, apart from any

other algebraical operation, and this conjecture will be

found correct, when a larger treatise on Algebra can bo
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consulted with advantage; but tho explanation which we
have given will be sufficient for the present

42. The simplifying of expressions by collecting Hke
terms is the essential part of the processes of Addition and
Smbtraction in Algebra, as we shall see in the next two
Chapters.

It may be useful for the beginner to notice that accord-
ing to our definitions the following expressions are all

equivalent to the single symbol a :

a^, 1 X a, a X 1, -,

a
+ a}, + 1 X a, 4- a X 1, -f j.

Examples. IV.

If a^\, 6=2, c=3, c?=4, e=«6, find the numerical
ralues of the following expressions

:

1. 05-35+ 4c. 2. a-62 + c3 + rf»

a {a + h){h + c)-{h + c){c + <r)-\-{c + (jrj{d+c).

^ 4a + 36 4c + 3</ 5d + 4e
+

b+c b+d a+d+e
6. (fl-'2b+ 2cf-{b-2c + Zdf + {c-'2d+ Ze)\

6. a}-4a^b + GaV)^-Aab^ + lA

tj y-2&g-fg* a^ - Aa^c + GaV-'- Aac^ 4- c*
'• a^-^ab + b"' ¥-Ab^c + iJU'c'-Ab<^+d^'

9. la-lb -:ic-Aa + r)b + Ac + 2a.

10. 5a' + 3a6-2^;»-aft + 962-2<z?)-76«.

11. 3a'-2a2->-5a4-a' + a + 9a'-4a'-6a.

a'-t-2a6 + 6' 6'+26c + c' c2 + 2<r</+flP

a+6 b+c c+d
13. ^/(4c« + 5rf' +4 14. V(c2+ rf»+c»-a^

15. iliW' + lb). 16. ^(26» + c'-a).
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V. Addition.

43. It is convenient to make three cases in Addition,

namely, I. When the terms are all like terms and have the

same sign; II. When the terms are all like terms but
have not all the same ^v^w, 111. When the terms are not

all like terms. We shall take these three cases in order.

44 I. To add hke terms which have the same sign.

Add the numerical coefficients, 2^vefix the common sign,

and annex the common letters.

For example, Qa + Za + 1a=\Qa,

-2bc-1bc-9bc= -ISbc.

In the first example 6a is equivalent to +6a, and 16a
to +I6a. See Art. 38.

45. II. To add like terms which have not all the
same sign. Add all the positive numerical coefficients

'

into one sum, and all the negative numerical coefficients

into another; take the difference of these two sums,
prefix the sign of the greater, and annex the common
letters.

For example,

7«-3a4-lla + ar,-5^-2«=19^-10dX=9«,

2&C- 76c- 3&C + 4&C + 5&C - 65^ = 1 1 &c- 1 65c= - 56c.

46. III. To add terms which are not all like terms.
Add together the terms which are like terms by the ride
in the second ease, and put down the other terms each
preceded by its proper sign.

For example; add together

4a + 56-7c+ 3^, 3«-6 + 2c + 5c?, M-2b-c-d,
and -a + ^b + Ac-^d + e.

It is convenient to arrange the terms in columns, so
that like terms shall stand ifi the same column; thus we
have
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3a— &4-2C + 50?

9a-2&- c- c?

-a + 3Z> + 4<;-3^ + «

15a + i36-2c + 4<5?+a

Here the terms 4a, 3a, 9>a, and - a are all like terms

;

the sum of the positive coefficients is IG; there is one term
with a negative cocfiicicnt, namely — a, of which the co-
efficient is 1. The difference of 16 and 1 is 15; so that
we obtain +15a fiom these like terms; the sign + may
however be omitted by Art. 38. Similarly we have
6&-6-2& + 36= 56. And so on.

47. In the following examples the terms are arranged
uitably in colimins

:

4x^4-7^4- a:-9 3a'-3rtZ)-76*

-^j?^ a^- 9j + 8 4a' + 5a6 + 96'

In the first example wo have in the first column
a^ + 4a^-2x^ — 3x^, that is Sx^ — 5ar', that is, nothing; this

is usually expressed by saying t/i^ terms tc/iich involve a^
cancel each other.

Similarly, in the second example, the terms which in-

volve ah cancel each other ; and so also do the to; ma which
involve l^.

2a^ - y'+ 2x~ y
— ^a^ + 4xy + 6tf~ x-ly

-Ixy- if+ 9x-5ij

4jr* +4y'- 2x

1 24?»- 6031/ + 7y" + 1 Ojf- 8y

T.JL.
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Add together

L 2a-2b, 4a-5b, 1a-Ub, a + 9b.

3. 5a + a?> + <:, 3<i + 36 + 3<r, a +^ + ik.

4. 3x^2y-z, 1x-1y^1z, -x^2y-2z.

5. 'a-4b + c^ Ga-^Sb-^c, -l'2a + 4<;.

6. j;-4a-»-6, Zx+ 2b, a-x-oh.

7. a -?>-<:, ?/4-c — <3; c-a-l>, a-h — c,

a a + 2«/ + 3<;, 2.a-Z>-2<:, h-a-c, c-a-b.

9. a-25 + 3<;-4^, 35-45-f-5fi?-2a, oc-Pj-^3a-4b,

':d-^-i-5b-4c.

10. ;i::^--kc' + 5j;-3, 2j:^ - T^t,- - ] 4^; -^ o, -ar' + t-^^-^x +Q,

11. .2^-2^:34.3^^ ;c3 + 4:2^^^ 4J?*-^.j.r\ 2^i-3.;7-4,

-3j::^-2j?-5.

1 2. a' - 3<2-6 + 3<zi-- 1^, 2a^ -rZarh-^ ^^a}? - 76^

a'-aZ>» + 2Z^.

13. ;c3_2aj:' + a'j: + a', ci^-^Zay^, 2a~-cu^-2j^,

14. 2^5 - 3ajr^ 4- 2/2-jr, 1 2-ai -f 1 Oa j?^ - 6a=j?,

— &a?> -f«^ — 5<^x.

15. a?-^y^-^z^, -42^-52-^, S^-7ir + 10z^, 6y*-6;?*.

16. 3J:*-4Jr^/-2/' + 2;^;4-.3^-7, 2je2-4y'--}-3jf;_o?/-i-8,

10.^2^+ 82^ +9y, 5ar--6Jr2/ + 32/*+7^-72/-ll.

17. .ar*- 4;jrV+6^V- -^^ + 1/*, ^^U- 12^i/* -^ 1 2;^^/^ - 42^,

65:*i/»-l?^'/ + 62^, 4x^-4i/, 2^.

18. a^-^xi/->^xz'—x'y—xyz-a^Zj

x^-^y^^yz^-xif-y^z-xyz^

s^z-¥y^z ¥ z^-xyz-uz^ - xz\
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YI. SuhtractioTU

48. Suppose we have to take 7 + 3 from 12; the result
is the same as if we first take 7 from 12, and then take 3
from the remainder; that is, the result \a denoted by
12-7-3.

Thus 12-(7 + 3)= 12-7-3.

Here we enclose 7 + 3 in brackets in the first expression,

because we are to take the whole of 7 + 3 from 12; see

Art 29.

Similarly 20-(o + 4 + 2)=20-5-4-2.
In like manner, suppose we have to take 6 + c from a

;

the result is the same aa if we first take h from a, and
then take c from the remainder; that is, the result is

denoted by a — 6 - c.

Thus a-{h + c) = a-h-c.
Here we enclose h + c'm. brackets in the first expression,

because we are to take the whole of 6 + c from a.

Similarly a-{h + c + d)=a-h— c-d.

49. Next suppose we have to take 7-3 from 12. If

we take 7 from 12 we obtain 12-7; but we have thus

taken too much from 12, for wo had to take, not 7, but 7

diminished by .3. Hence we must increase the result by 3;

and thus we obtain 1 2 - (7 - 3)= 1 2 - 7 + 3.

Similarly 12-(7 + 3-2)=12-7-:J + 2.

In Hkc manner, suppose we have to take h—c from a.

If we take h from a we obtain a-h; but we have tlms

taken too much from a, for we had to take, not h, but b

diminished by c. Hence we must increase the result by c\

and thus we obtain a — {b — c)=a — b + c.

Similarly a — {p + c — d) = a — h-c + d.

50. Consider the example

a-{b->-c-d) = a-b-c + d;

that is, if b +c-d be subtracted from a the result is

2—2
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a-d~c+d. Here we see that, in the expression to be
subtracted there is a term — d, and in the result there is

the corresponding tenn +d; also in the expression to be
subtracted there is a term + c, and in the result there is a
term -c; also in the expression to be subtracted there is a
term b, and in the result there is a term — b.

From considering this example, and the others in the

two preceding Articles we obtain the following rule for

Subtraction : change the signs of all the terms in the ex-

pression to be subtracted, and then collect the terms as in
Addition.

For example; from Ax-2>y + ^z subtract Zx — y + z.

Change the signs of all the terms to be subtracted ; thus
we obtain —Zx + y— z; then collect as in addition; thus

Ax -Zy + 2z—'^x + y-z =x—2y + z.

From 3^ + 5^

-

6x^-7^ + 5 take 2ai*-2x^ + 5a^-6x-7.

Change the signs of all the terms to be subtracted

and proceed as in addition ; thus we have

3:??*+o:p^- 6x'-7x+ 5

-2x^+ 2x^~ 5^2 + 6^+ 7

x* + 7x^-nx''- a; + 12

The beginner will find it prudent at first to go through
the operation a.s fully as v,e have done here ; but he may
gradually accustom himself to i)uttiug do^Mi the result

^nthout actually changing all the signs, but merely sup-

posing it done.

61. "We have seen that

a—{b-c)=a— b + c.

Thus con*esponding to the term — c in the expression
to be subtracted we have 4-c in the result. Hence it is

not uncommon to find such an example as the following

proposed for exercise: from a subtract —c; and the result

required is a + c.
' The beginner may explain this in the

manner of Art. 41, by considering it as hiiving a meaning,
not in itself, but in connexion with some other parts of an
algebraical operation.
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It is nsual however to offer some remttrks which will

gen'c to impress results on the attention of Lhe beginner,

and perhaps at the same time to suggest reasons for them.

'i'hus wc may say tl:at a = a + c - c, so that if we subtract
— c from a there remains a + c.

Or we may say thnt + and — denote operations the re-

verse of each other ; tlms — c denotes the reverse of + c, and
so — (— c) will denote the reverse of the reverse of +C, that
is, — ( — c) is equivalent to +c.

But, as we have implied in Art. 41, tne beginner must
be content to defer until a later i)criod the complete expla/

nation of the meaning of operations pei-formed on negative
quantities^ tliat is, on quantities denoted by letters with
the sign — prefixed.

It sliouM be observed that tlie words addition and
mbtracli'jii ar > not used in quite the same .'^ense in Algebra
as in Arithmetic. In Arithmetic addition always produces
increiise and subtraction den-ease; but in Algebra we may
speak of adding —3 to 5, and obtaining the Algebraical
mm 2; or we may speak of subtracting —3 froni 5, and
obtaining the Algebraical remainder 8.

•

Examples. VI.

1. From ~a->r \\h subtract 4a + lOi*.

2. From ^'.n-1b-c subtract In — -lb — .3<t.

3. From Wa — 25 + 3c subtract 2a-lb-c—d»

4. From 7j;'-8jr-l subtract 5j:--6x + 3.

5. From •:ar*-3j:'-2x'-7x + 9

subtract a^— 2j? - 2.C' + 7x-9.

6. From 2jr'- 2ax + 3a' subtract x- — ax+ dK

7. From x'-3.r7/-2/' + y^-22'
subtract x^ 4- Ixy 4- f)xz - Zy^ - 22^.

a From r,x' + Gxy

-

1 2xz - Aif - lyz - 5z*

subtract 2x^ - Ixy + 4xz - Mj- -f- (jyz— 5^.

9. From a» - 3a-6 + 3a/>' - IP subtract - a» 4- Sa^ft _ 3 j6» + &».

10. From 7./^- 2.r' + 2.r-i-2 subtrict 4^3 - 2^2- 2.r - 14,

and from tho rcmaiuder subtract 2jP— ^x^-\-^-¥ 16.
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YII. Brackets.

52. On account of the extensive use which is made of

brackets in Algebra, it is necessary that tlie student should

observe very carefully the rules respecting them, and we
shall state them here distinctly.

'iVhen an expression within a pair of hracJcets is jjre-

ceded by the sign + the braclcets tnay he remoted.

When an expression teithin a pair of brackets is pre-

ceded hy the sign — the brackets may be removed if the

sigti of every term within the brackets be changed.

Thus, for example,

a-b + {c—d+e)=a—b + c—d+e,
a— b — {c— d+e) = a— b— c + d-e.

The second rule has already been illustrated in Art. 50

;

it is in fact the rule for Subtraction. The first rule might
be illustrated in a similar manner.

53. In particular the student must notice such state-

ments as the following:

+ (-d)=-d, -*{-d)=+d, +{ + e)=-he, -.{ + e)=-e.

These must be assumed as rules by the student, which
he may to some extent explain, as in Art, 41.

54. Expressions may occur with more than one pair of
brackets : these brackets may be removed in succession by
the precedmg rules beginning with the inside pair. Thus,
for example,

aJ-[t? + (c — ^}=a:f {&+ C— <i}=a + & +c— ^,

a+ {&-(c-cf)}=a+ {5-c+ df[=a + 6-c + ^,

o-{5 + (c-6r;} = a-{& + c— £?} = a-&~c+<f,
a-{2)-(c-(f)}=a-{&-c + ^}=a-6 + c—

d

Similarly,

a-\h-{c-{d-ey;\=a-\b-{c-d-¥e\'\
=a— [b — c + d — e]=a-b + c— d + e.

It will be seen in these examples that, to prevent con-

fusion between yarious pairs of brackets, we use brackets
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of different shapes; vre might distinguish by using brackets

of the same shape but of different sizes.

A vinculum is equivalent to a bracket; see Art. 30.

Thus, for example,

a-\p-{c-{d-e-f)]']=a-\b-{c-{d-e^f)}'\
=a-[b-{c-d + e-f]]=a-lb-c + d-'e+/]
=a-b + c-d+e-J\

55. The beginner is recommended always to remove
brackets in the order 8he^^-n in the preceding Article;

namely, by removing first the inncnnost pair, next the in-

nermost pair of all which remain, and so on. ^Ve may liow-

ever van.' tlie order; but if we remove a pair of brackets

iiichiding another bracketed expression witiiin it, we must
make no change in the signs of the included expression.

In fact such an included expression counta as a single term.
Thus, for example,

a-\-{b + {c-d))=a + h-^{c-d)=a-¥'b + c-dy
a + {b-{c-d)}=a-\-h-{c-d) = a + h-c + dy

a-{b + {c^d)}=a-b-{c-d)=a-b-c + df

a-{b-{c-d)}=a-b + {c—d)=a—b + c-d.

Also, a-[b-{c-{d-e)]']=a-b + {c-{d-€)}

=a-b + c-{d-e)='a—b + c-d+e.

And in like manner, a-[b—{c-{d-e-/)]]

'=a-b + {c-{d-e^}=a-b +c-{d-e^
=a^b + c-d + e-/=a-b + c-d + e-/.

56. It is often convenient to put two or more terms

within brackets; the rules for introducing brackets follow

immediately from those for removing brackets.

Any number of terms in an expression may be put
icithin a pair of brackets and the sign -t- placed b^ore
the whole.

Any number of terms in an expression may be put
trithin a pair of brackets and the sign - placed bifore

the whole, provided the sign of every term tcithin the

brackett be changed.
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Thus, for example, a— b + c— d+e
=a-b + {c — d+e), or =a—b + c-\-{— d+ e)y

or =a — (b-c + d-e), or =a~b — { — c + d— e).

In like nirmncr more than one pair of brackets may
be introduced. Thus, for example,

a-b + c-d + e^a-{b-c-hd-e]=a-{b—ic—d+e)].

Examples. YII.

Simplify the following expressions by removing the

brackets and collecting Uke terms

:

1. 3a-b-{2a-b). 2. a-b + c-{a-b-c).

3. l-{l-a) + {l-a+ a^)-{l-a+ a^-a^).

4. a+ b + {7a-b)-{2a-3b)-{5a + eb).

6. a-b + c-{b-a + c) + {c—a + b)-ia-c-\-b).

6. 2x-Zy-Sz-{x-i/ + 2z) + {x + Ay + 5z)~{X'-sC'^f/)'

7. a-{b-c-{d-e)}.

a 2a-{2b-d)-{a-b-(2c-2d)}.

9. a-{2b-{3c+ 2b-a)}. 10. 2a-{b- (a- 2b)).

11. 3a-{b + {2a-b)-{a-b)}.

12. 7a-l3a-{4a-{5a-2d)}^.

13. 3a-\b-{a + {b-3a)}].

14. 6a-[4&-{4a-(6(Z-46)}J.

15. 2a- {3b + 2c) -[5b - {6c- 6b) + 5c- {2a -(c + 2b)}],

16. a-[2& + {3c-3a-(a + &)} + {2a-(5 + c)}].

17. l6-{5~2x-[l-{3-a))]}.

18. 15a;- {4 -[3 -5^- (3^ -7)]}.

19. 2a- [2a - {2a-{2a- 2a -a)]].

20. 16-a?-[7:c-{3.r-(9^-3;?;-6a?)}].

21. 2x- [32/- {4:X-{5y-6x- 72/)}].

22. 2a - [3& + (2& - c)- 4c + {2a- (3& - c - 26)}].

23. a-[56-{a-(5c-2c-6-4&) + 2a-(a-2& + 6-)}j.

24. a;*-[4a;3-{6a;»-(4a?-l)}]-(a;< + 4^ + 62:»+4a?+l).



MULTIPLieA TION. 25

y 1 1 1. Mult iplicaiion,

57. The student is supposed to know that the product
of any number of factors is the same in whatever order the
factors may be taken ; thus 2x3x5 = 2x5x3 = 3x5x2;
and so on. In like manner abc=acb=bca, and so on.

Tims also c(a + h) and (a + 6)c are equal, for each de-
notes the product of the same two factors; one factor
being c, and the other factor a + b.

It is convenient to make three cases in Multiplication,
namely, I. The multiplication of simple expressions; II. The
multiplication of a compound expression by a simple ex-
pression; III. The multiplication of compound expres-
sions. We shall take these three cases in order.

58. I. Suppo.>e we have to multiply 3a by 46. The
product may be >\Titten at full thus 3 x a x 4 x &, or thus
3 X 4 X a X 6; and it is therefore equal to 12ab. Hence wo
have the following rule for the nndtiplication of simple ex-
pressions; mult ipi1/ together the numerical coejicients
and put the letters after this product.

Thus foi example,

la .<2bc=2\abc,

4ax56x3c=G0a/;c.

5.0. The poiren of the same number are multijilied
together by adding tite exponents.

For example, suppose we have to multiply a' by a\

By Art. 16, a^ = a'x.ayia^

and d'=a\a\

therefore a' x a'^=a xaxaxa x a = a'=a'''"*.

Similarly, <7*x<r* = cx<'x<rxcxcxcx c= c^=c**\

In Ukc manner the rule may be seen to be tine in any
other caae.
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60. II. Suppose we have to multiply a + & by 3. We
have

3(a + 6)=a + 6 + a + & + dJ + &= 3<2 + 3&.

Similarly, 7(a + 5)= 7a + 7 5.

In the same manner suppose we have to multiply « + &
by c. We have

In- the same manner we have

3(^-6)=3a_3&, 7(a-&) = 7a-7&, c^a-^^ca-cb.

Thus we have the following i-ule for the multiplication
of a compound expression by a simple expression; multiply
each term of the compound expression by the simple eoc-

p)ression, and put the sign of the term before the residt;

and collect these results toform the cumplete prod.uct.

61. III. Suppose we have to multiply a + & by c +d
As in the second case we have

{a-^h) {c-^-d) = a{c^d}j-vb{c + d)\

also a{c + d)= ac + ad, b{c + d) = bc + bd;

therefore (a + b)(c + d)= C!C + ad+bc + bd.

Again ; multiply a^bhy c + d.

{a-bXc + d)= a{c + d)-b{c + d);

also a{c+d)=ac + adf b{c + d) = bc + bd;

therefore

{a-b){c + d) = ac + ad-(bc+bd) = ac + ad-bc-bd.

Similarly ; multiply a + bhj c—d.

{a+b){c-d) = lc-dya + b) = c{a + b)-d{a + b)

= ca + cb— {da + db) = ca+cb—da— db.

Lastly; multiply a— & by c — 6?.

{a—b){c— d) = {c — d)a — {c — d)b;

also {c-d)a = ac— ad, {c— d)b = bc—bd;
therefore

(a-b){c-d)=ac-ad-{bc-bd) = ac-ad-bc + bd.

Let us now consider the last result. By Art. 38 we
may write it thus,

{+a-b){ + G-'d)= +ac-'ad-bc + bd.
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TTe see that corresponding to the +a which occurs

in the multiplicand and the + c which occiu's in the multi-'

plicr there is a term -r ac m the i^roduct ; corresjxtnding to

the terms +« and —d there is a term —ad iu the product;
corresponding to the terms —h and -¥0 there is a term
— he in the product ; and corresponding to the terms — &

and — d there is a term + hd in the product.

Similar observations may be made respecting the other

three results ; and these observations are briefly collected

in the follo\ving in.portant rule in multiplication : like signs

'produce -v and unlike signs-. This rule is called the

Ride if Si'^nm, a?id v.c shall often refer to it by this nc^e.

62. Wc c:iri now give the general rule for multiplying

algebniical expressions ; multiphf each term of the imdti-

plicand hif each iertn of the midtiplier; if the. terms hate
the same sign prefix the sign + to the product, if they

have different signs prefix the sign —; then collect these

results toform the complete product.

For example ; multiply 2a + 36 - 4c by 3a - 46. Here

(2a + 36- 4c) (3a - 46) = 3a (2a + 36 - 4c) - 46 (2a 4- 36- 4c)

= 6a2 + 9a6- 12ac-(8a6 + 1262- lG6c)

= Ga« + 9a6 - 1 lac - Hah - 1 26» + 1 66c.

This is the result which the rule will give; wc may
Bimphfy the rc&ult and reduce it tr»

6a» + a6-12ac-126'^ + lG6c.

We might illustrate the rule by asing it to multiply

6 — 3 + 2 by 7 + 3-4; it will be found that on working by

the rule, and collecting the terms, the result is 3(>, tiiut is

li X 6, as it should bi

.

63. The student wi!l sometime^ nn/l such exaniploH as

the following projM)sed: multiply 2a by —46, or multiply
— 4c by 3a, or nmltiply —4c by —4h.

The results which are required arc the following,

2a X -46= — 8a6,

— 4cx 3a = -12a<;,

-4^x-4i?)= 166c.
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The student may attach a meaning to these operations
in the manner we liave ah-eady explained; see Article 4i

Thus the statement — 4cx — 4& = 16&c may be under-
stood to mean, that if - 4c occur among the terms of a

multiphcand and -46 occur among the terms of a multi-

pher, there ^nll be a term 166c in the product correspond-
ing to them.

Particular cases of these examples are

2ax-4=-8a, 2x-4=-8, 2x-l=-2.
64. Since then such examples may be given as those

in the preceding Article, it becomes necessary to take ac-

count of them in our rules ; and accordingly the rules for

multipHcation may be conveniently presented thus

:

To multiply simple terms; multiply together the nu-
merical coejficients, put the letters after this loroduct and
determine the sign by the Rule of Signs,

To multiply expressions; multiply eaJ: term, in one
expression by each term in the other by the rule for mul-
tiplying simple terms, and collect these partial 2yroducts to

form the complete product.

65. We shall new give some examples of multiplication

arranged in a convenient form.

a +h
a +&
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Consider the last example. "We take the first term in

the multiplier, namely a^, and multiply all the terms in the
multiplicand by it, pajing attention to the Rule of Signs;
thus we obtain 3'/"*- -ia^^ -t- 5a^6^. We take next the second
term of tlio multiplier, namely —2ah, and multiply all the
terms in the nmltiiilicand by it, paying attention to the
Rule of Signs: thus we obtain —{ia^b + ba-b^—\Oah\
Then we take the last term of the multipUer, namely 36',

and multiply all the terms in the multiphcand by it,

paving attention to the Rule of Signs; thus we obtain

We arrange the terms which we thus obtain, so that
lik^ terrtts may stand in the same column ; this is a very
useful anangement, because it enables us to collect the
terms easily and safely, in order to obtain the final result.

In the present example the final result is

3a*- lOa'6 + 22a'&2_ 22a&3 + 156*.

66. The student should observe that vnth the view of
bringing like terni.s of the product into the same column
the terms of the muJtii)lieand and multiplier are arranged
in a certain order. We fix on some letter which occurs in

many of the terms and arrange the terms according to the

powers (f that letter. Thus, taking the last example, wo
fix on the letter a ; we put first in the multiplicand the
term 3^-, which contfrins the highest power of a, namely
the second ix)wer; next we \v.\i the term —4ah which con-

tiiins the next jKjwer of a, namely the first power; and last

we j)ut the term f)//-, which does not contain a at ail. The
multiplif and is then said to b© ammged according to

descending powers of a. We arrange the multiplier in

the same way.

We might also have arranged both multiplicand and
multiplier in reverse order, in which case they would bo
arrajiged arcording to ascending poirers (fa. It is of

no consequence which order we adojtt, but we must tako

the tame order for tho multiplicand and tho multiplier.

67. We shall now give some more examples.

Multiply I + 2x - Sj:* + x* bv x'-2a?-2. Arrange ao-

cording to deeccndinr' powers of x.
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-2a^ +6^-4^-2

x'^-5x^ +1a.^ + 2x^-6x-2

Multiply a^ + h- + C'— ab-dc—cahja-^-h + c.

Arrange according to descending powers of a.

a^— ab — ac + b'^- bc + e-

a + b + c

c?— a^b — a^c+ ab'— abc + ac^

+ a% -al^-abc +b^-b'^c + b(^

+ a-c —dbc — ac^ +6^c— &c' + c'

d^ -Zdbc +&2 +<?

This example might also be worked with the aid of
brackets, thus,

d^-a{b + c)-^-W-bc-irC^

a + {b + c)

^ a^-a\b + c) + a{Tb''-bc + c'^

+ a\b + c)-a{b + c){b + c) + (h + c){b^-bc + c^

Then we have a{b'^ -bc + c^) - a{b + c){b + c)

= a^J)-— bc + c--{b + c)(]) + c)}

= a{b''-bc + (r-QP + 2bc + d')]

= a{&=- &c + c2- &2_ 2&C - <;2}= _ ^ahc;

and (& + c)(62-&c + c2)=&3 + c'.

Thus, as before, the result \aa^ + b^ + €^-Zdbc.
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Multiply together x— a^x—t^x— c.

X —a
X -h

aP-— ax
— bx + ab

xr~{a + b]x + ab

X —c

a^-{a + b)x' + abx
- cx^ 4- (« + b)cx— dbc

a^-{a + b + c)x^+[ab + ac + bc)x-abc

The student should notice that he can make two exer-
cises in multiplication from eveiy example in whioh the
multiplicand and multipHcr arc dilFcrcnt compound ex-
pressions, by changing the original multiplier into the
iiiultipUcuud, and the original nialtiplicand mto multipher.
Th« result obtained should be the same, which will oe a
testt of the correctness of his work.

Examples. VIII.

Mpltiply

1. 2x^ by 4x'. 2. 3a* by 4a'. 3. 2a'6 by 2a6*.

4. ^x^i/'z by 5x^j^z\ 5. 7J:*y' by Ty"^.

6. 4a'-36by 3a!». 7. Sa--9abhj3a\

8.^ Sx'-At/'- -I o:'- by 2xhj.

9. xY - 7fz* + z*X' by x'l/^z*.

10. 2;ry-^^ + Sx^y^z - 5xh/z^ by ixy^z.

11. 2.r-yby2y + ^.

12. 2.c^ + 4x' + Sx+\ehjSx-6,

13. a:* + ;c' + a?-l by jr-1.
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14. 1 + 4^-10^1)7 1-6^ + Sa?*.

16. ;i;'-4;r= + ll;c-24by ;c2 + 4a; + 5.

16. ir" + 4;p=4-5.r-24by ;i;2_4^ + ll^

17. s^-^iX^^hx\\\,^1x^-^x-\-\.

18. ;r' + 6.zr'+ 24.^ + 60 by 373-6:^2^.12^+12.

19. a:^-2A-2 + 3^-4 by 4a;3 + 3.r^ + 2^+l.

20. :r^-2.r3 + 3^--2.r+l by a;^ + 2a;3 + 3;c'' + 2a?+ 1.

21. ^- — ^ax by a; + 3<z.

22. cC- + 2a:c— A-' by dr + 2a.c + a?.

23. 252 + 3a& - a2 by 7a- 56.

24. a2_a^ + 52ljy^2+^J_55^

25. a2_ Q^ + 2^2 by a^ + 06 + 2&1

26. 4.?r2 - s^y - y-^ by 3.2;- 2y.

27. ^^ — ar*y + xy*—y^ hj x + y.

28. 2.^* + 3xy + Ay^ by 2x" + Axy + 2/'

29. x^-vy''- — xy-\-x + y — \\)^x-\-y—\.

30. ;c^ + 2.1^2/ + 4.rV + S^rz/^ + 1 C?/^ by a; - 2y.

31. 81:?;* + 21a?y + 9.r=7/' + Sx?/^ + y^ by 3:c -y.

32. ;r + 2?/-3zby :c-27/4-3^.

S3. a'— ax-\-hx->r'b-\)^a-\-})-\-x.

34. aV&2 + c'-&c-ca-«& by a + &+ c.

35. a^ + 46j; + 45-.r= by a^ _ 4?,;?; + j^'^j?,

36. a2-2a6 + 62 + c2by a2 + 2a5 + Zy^-cl

Multiply the following expressions together

37. x-a, x + a, ^r' + a'.

38. x-k-a, x + b, x + c.

39. x'-ax+ a^ x^ + ax + a^, a^-a^afi + a^.

40. a~2a, a-a, x + a, a + 2a.
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IX Division.

68. Division, as in Arithmetic, is the inverse of Multi-
plication. In Multiplication we detennine the product
aiising from two given factors ; in Division we have given
the product and one of the factors, and we have to deter-
mine the other factor. The factor to be determined is

called the quotient.

The present section therefore is closely connected with
the preceding section, as we have now in fact to undo the
operations there performed. It is convenient to make
three cases in Division, namely, I. The di^ision of one
simple expression by another; II. The division of a com-
pound expression by a sinrple expression ; III. The division

of one compound expression by another.

69. I. "We have already shewn in Art, 10 how to

denote that one expression is to be divided by another.
. For example, if 5a is to bo divided by 2c the quotient la

5(1
iy indicated thus: 5a-^2c, or more usually—.

' It may happen that some of the factors of the divisor

occur in the dividend ; in this case the expression for the
quotient can bo simphfied by a principle already used in

Arithmetic, Suppose, for example, that lHa'^O is to be

divided by 6bc; then the quotient is denoted by —v—

.

Here the dividend 15a-6 = 5a'x36; and the divisor

66c=2cx36; thus the factor 'Sb occurs in both dividend
and divisor. Then, as in Arithmetic, we may remove

this common factor, and denote the quotient by —

;

tbus—-,— =
6bc '2c
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It may happen that all the factors which occur hi the

ivisor may be removed in this manner. Thus suppose, for

eitample, that 2'^abx is to be divided by Sax ;

2Aabx _ 2b y.Sax ,

Sax ~ Sax ~

70. The rule with respect to the sign of the quotient

may be obtained from an examination of the cases which
occur in Multiplication.

For example, we have

therefore . , =3c, —^—=4a&.

4a& X — 3c= — 12a&c;

therefore —^-r—= - 3c, —-^— = 4ab,

—4a&x3<;=-12«5c;

therefor© -:^^^=^<^^ -3^-='^^-

— 4a&x — 3c=12a6c; '

•.,
J.

12adc „ 12a?JC . ,
therefore —r-i= - 3<;, -77- = - 4a5.

--4a& -Sc

Thus it will be seen that the Rule of Signs holds in

Division as well as in Multiphcation.

71. Hence we have the following rule for dividii^ one
simple expression by another: Write the dividend over
the divisor with a line between them; if the expressions
have common factors, remove the common factors ; prefix
the sign + if the expressions have the same sign and the

sign - if they have different signs.

72. One power of any number is divided by ani>ther

power of the same number, by subtracting the index qf
the latter poicerfrom the index of theformer.
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For example, suppose we have to divide a* by a*.

By Art. 16, a;"= axaxrt xaxa,

a'=axaxa;

., - a*axaxaxaxa ,
therefore -3 = =axa=a'=a5"S.

or axaxa

c -A 1 c^ cxcxexcxcxcxc ,
Similarly -. = =cxcxc = c^=c^~*,

<r cxcxcxc

In Hke maimer the rule may be shewn to be true in any
other

Or wo may shew the truth of the rule thus

:

by Art. 59, c!*x€^ = c^,

therefore -k = <^, -, = c*.

73. If any power of a number occurs* in tlie dividend
and a higher power of the same number in the divisor, the
quotient can be simplified by Arts. 71, and 72. Suppose,
for example, that 4a^ is to be divided by 'Scb^; then the

4ab^
quotient is denoted by —-^3 • The factor b^ occurs in both

dividend and divisor ; this may be removed, and the quo-

tient denoted by
., , , ; thus --^ = —^.

.

•' ictf^ 3c6' 3cb^

74. II. The rule for dividing a compound expression
by a simple expression ^-ill bo obt;iined from an examina-
tion of the corresponding case in Multiplication.

For example, we have

{a-b)c= ac—b€;

therefore - —a— b.
c

{a-b)x —c=—ac + br.;

., - —ac-^bc
Hjerefor© =a-h.
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Hence we have the followmg rule for dividing a com-
pound expression by a simple expression : dicide each term

qf the dividend hy the dirisoi^, by the rule in the first
case, and collect the 7'esults toform the complete quotient.

For example, = 4a-— 3&c+ ac.^ ' a

75., III. To divide one compound expression by
another Tve must proceed as in the operation called Long
Division in Arithmetic. The following rule may be given.

Arrange both dividend and divisor according to ascend-
ing ]yoicers of some common letter, or both according to

descending poicers of some common letter. Divide the

first term of the dividend by the first term of the divisor,

and put the result for the first term of the quotient; mvl-
tiply the whole divisor by this term and subtract the

product from the dividend. To the remainder join as
many terms of the dividend, taken in order, as may be

required, and repeat the whole operation. Continue the

process until all the terms of the dividend have been

taken down.

The reason for this rule is the same as that for the

rale of Long Division in Arithmetic, namely, that we may
break the dividend up into parts and find how often the

divisor is contained in each part, and then the aggregate

of these results is the complete quotient.

76. "We shall now give some examples of Division

arranged in a convenient form.

a + b)a^^'2.ab^b^{^a + b a+bja'^-b\a-b
a^+ ab a^ + ab

ab + l? -ab-b''

ab + b"^ -ab-b^
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5^262-1 0^63 +155*

Consider the last example. The dividend and divisor

are both arranged according to descending powers of a.

Tlie first term in the dividend is Za* and the first term in

the divisor is a^\ dividing the fonn.er by the latter we
obtain Sa^ for the first term of the quotient. \^o then
niulti})!}' tiie whole divisor by 3a', and place the result so

that each term comes below the term of the dividend which
contains the xaiiic power of a ; we subtract, and obtain
— Aa'h+\?,uH>'^\ and we bring down the next term of the

dividend, namely, —2'2aP. ^Ve divide the first term,

—4(i^b, by the first term in the divisor, or; thus wc obtain
— 4ab f«n* the next term in the quotient. We tiicn multiply

the whole divisor by —Aab and place the result in onler

under those terms of the dividend \Nith which we are now
occupied; wc subtract, and obtain 5(1%^ — Hkib^ ; and wc
bring down the next term of the dividend, namely, 156*.

We divide oa'6' by «S and thus we obtiiin 56- for the next
term in the quotient. We then multiply the whole divisor

l>y 56-, and place the terms as before; we subtract, and
there is no remainder. As idl the terms in the dividend
have been brought down, the operation is coujplcted ; anil

the quotient is lid^ - 4ab + 56-.

It 28 of great importance to arrange both dividend
and dici.f^>r according to the same order <>/ some common
letter; and to attend to this order in every part qf tiie

operation.

77. It may happen, a.s in Arithmetic, that the division

cannot be, tX'ictly performed. Tims, for exaniple, if wc
divi<le <i- + 'Ld> -i- J6- by rt-i-6, we shall oi)tain, as hi the first

example of the preceding Article, a + 6 in tlu3 quotient,

and there will then be a remainder bK This result ia ex-
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pressed in ways similar to those used in Arithmetic ; thus
we may say that

=a + h+—t;a+b a+b

that is, there is a quotient a + b, and a fractional part —t .

In general, let A and B denote two expressions, and
suppose that when A is divided by B the quotient is q, and
the remainder R; then this result is expressed algebrai-

cally in the following ways,

A =qB + R, or A-qB= R,

A R A R

The student will observe that each letter here may re-

present an expression, simple or compound; it is often

convenient for distinctness and brevity thus to represent

an expression by a single letter.

"We shall however consider algebraical fractions in sub-

sequent Cliaptcrs, and at present shall confine ourselves to

examples of Division in which the operation can be exactly

performed.

78. We give some more examples

:

Diyide of -5x^ + 7x^ + 2x^-60; -2 by l + 2x-3x^ + x^.

Arrange both dividend and divisor according to de-

Bcending powers of x.

a^-Bx'+2x + lJx'^-5x^ +7x^+2x'-6x-2{a^-2x-2
x' -Z3i? + 2x^+ a^

-2x^-2x^ + 6x^ + 2x^-ex
^2x^ +6x^-4x^-2x

-2x* +ex'-4:X-2
~2X* +ex^-4jc-2



DIVISION. 39

Divide a' + 6* + c^- Sate by a + 6 4- «.

Arrange the dividend according to descending powiera

of a.

fl+d + cja' -Zahc + l^ + c^i^a^-ab-ac+V^-'bc-k-i^

a? 4- a^& + d^c

-a'b-
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Divide a?-{a + 'b->fc)x^+{db + ac+'bc)x-abc by x-c,

x-cj ay^ -(« + & + c)x^ -^{db + ac-\' hc)x - ahc {x^- {a+ h)x+db

— {a + b)x^ + (ab + ac + b c)x— ahc

— {a + b)x^ + {a + h)cx

ahx — ado

dbx —cJjc

Eyery example of Multiplication, in Tvhicli the multi-

plier and the multiplicand are different expressions, Tvill

furnish two exercises in Division; becaiLse if the product
be dinded by either factor the quotient should be the other
factor. Thus from the exaniples given in the section oii

Multiplication the student can derive exercises in Division,

and tc::! the accuracy of his ^vork. And from any example
of Division, in which the quotient and the divisor are
diflferent expressions, a second exercise may bo obtained
by making the quotient a divisor of the dividend, so that
the new quotient ought to be the original divisor.

Examples. IX.

Divide

I. lox^h\:ix\ 2. 24d^^by-8r.^ S. lS;i"V l>y G^cV
4. 24a%5c^by -3«25V. 5. 20a^b^x^7fhj 5b'^x%

6. 4x^ -Sx^+16x by 4x. 7. Za"-! 2a^ + 1 5^^ by - 3a^
8. x^y - Zx^y^ + 4xy^ by xy,

9. - YZa^b"^ - 3a"&2 + 1 -lab by - Zab.

1 0. mci^bH''- 48arb'c^ 4- Ma^b^c^- 20abc^ by 4abc\

II. x'^-7x+12hj x-S. 12, x--hx-l2hj s^'h^

13. 2a'3-^'-! + 3^-9 by 2;i;-3.

14. 6x^ + 14:ir»- 4x + 24 by 2x + Q.

15. 9x3 + 3;2j2 ^ ^ _ 1 by Zx- 1.

16. 7x^-24x^ + 58x~21 by 7x- 3^
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17. ^-Ibyar-l. 18. a^-lalr + l^hy a-h.

19. :r^-81y^by ./--S//.

20. x^- 2xhj + •:,/V- J^tf by ;w- y.

21. a^-i/hj x-y. 22. «^ + Zib^ by a + 25.

23. 2flr* + 21a¥ - 816^ by a + 3&.

24. ar'4-jr»y + a;3y' + .c2^3^^y4^2/-^ |)y ^^.yS

25. a?3 + 2^y + 3a;3^' - ;cV— 2^^^- Si/^ by ^c^_ yi^

26. «*- 50^3 + 1 1 j,2_ 12^ + 6 by x""- 3a; + 3.

27. ;r^ + .z:3_9^3_ig^_4],y ^ + 4^ + 4

28. ;r*-iar' + 36by^ + 5a; + 6.

29. jr* + 64by jF' + 4a;+S.

30. jr* + 10d^ + 3oa;' + 50jr + 24 by j7'+5a? + 4.

31. x^ + x^- 24j7- - 3.JJ7+ .57 by j?- + 2jr- 3.

32. l-jr-3jf*-j:^by 1+2j: + ^.

33. a^-lj^+lhjji^-^x+l.

34. a^ + la^V" + 96* by a^_ 2c)b + 3fe«.

35. a« - fe« by a3_ o^-^j + 2fir5'-- h^.

36. 07^ + 2x''' -Ax*-'23fi + \1x^-2x-\ by x2+ 2jp- 1.

37. ^ + 2.r^ + 3.i^ + 2j7'+l by jr'-2.r3 + 3x»-2r+l.
38. J?" + :^:«-2by jr' + ar'+l.

39. jr'-^a 4-6 + c)j:' + (aft + ac + 6c)j:-a6c
' by x^-{a-¥h)x-\-ah.

40. a2jr* + (2a<;-62)jr^ + c2by a;c»-5x4-c.

41. x*-x^f/-xy' + y*hy x^ + xy + y*.

42. jr'-3jr?/-2/'-l by a?-//-l.

43. 49jr^ + 21xy + 12y^-16;52by 72: + 3y-4^.

44. a'^ + 2ab + b^-c^hY a + b-c.

45. a^ + 86=* + c3 - 6a?>c by a- + ib^ + c^-ac- 2ab

-

2bc.

46. a^-h2a'b + 3ab''-i-P + c^hy a-^b + c.

47. a' (6 + c) + b" {a-c) + c^ {a-b) + abc hy a + b + c.

48. x^ -2aj^ + {a* + ab-b^)x - a^b -^^ ab^ hy x-a-k-b.

49. (a? + 7//-2(;r+ y)^ + .£'by x + y-ar.

50. (;F + y/ + 3(j:+ y)»ir + 3(j? + y)2r2 +^
by (j? + y)'+ 2 (a? + y)z+z\
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X. General Residts in Multiplication,

79. There are some examples in Multiplication which
occur 80 often in algebraical operations that they deserve

especial notice.

The following three examples are of great importance.

a +h a ^b a +b
a +b a —b a —b

a*+ab a^—ab a^+ab
+ a5 + 6' -ab+b* -ab-l^

The first example gives the value of (a+5)(a+&), thai

is, of (a + hf\ thus we have

Thus the square of the sum of two numbers is equal to

the sum of the squares of the two numbers increased by
twice their product.

Again, the second example gives

{a-bf=a^-1ab + y'.

Thus the square of the difference of two numbers is

equal to the swm of the squares of the two numbers
diminished by twice their product.

The last example gives

(<z+6)(a-&)=a2-&2.

Thus the product of the sum and difference of two
numbers is equal to the difference of their squares.

80. The results of the preceding Article furnish a
simple example of one of the uses of Algebra; we may
say that Algebra enables us to prove general theorems
respecting numbers^ and also to express tJwse theorems
briefly.
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For example, the result (a + &) ''a-6)=a'-?)* is proved
to be true, and is expressed thus by symbols more com-
pactly than by words.

A general result thus expressed by symbols is often
called 2kf(jTr7nula.

81. We may here indicate the meaning of the sign ±
which is made by combining the signs + and — , and which
is called the double sign.

Smce {a + h)-=a' + 1ah + h'^, and (a-&)2=a«-2<rf>-f-&*,
we may express these results in one formula thus

:

where ± indicates that we may take cither the sign + or
the sign — , keeping throughout the upper sign or the
lower fign. o ± 6 is read thus, " a plus or minus 6."

82. We shall devote some Articles to explaining the
use that can be made of the fonnul;;' <if .;rt. 79. We shall

repeat these fomv.'1:o. ;ui ' nm-Hh,',- th )i> for the sake of
easy and distinr* 'ejerenc^ to them.

{a + bf =a*-h2>%h^h^ (1)

{a-bf =a*-2<rf>^/'^ 2)

(a + 6)(a-6)=««-&' :i)

83. The formula will sometimes be of mac in Arith-

metical calculations. For example; retiuiied the difference

of the squares of 127 and 123. By the formula (3)

(127/-(123)« = (127 + 123)(127- 123) = 250 x 4 = 1000.

Thus the required number is obtained more ea.sily than

it would be by squaring 127 and 123, and subtracting the

second result from the first.

Again, by the formula (2)

(29)* = (30-lj2 = 900-604-l=«41 ;

ind thus the square of 29 is found more «asily than by
multiplying 29 by 29 directly.

Or suppose we liave to multiply 53 by 47-

By the formula (3)

63x47 = (60-l-3)(60-3) = (50)'-3' = 2500-9 = 2491.
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84. Suppose that we require the square of Z^bA-^y,

"We can of course obtain it in the ordinary way, that is by
multiplying 3^ + 1y by 3^ + 2y. But we can also obtain it

in another way, namely, by employing the formula (1).

The formula is time whatever number a may be, and what-
ever number h may be; so we may put Zx for a, and 2y
for b. Thus we obtain

{Zx + lyf = {Zx^ + 2 (3:?; 2y) + (2yf = Sx"" + 12xy + 4y\

The beginner will probably think that in such a case he
does not gain any thing by the use of the formula, for

he will believe that he could have obtained the required
result at least as easily and as safely by common work
as by the use of the formula. Tliis notion may be correct

in this case, but it will be found that in more complex
cases the formula will be of great service.

85. Suppose we requii-e the square of x + y + z. De-
note x+ yhj a.

Then x + y + z= a+z', and by the use of (1) we have

{a + zf = a''- + 2aj^ + z^= {x + y)^ + 2iv + y)z + 2^

= x'^+2x2/+,y^+ 2j.z + 9.yz-hz'.

Thus {x + y + z)^ = x- + y"^ + z'- + 2xy+ 9^yz + 2xz.

Suppose we require the square of p—q-\- r— .?. Dcno:

.

p-gby a and r-s by h\ i\iQnp—q + r-s = a + h.

By the use of (1) we have

{a + J)f = a' + 2ab + V= {p-qf:^2{p-q){r-s) + {r-s)\

Then by the use of (2) we express (p — q)^ and {r— s'f.

Thus {p — q + r — sf

=p^ — 2pq -L g2 + 2 {pr -ps — qr + qs) + r- — 2rs \- s^

=p- + g- + r^ + 5- + 2pr + 2qs — 2pq— 2ps— 2qr— 2rs.

Suppose we require the product of p — q + r—s and
p-q-r + s.

Iteip —q—a and r-s-h\ then

p-q + r—s=a-\-hy and J3 — g--r + 5=a-6.
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Then by the use of (3) we have

(a + 6}(a-&,=a*-6«=(i?-g/-(r-*)»;

and by the use of (2) we have

[p-q + r-s] J>-q-r + 3)=p^—1pq + q^-{r^-2rs+!p)
=p* ¥q^—i^— s*- 2pq + 2rs.

S6. Tho method exhibited in the preceding Article
i!S fcuie, uHu .-Jioidd therefore be adopted by the bcgiiiner;

as he l)e«.o:ne:.-i more familiar with the subject he may
dispense with some of the work. Thus in the last example,
he will be uiilo to omit that part relating to a and b, and
sinjply put down the following process

;

(p- '/ + /'-." _p — q — r + s,--={p -q -\-{r - s)) {p—q-{r —8)}

^{p-qf— (i— sf=p^ - '2pq + q' — {r- - 2rs + s-)

=p*— 2pq + q' — )' + 2rs— 8^;

or more briefly still,

(p-q-i-r-s)(p-q-r + s)={p-q'^-{r-s)*
=p'^ — 2pq + q- — 7-^ + 2)'S — s\

Lnt iit iir^t the student will probably find it i-nident to

go through the work fully as in the preceding Article.

87. The following example will employ all the three

formulae.

Find the product of the four f.;ctur3 a + b + c, a + b-c,
a - h + c, Tc-a.

lake the first two factors; by (3, and (1) we obtain

(a + 6 + c)(a + 6-c)=(a + 6)--r-=a- + 2a5 + 6'-c'.

Take the last two fcictora; by ^3; and (2) we oLtuio

{a-b-i-c)ib-\-c-a) = {c + {a-b)]{c-{a~b)}

^c'-{a-b)* = c'-a* + 2ab-b'.

We have now to multiplv together a* + 2ab + b^-(^ and
c" - a^ + 2<i^ - 62. We obtain
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={2a& + {a' + b^-c^)} {2ab- \,d^ + 6^

-

<P)}

= {2aby-{a^ + ¥-c^^

^4a^^ia^+bY+2ia^ + ly^)(^-c*

= 4a262 -a*- ^a^ly" -1" + 2aV + 2'b'^c'^- c«

=2aW + ^y^c" + 2aH^ -a^-h*-<^.

88. There are other results in Multiplication which are

of less importance than the three formulae given in Art. 82,

but which are desei'ving of attention. We place them here
in order that the student may be able to refer to them
when they are wanted; they can be easily verified by
actual multiplication.

{a-\rh){a^-db + lf)= a? + h\

(a + bf={a+ b) {a^ + 2ab + b^ = a^ + Za^b + 3ab^ + b\

{a-bf={a-b){a^-2ab + b')=a^-3a'b + Sab^-I^,

{a+ b + cy = a^ + Za\b + c)+Saib + cf + ib + c)^,

= a^ + 3a^b + c) + Sa{¥ + 2bc + c^) +¥ + 3b'c + Zbc' + <^

= a^+ ¥ + c^ + Za\b + c) + Z¥{a + c) + Zc^{a + 6) + Qabc.

89. Useful exercises in Multiphcation are formed by
requiring the student to shew that two expressions agree in

giving the same result. For example, shew that

{a-b){b-c){c-a) = a'^{c-b) + 'l)'{a-c) + (^{b-a).

If we multiply a— & by 6 — c we obtain

ah — b^— ac + bc\

then by multiplying this result by c— « we obtain

cab-cW— ac^ + bc^ — a^b + ab^^a^c-abCf

that is a2 {c-b) + b^{a- c) ¥(^{b - a).

Again ; shew that {a - bf+ {b- cf + {c- of

=^2ic-b){c-a) + 2(j!>^a){b-c)+2ia-b){a'ro).
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By using formula (2) of Art. 82 we obtain

(o-6)2 + (6-c)2+ (.c-a)«

=a2-2ad + &2+62_2Jc + c2 + c»-2a<;+a*

=2(a*+6' + c'-a&-a<;-6<?).

And {c—h){c—a) = <^-ca-ch-^dbf

(b —a){b— c) = b* -ba-bc + acj

{a-b){a—c) = a*-ab-ac + bc;

therefore (c— 6) (c- a) + (& - a) (&- c) + (a

—

b) (a - c)

= a^ + b* + c^-ab-ac-bc;

therefore (a

-

b)* -\-(J)~cf+ {c-af
= 2(<;-6)(c-a) + 2(6-a)(&-c)+2(a-6)(a-c).

Examples. X.

Apply the formulae of Art. 82 t» the following sixteen

examples in multiplication

:

1. {\bx+\Ayy. 2. (Ix^-Sy*)*.

3. (a:" + 2a?-2)». 4, {a^-bx+lf,

5. (2^-3a;-4)". 6. (a;+ 2y + 3;»)".

7. {x'+ an/ + y^)(x' + xi/-y^).

8. (a^ + scy + y^yx^-siz + i/^

10. {x'-^xy~y^{x'-jry^]/^).

11. vJj' + 2a;" + 3ar+l)ijr'-2j:' + 3;r-l).

12. (u;-3)V.r' + o.i;-^9). 13. (a-^bf{a*-2ab-if),

14. (2;c + 3y)' (4x* -H2xy - 9y").

15. {ax -^-by)' cut -fry) {c^j* + ft'^/^.

16. {ax-k-by^iax-byy.
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.Shew that the following results are true:

17. (a'+t^; {c' + d-] = [ac + hdj''^{ad-'-bc)'.

IS. (a + 6 + <:;' + <7' + 6' + c2 = (a-f&)2 + (6 + c)« + (c+fl)«.

19. (a-b) (b- c) {c-a)^bc {c—bj -^ ca{a-c) + ah {b- a).

20. {a-bf + l^-a'=2*ab(b-a).

21. {a + b + cy—a{b +c-a)—b{a+c-b)-c{a^b-c)
=2(a^ + Z/2 + c2).

22. ia^ + ab-^b''-ia'-ab-rb^f=4ab{a^+ l/).

23. {a -h b + c/- a^-l^- €^=3 {a + b) {b + c){c + a).

24. (a + & + c/(a& + &c + CO) = {a + b){b + c) {c + a) + oSc.

25. (a + Z>)(6^c — a)(c + iz— &)

26. (a-f-S.-f c}3-(& + c-a)3-(a-& + c)3-(a + &-c)2
= 24a5<w_

27. (,a-k-b + cf + (a + b-cf^{a-b + cf + (jb + c-dj^
= 4:(a^+ b^ + c^

- 28. (a + 6)' + 2 (a'- 6=) + (a- &)»= {2af.

29. (a-&)3 + (6-C;^4-(c-a)3= 3(a-J)(6-c)(c-a).

= (2«)l

31. {a + VJ^lj-i-c-d 'c + a-b] + ia-b)\a+ b + c){a+b-c)
= -kibcr.

32. «(&-f-c" ,6'4-c»-a'^; + &(c+ «)'c2+a2-&»)

33. (a-&;(a;-o;(:c-5) + (6-c)(a;-5)(;c-c)
+ (c-d){a;-c){x—a) = {a—b){b-'C){a—c).

. 34. (<z + 6}2 + (a+ c)2+ (a + ^' + (& + c)2+ (6 + (f/ + (c+ <f)2

= (a + 6 + c + <^)^+ 2(a2 + 62 + c2+ fl?2),

35. {{cue +byf + {ay- bxf, {((2a: + byj- {ay + bxf)
= {a^-b^){x^-y^).

36. {cy - bzf + (a2r- cxf+ (^a;-ayf + {ax + by-^ czf
= (a^+ b^ + c2) (.c2^ 2/-' + jjrS).
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XI. Factors,

90. Tn tTie precedincr Chapter we have noticed some
general results in Multiplication ; these results may also be
regarded in connexion with Division, because every ex-

auTplc in Multiplication furnishes an example or examples
in l)ivisif)n. We shall now apply some of these results

to find what expressions will divide a given expression, or

in other words to resolve expressions into their factors.

91. For example, by the use of formula (3) of Art. 82

we have

a»- 68 = (a* + h') {a* - b*) = (a* + b*) {a^ + b') (a + b){a- b).

ITence we see that a^ — 6' is the product of the four

factors a*-{-b*, a? + b-, a^b, and a—b. Thus a" -6^ is

divisible by any of these factors, or by the product of any
two of them, or by the product of any three of them.

Again,

(ai+ ab4-¥) (a'-ab + 6^) = (^2 + i^ + ab) {a^ + b'- ab)

= (a2 + 6')2- {abf = a* + la'-b- + b*- a'P= a* + a-b- + b\

Thus a:^+a'b^ + b* is the product of the two factors

a^ + ^ib + b"^ and a^-ab-*-b', and is therefore divisible by
either of them.

Besides the results which we have already given, wo
shall now place a few more before the student.

92. The following examples in division may be easily

Terified.

x-y

x~y
= a^ + xy-¥y\

^_y*=^ + ^i/ + -^i/' + y'.

and so on.

T. A.
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Also

= ^ — ?7,

a: +
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case in each of the four results, and referring other cases

to it For example, suppose wc wisli to consider whether
aP —tf is divisihle by Jc-y or by .c + y; the index 7 is an
odd whole number, and the simplest case of this kind is

x-y, which is divisible by .r-y. but not by j>+2/; so we
infer tluit x' — y' is divisible by .v — y and not by x + y.

Again, take j^ — y^\ the index S is an eren whole number,
and the simplest case of this kind is X' — y\ which is

divisible both by x-y and x + y; so we infer thatu;*— y*

is divisible bothby x-y and .i +y.

94. The following are additional examples of resolving

expressions into factors,

a^-p' = ix' + y^):x'-y^
= {'C + y){x^-xy + y^{x-y)(x^ + xy + y^;

86»- 27c' = (26)3 - {3cy = {2b - Zc) { %h} + 26 x 3c + (3c)»}

= (26-3c)(462 + 66c + 9c2);

4(a6 + c^'-(a'-h&»-c2-rf2)2=

{2(a6 + cfl0 + (a' + ^-c'-^;}{2(a6 + c^-(a» + 6'-c*-</^
= {2a6 + 2cfl? + a2^6»-c2_^i}/2a5 + 2cfl?-a»-62 + c2 +^
= {(a4-6)>-(c-rf/}{(c + c/)»-(a-W
= (o + 6 + c-rf)(a + 6— c + cO(<*-^ + <J +^ (& + <? + c?-a).

95. Suppose that {j^ - ^ry 4- 6y*) {x— Ay) is to be divid-

ed by x'—lxy+l^y^. We might multiply .r'
-

'ury + 6^*

by x-4y, and then divide the result by X'-lxy +V2y'.
But the form of the question suggests to us to try if

x-Ay is not a factor of x^-7xy+ l'2y'; and we shall fin(l

that x»- 7ary + 12y2= (x- 3y) {x - Ay). Then

(jx^- 5xy + 6//») (x- Ay) _ x^- 5^/ -i- 6y* ^

(x-3yKx-4y) ~ u;-3y '

and by division we find that
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SR5. The student "with a Uttle practice will be able tO

resolve certain trinomials into two binomial factors.

For we hare generally

{x + a){x + h) = a? + {a + h)x->ra'b'',

suppose then we wish to know if it be possible to resolve

^- + 7^+12 into two binr.nrlal factors; we must find, if

possible, two numbers such that tiieir sum is 7 and their

product is 12; and we see that 3 and 4 are such numbers.

Thus
:2;2+ 7^ + 12 = (^ + 3) (^ + 4).

Similarly, by the aid of the y<jrmula

we can resolve x^—lx + ll into the factors (:c — 3) (a:— 4).

And, by the aid of the fonnula

{x -ir a){x— 1)) = x'^ + {a^h) X- db,

we can resolve x'^->rx-l-2 into tlie factors {x -»- 4) (^ — 3).

We shall now give for exercise some miscellaneoua

examples in the preceding Chapters.

Examples. XI.

Add together the following expressions:

1. a{a+h — c\ bp-i-c— a), c(a + c — b).

2. a{a-b + c), b{b — c + a), c{c — a + b).

3. aia-b + c+ d), b{a + b-c + d), c{a-hb + c-d)f

d{ — a + b + c + d).

4. 3a-r4&-7c), 36 -(4c -7a), 3c-{4a -7b),

6. 9a- {5b + 2c), 9b- {5c + 2a), Vc-{oa + 2b).

6. {a + b)x + {a + c'}i/, {b-c)x + {b-c)i/,

{,c-~a)x + {b"'a)3/.
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7. (z-x){a + b) + {z-y){a-b), {x + y)a+{sf+z)b,

{y-z)a + {x-y)h.

8. {a-'b)x-\-Q>-c)y + {c-a)z,

a{y-irz)-{-h{z + x) + c{x + y\ ax + hy + cz.

9. 2[a + h-c)x-ii-{a + h)y + 1azj

2{a^-c-h)x + {a + c)y + 1hz, 1'^h + c-a)x + Q) + c)y + 1cz.

10. a«_(a-6 + c)(a + 6-c), 6«-(6-a + c)(6 + a-c),

c*-(c-a + 6)(c + a-6).

Simplify the following expressions

:

11. a-2(& + 8a)-3{6 + 2(a-5)}.

12. {a-¥h)(Ji>-\-c)-{c + d){d+a)-{a + c){h-<r).

13. 4a-[2a-{2&(jr + y)-26(jr-y)}].

14. (a:+6)(x + c)-',a + 6 + c)(j; + 6) + a2 + rt54-6« + 3<M?.

15. a-[5i>-{a-3(c-6) + 2c-(a-26-c)}].

16. 5a-7(6-c)-[6a-(36 + 2c) + 4c-{2a-(64-c-a)}].

17. (;r+3)»-3(j? + 2)»+3(d;+l;^-a:».

18. (jr + !/)» + (a: + y/y + (x + y)y"-{3j:»y + 5y"x + 2y*}.

19. (l4-a?)» + (l+ar)2y + (H-;c)y2 + y»

- {3j:(j: + 1) + y (y + 1) + 2j^ + 1}.

20. a^6 + <r)2+6(a + c)« + c(a + 6)«4.(a-6)(a + c)(6-<;)

-(a + 6)(a-c)(6-c)-(a-6)(a-c)(6 + c).

(a4-fe)(a-t-c)-(64-rf)trf->- c)

a - d

a^3aft + 26«_a«-7ai + 12^
a-2i> a-36

3^3 - Ta'Z* - 6a^« + 5^/5 6a» - 26a'& + 40a6»- 206»
23. a+6 a—h

1 8 (^r* "t- c<i' -^ ^^';' - 1 ? '^>*«' -*- c'g -t- a*6) - 1 9q6c
**• ^ 2a-36
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Divide

25. x^ -I- 7/- 2.1'V' l>y (^- 2/)^.

26. o;^ + ?/*^ + 2j.-^'?/^ by (.2? + y)^.

27. (rt^ - Sa^o + 5ah^-W) {a - 26) by a»- Zah + 26>.

2 i. (a;3- dx^y + 2^xy^- 1 Sy^) (^ - 72/) by x"^- Sxy + ly',

29. a^ + a'^V + h^ by (a^ - a6 + ¥) (a" + ab + ¥).

^^0. a^-W + a^h^ {a* - ¥) by {a?-ab + h"") {a^ + ah + If),

^\. 4a-&2 + 2 (Sa^ - 2&^) - «& (Sa^- 1 Ift^) by (3a- &) (a -^ 6).

32. (^-2 - 3.r + 2) (^'- 3) by a?^- 5^ + 6.

33. {a?-^x + '£)'^x^^)h^ x^-^x-1.

34. (a2 + a;r + ^^) {a? + ;r^ by a^ + cC-x"- + ic*.

35. {a^ + a'62 + &^) (a + &) by a^ + ccb + 6'.

36. h {x^ + a^) + ax [x"-- a^) + a? {x + a) by (a + h)(x+ a\

Resolve the following expressions into factors

:

87. ^2 + 9^ + 20. 38. x^+Ux + ZO.

39. X'-lox + 50. 40. a;2-20.^+100.

41. ^2 + ^-132. 42. ^2_7^_44

43. ar^-Sl.
'

44. a;=^+125.

45. ^5_25G. 46. ^^-64.

47. a^ + 9db + 20b^. 48. ^^- 1 S.^y + 422/\

49. (a + by-Uc{a + b) + 30c'.

60. 2{x + yf-7 {x + y) {a + b) + Z{a+by.

Shew that the folloAving results are true

:

51. (« + 2b) a'^-{b+ 2a)b^^{a- b) (a + b)\

62. a(a-22>)3-&(&-2a)3 = (a~&)(o + 6)8.



.
GREATEST COM^ION MEASURE. 55

XII. Grreatest ^nimoi^ Pleasure.

97. In Arithmetic a whole nnmbcr which divides

another whole number exaccly is said to be a mcasture of

it, or to meffS'ure it; a whole nmnber which divides two
or more whole numbers exactly is said to be a common
incasure of theni.

In Algebra an expression which divides another cx-

prcsrion exactly is said to be a measure of it, or to measure
it; an expression which divides two or more expressions

exactly is said to be a common measure of them.

^S. In Arithmetic the greatest cjjmmDn.-m6a»h^re of

two or more wliole numbers is the~greatcst whole number
which will measure them all. The term greatest common
measure is also used in Algebra, but here it is not very

appropriate, becaiLso the terms greater and less arc sel-

<iom applicable to those algebraical expressions in which
definite numerical values have not been assigned to th.e

various letters which occur. It would bo better to speak
of the highest common measure^ or of the highest common
divisor; but in conformity with established usage wo
shall retain the term greatest comm/)n nuasure.

The letters o.c.u. will often bo used for shortness

instead of this term.

We have now to explain in what sense the term is used
in Algebra.

99. It is usual to »ay, that by the greatest common
measure of two or more simple expressions is meant tho

grea'cst expression which icill vh'usure them all; but

this definition will not be fully understood until we havo

given and cxemphficd the rule for finding the greatest

common mec^sure of simple expressions.

'Hie following is tho Rule for finding the O.CM. of

simple expressions. Find b'/ Arithmetic the o.c. M. of
the numerictU c ^effiricnta ; after this number pat every

letter vhick is common to ail the expressions, and gi:je

to each Utter respectively the least index tchich it luie

in the expressions.
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100. For example; required the g.c.m. of \^a%'^c and
20a^Z>V?. Here the numerical coefficients are 16 and 20,

and their g.cm. is 4. The letters conniion to both the

expressions are a and h ; the least index of a is 3, and
the least index of h is 2. Thus wc obtain -ia^h- as the re-

quired G.C.M.

Again; required the g.c.m. of Sorb^c'-x^yz^, l2a*hcxh/%

and IQa^c^x-y^ Here the numerical coefficients are 8,

12, and 16; and their g.c.m. is 4. The letters common to

all the expressions are a, c, x, and y ; and their least indices

are respectively 2, 1, 2, and 1. Thus we obtain AlCi-cx^ as

the required g.c.m.

101. The follo^ng statement gives the best practical

notion of what is meant by the term greatest common
measure, in Algebra, as it shews the sense of the word
greatest here. When two or more expressions are divided

by their greatest common measure, the quotients have no
common measure.

Take the first example of Art. 100, and divide the ex-

pressions by their g.c.m.; the quotients are 4ac and bhd^

and these quotients have no common measure.

Again, take the second example of Art. 100, and
divide the expressions by their g.c.m. ; the quotients are
26^c.c^^, 3a-6?/% and ^a&y^, and these quotients have no
common measure.

102. The notion which is supplied by the preceding
Article, with the aid of the Chapter on Factors, will enable
the student to determine in many cases the g.c.m. of com-
pound expressions. For example; required the g.c.m. of
4a* (a + 6)" and dabia^-b^. Here 2a is the g.c.m. of the
factors 4a- and Gab; and a+ b is a factor of (a + by and
of d^-b-, and is the only common factor. The product
2a(a + b) is then the g.c.m. of the given expressions.

But this method cannot be applied to complex ex-
amples, because the general theory of the resolution of
expressions into laetors is beyond the present stage of
the student's knowledge; it is therefore necessary to adopt
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another method, and we shall now give the usual definition

and rule.

103. The following may be given as the definition of

the greatest common measure of compound expressions.

Let tiro or more compoiuid expressions contain poicers

of some c '/union letter; then the factor <f highest di-

inmsi'ns in that letter irhich di rides all the expressions
is calltd their greatest comninn measure.

104. The following is the Rule for finding the greatest

common measure of two compound expressions.

Let A and B denote the two €xpression<t ; let them,

be arranged according to descending powers of some
.Common le'ter., and suppose the index of the higfiest

purer <f that letter in A not less than the index <f the

highest power <f that Utter in B. Diride A h]i B;
then make the remainder a divisor and B the d^'ridend.

Again ma/ce the new remainder a dir!s >r and the pre-
ceding divisor the dividend. Pr' ceed in this tcay uyitU

t/iere is no remainder ; then the last divisor is the

greatest c.mmon measure nqaircd.

10.5. For example; required the o.c.M. of ;c*-4d; + 3
and4-r3-9.c2-l,')j--(-l8.

iC--44; + 3j 4jr3- 9^=- irjj;+ ly (^4j; + 7

lar'-TiX+lS

Zj .--4.r+3 U'-l
X- — '.\x

Thus a:-3 is the o.c.M. requiiod.
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106. The rule ^hich is given in Art. 104 depends on
the following two principles.

(1) If P measure A. it will measure mA. For let

a denote the quotient when A is di^^ded by P; then
A=aP; therefore mA =maP; therefore P measui'es
mA.

(2) If P measure A and B. it will measure mA ±nB.
For, since P mcasurc-3 A and B, we may suppose A = aP,
and B=^bP; therefore mA^nB={ma^nh)P; therefore

P measures mA i nB.

107. Wc can now demonstrate the rule which is given
in Art. lOi.

Let A and B denote the two ex- B) A ( p
pressions. Divide A h\ B\ let p pB
denote the quotient, and C the re-

mainder. Divide ^ by C; let q de- CJ B Kjg[

note the <]uoticnt. and D the remain- qQ
dt-r. Divide C by Z>, and suppose
that there is no remainder, and let r I>) C {r

denote the quotient. • rD

Thus we have the following results;

A=pB+G, B=qC+D, C=rD.

We shall first shew that D h a common measure of

A and B. Because C=rD, therefore Z> measures C;
therefore, by Art. 105, D measures $6^, and also qC-^D;
that is, D measures B. Again, since Z> measures B and C,

it measures j!?^ + C; that is, D measures A. Thus £>

measures A and B.

We have thus shewn that D u a common measure of

A and B; we shall now shew that it is their greatest

common measure.

By Art. 106 eveiy common measure of A and B mea-
BWTG^A -pB, that is C; thus every common measure of

A and £ is a common measure of B and C. bimiiarly,

every common measure of B and C is a common measure
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of C and D. Therefore every common measure of A and
/? is a !ncai.uro of D. But no expression of higher dimen-
sions tlian Jj can divide D. Therefore D is the greatest

common mea^siuo of A and B.

108. It is obvious that, eveiy measure of a common
mrasure of two or more expressions is a common measure
q/' those expressions.

109. It is she^vn in Art. 107 that every common
measure of ^ and B measures D; that is, even/ common
measure ff tico cxjjressions measures tlieir greatest com-
mon measure.

110. We shall now state and exemphfy a rule which
is adopted in order to avoid fraction.-^ in the quotient; by
tlic use of the rule tlie work is simplified. We refer to the

Chajiter on the (Ir^atcst Common Measure in the larger

Algebra, for the demonstration of the rule.

iieiorc placing a Irciii term in any quotient, wc may
divide the dicisur, or tlie dividend, by any expression

which has no factor whicli is common to the expressions

whose greatest common measure is required ; or, we
may multiply the dividend at such a stage by any ex-

pressif.n ichirh has no factor that occurs in the divisor.

111. For example; re(iuircd the o.c.m. of 2.r--7:r4-5

and ax*- 7x4- 4. Here we tike 2xi*-lx + 5 as divisor;

but if we divide 2x'' by 2x- the q'loticnt is a fraction; to

avoid this we multiply the dividend by 2, and then divide.

2x'^-1x-irb) Qx'-\Ax+ 8 (,3

&c2_2l.r+15'

Ix- 7

If we now make 7ar-7 a divisor and 2j' — 7.r + Z) the
dividend, tnc first term ol" the (juotient will be. fractional;

but the factor 7 occurs ui every term of the proposed
divisor, and we remove this, and then divide.
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x—\) '2x^ - Z-t- + 5 \^2x—5

2x» - '2x

OX'fO
ox -^ 5

Thus we obtain a: — 1 as the g.c.m. required.

Here it will be seen tiiat we used the second pan of

the rule of Art. 110, at the l)cginning of the process, and
the first part of the rule later. The iirst p.irt of the rule

should be used if possil-le; and if not, the second part. We
have used the word expre.ssio/i in stating tho rule, but in

the examples which the student will have to solve, tiie

factors introduced or removed will be almost always nu-

mericalfucturs, as they are in the preceding example.
\

We will now give another example; required the g.c.m.

of 2x*—lx^ — -ix-vx — -i: and 3^^— 1 1.^;^- 2^-^-40?— 16.

Multiply the latter expression by 2 and then take it for

dividend.

2x*-lx^-4a^ + x-4) ex*-22x^- 4j;2-8x-32 (,3

6.e*-21^-12u:2+ 3.r-12

- a^+ 8u;'-ll.r-20

"We may multiply every term of this remainder by — 1

before using it as a new divisor ; that is, we may change
the sign of every term.

ir^-8£f^ + na; + 20) 2x*- Ta^- 4:c' + a;-4 (,2;r + 9

9^-72.r2+ 99^+ ISO

46^-138.^-184

Here 46 is a factor of every term of the remainder; tto

remove it before using the remainder as a new divisor.
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— 5^-'+ 15X + 20

Thua ar2-3j?-4 is the g.c m. required.

112. Suppose the original expressions to contain a

cominon fixctor /*, which i.s obvious on inspection ; let

A^aF and B = hF. Then, by Art. 109, F \\\\\ be a factor

of the G.c.M. Find the g.c.m. of a and 6, and multiply it

by F\ the product will be the g.c.m. of A and B.

113. We now proceed to the g.c.m. of more than two
compound expressions. Suppose we require the g.c.m. of

Ikvi-e expressions A^ i?, C. Find the g.c.m. of any two of

tbeni, .s;iy of ^4 jind D\ let /) denote this g.c.m.; then the

G.C..M. <»f I) and 6' will l)e the re<juircd g.c.m. of ..-1, B, andC.

For. by Art. 108, ever,' common measure of D and C is

a common measure of yl. Z?, and C; and by Art. 10!) cvciy

common mca.sure ^^X A, B, and C is a common measure of

J) and C. Thcieforc the g.c.m. of D and C is the g.c.m.

of.l, /?, and C.

114. In a similar manner we may find the g.c.m. of

J >ur c.\prcs.sion3. Or we may find the g.cm. of two of

t'le given expressions and ;i1 o the g.c.m. of the other two;
tiicn the g.c.m. of the tv>(. results thud obtained will be
tlie G.CM. of the four g^vcn expressions.

Examples. XIL

Find the greatest common rnea.suro m the following

examples

:

1. 15jr*, lS.r«. 2. 16a'?;', 20a^6%

a 36.r*y'z«, ASa^j/'zy 4. 35aV^j^^ 49a-6*jrV.

6. 4(a; + l)», 6(:c«-l). 6. 6(a? + l)3, ^{a^-l).
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7. 12(a« + ft«)«, %{a'^-¥). 8. !)^-v\ J;*-^^

10. ^--9.r+14, ar--ll.r4--2S.

11. ;p- + 2u;-120, a:--'2.r-80.

12. a^-15;c + 36, :/•" - r.r - 36.

13. ;r3 + 6.t-^ 4- 1 3..- ^ i 2, .r' + 7^^ + jg^+ ig.

14. ar3-9j^4-23^-12, x^ - 10.^2 + 28;r- 15.

15. a:3-29j? + 42, ;p3 + ^^ - 35j; + 49.

16. a:3-41^-30, ^^-ll.i'- + 25.c + 25.

.17. ^+7^+17.^' + l'5, .-c^ + 8.1^+19.^ + 12.

18. a^ -10.^-" + 26.17 -S, .-r^- 9.^^ + 23.^-12.

19. 4(.r2-;r-h 1), 3 (.i-* + .r- + 1).

50. 5(.s--.f +i:^, 4(x^-l).

ai. 6a?- + ^-2, 9a?3 4-48a:'' + o2.r + 16.

22. a?-^:(?^1x^^, 2.r4-9.r"< + 12.^^-7.

23. ,ar» + a;=-6, a;^--3.p- + 2.

24 ^- 2.r"- + 3:^-6, a:^ - ^r^ - x- - 2x.

25. :zr^- 1 , 3.r' + 2.r^ + Ax^ + 2u;"-' + x.

26. ;zr'-9.c^-30.r-25, ;c^ + ;c^-7.i--^ + 5.r.

27. ^oj^^-Alx'^^Vix + l, A2ai* + A\a^-^x^-^x-l.

28. ^ - ^Jf + Bur* - 7^ + 6a; - 2x + 1

,

x^-j^+-2x^-j^ + 2x''--x + l,

29. 2a;^-6.r3 + 3.r2-3.r + ,l, ;i:^-3.;*' + .i-*-4^-^+ 12.C-4.

30. x^-\, x-^ + x'^-^x'^ + 2x' + '2x^^'2x^-^x"+x + l.

31. ;r2-3^-70, ^-39.^ + 70, ;^-4S.c + 7.

32 . a^ — xy—\27j-, x" + 5J^y + 6?/^

33. 2x'^ + ^ax + a', 'ix' + 2ax-a^.

34. ar^- 2a'-x - 2a3, ^c^ _ ^^2 _ 4^^

3fii ^a^-Zx'^y+ xy^-y^, Ax'^-bxy^-i-^.
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XIIL Least Common Multiple.

115. In Arithmetic a whole number which is measrured

by another wliole number is said to be a multiple of it : a
whole number which is measured by two or mrrc whole
numbers is said to be a common multiple of them.

116. In Arithmetic the least common m,uUiple of two
or more whole numbers is the least whole number which
is measured by them all. The term least common multiple

is also used in Algebra, but here it is not verj' appropriate;

see Art. 98. The letters l.c.m. will often bo used for

shortness instead of this term.

We have now to explain in what sense the tenn is used
in Algebra,

117. It is usual to say, that by the least common mul-
tiple of two or more simple expressions, is meant the least

expression which is measured by them all ; but this defi-

nition will not be fully understood until we have given and
exemplified the rule for finding the least common multiple
of simple expressions.

Tlie following is the Rule for finding the l.pm. of

iiiplc expressions. Find by Arithmetic the L.c.31. cf the

numerical coefficients ; after this number put etery letter

tchich occurs iyi the expressions^ and give to each letter

respecticely the greatest index which it has in the ex-

pressions.

118. For example; required the l.cm. of \Qa*bc and
iOa b-^d. Hero the numcncgl coclficicnts are 16 and^i'o,

and their L.C.M. is biK The letters which occur in the ex-

pres.^ions arc a, b, c, and d; anu their greatest indiees are

rcypcetively 4, 3, 1, and 1. Thud \vc obtain bOa^b^cd as the

re<iiiircd L.C.M.

Again; required the l.c.m. of ba A'cVyj^, \2a*bcx'y^,

u;.d lua'c^x-y*. Here the l.c.m. of tiie numerical coclhoienta

is 4b. The letters whieli occur in the expressions are

a, h. c, Xj y, and z ; and their greatest indi es are respcc-

tiv.. y 4, :j, 3, 5, 4, and 3. Thu;* we obtain 'iba*b*c'ur'y*js^ as

the required L.aH.
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119. The follovring statement gives the best practical
notion of w'lit is r.v'?ant l>y the term least common mnlt-ple
in Algebra. ;\s it showc- the sen'^e of the word loist hore.

When the least common midnple of hco or more expres-
sions is dirided by those expressions the quotient.-< have no
common measure.

Take the first example of Art. 118, and diWde the l.c.Jv.

by the expressions ; the quotients are 6b-d and Aac, and
these quotients have no common measure.

Again; take the second example of Art. 118, and divide

the L.c.M. by the expressions ; the quotients are 6a^cp^,

4b^c-x^(/z^, and Sab^ar'z^, and these quotients have no com-
mon measure.

120. The notion which is supplied by the preceding
Article, with the aid of the Chapter on Factors, vriU enable

the student to determine in many cases the l.c.m. of cim-
pound exjyressions. For example, required the l.c.m. of

4a^(a + 6)' and 6ah(a--h^). The l.c.m. of 4rt* and (a'j is

12a'-b. Also (a + b'f and a-—b' have the common fiictor

o + &, so that {a + b)ia + b (a- b) is a multiple of (a + 6
j*

and of a' — b'^ ; and on dividing this by (« + b)^ and a^ - P we
obtain the quotients a — b and a + &, which have no common
measure. Thus we obtain \'2a-b(a + bY{a— b) as the re-

quired L.aai.

121. The following may be given as the defijiition of the

L.C.M. of two or more compound expressions. Let two
or more compound expressions contain powers of some
common letter; then the expression of lowest dimensions
in that letter which is measured by each of these expres-
sions is called their least common multiple,

122. "We shall now shew how to find the l.c.m. of two
compound expressions. The demonstration however will

not be fully imderstood at the present stage of the student's

knowledge.

Let A and B denote the two expressions, and D their

greatest common measure. Suppose A = aD, and B = bD. ;

Then from the nature of the greatest com^mon measure, a J
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and h have no common factor, and therefore their least

common multiple is db. Hence the expression of lowest
dimensions which is measm-ed by aD and hD is abD. And

<ibD = Ah =Ba^~ .

Hence we have the following Rule for finding the l.c.m.

of two compound expressions. Divide the j^roduct of tha
expressions by their g.c.m. Or we may give the rule thus

:

Divide one of the expressions by their g.c.m., ayid mul-
tiply the quotient by the other expression.

123. For example; required the L.C.M. of a-'— 4;c + 3
and 4^3 - 9a:'-1 5a: + IS.

The G.C.M. is x— 3; see Art. 105. Divide x^—Ax + Z
by a: — 3; the quotient Ls x—\. Therefore the l.c.m. is

{x— \){Ax^-dx*-l5x't-W); and this gives, by multiplying
out, 4jr»-13ar*-62:--f 33j;-18.

It is however often convenient to have the l.c.m.

expressed in factors, ratber than multiplied out. We
know that the g.c.m., whicn is a; — 3, will measure the ex-
pression 4x3 -9ar' — 15x4-18; by division we obtain the
quotient. Hence the l.c.m. is

(a;-3)(x-l)(4x« + 3x-6).

For another example, suppose we require the l.c.il of
^X'-lx-¥b and3x»-7x-h4.

ITie G.C.M. is x- 1 : see Art. 111.

Also {2x^-lx + b)-=r{x-\) = 2x-5,
and • (3j:2-7x + 4K(a:-l) = 3x-4.

Hence the l.c.m. is

(a?-l)(2x-5)(3x-4).

Again; required the l.c.m. of 2.x^-'Ja?—4iX^ + x — A^

and •6x^-\\x^-2x*-Ax-\u.

The G.C.M. is a:*- Sx- 4: sec Art. 111.

Also

(2x*-7x3-4x' + x-4)-^(x'- 3x-4) = 2j:"-x+1,

and

(3x* - 1 1 x' - 2x"- 42: - 1 6) -r (x' - 3r - 4) = Sx* - 2:p -I- 4.

r.A. 6
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Hence the l.c.m. is

(;i;2_ 3^_ 4) (2a;2- a; + 1) (3^3_ 2a; + 4).

124. It is obvious that, everij multiple of a common
multiple of two or more expressions is a common multiple

qf those expressions.

125. Every common multiple of two expressions is a
multiple of their least common multiple.

Let A and B denote the two expressions, M their

L.c.Ji.; and let iV denote any other common multiple. Sup-
pose, if possible, that when N is di\'ided by M there is a
remainder i? ; let q denoie the quotient. Thus R = N-qJf.
Now A and B measure M and iV, and therefore they mea-
sm-e B (xVrt. 106). But by the nature of division B is of

lourer dimensions than M ; and thus there is a common
multiple of A and B which is of lower dimensions than
their l.c.m. This is absurd. Therefore there can be no
remainder B; that is, iVis a multiple of M.

126. Suppose now that we require the l.c.m. of three

compound expressions. A, B, C. Find the l.c.m. of any
two of them, say of A and B ; let M denote this l.c.m.

;

then the l.c.m. of M and C ^vill be the requii-ed l.c.m. of

A, B, and C.

For every common multiple of M and C^ is a common
multiple of ^, B, and C, by Art. 124. And every common
mulliple of A and jS is a multiple of M, by Art. 125 ; hence
every common multiple ofM aiid (7 is a common multiple

of A, B, and C. Therefore the l.c.m. of M and C is .the

L.C.M. of A, B, and C.

127. In a similar manner we may find the l.c.m. of four

expressions.

] 2S. The theories of the greatest common meiisure and
of the least common multiple are not necessary for the
subsequent Chapters of the present work, and any diffi-

culties which the student may find in them may be post-

poned until he has read the Theory of Equations. The
examples however attached to the preceding Chapter and
to the present Chapter should be carefidly worked, on ac-

count of the exercise which they afford in all the funda*
mental processes of Algebra,
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Examples. XIII.

nnd the least common multiple in the following ex-

amples :

1. 4a'6, Qah\ 2. \1aWc, ISay^c^.

3. SarxYj 126V2/». 4. {a-h)\ a»-6'.

5. Aa{a + h\ eb{a^ + b^). 6. ar-b\ a'-6»,

7. ^-3a:-4, ;c»-J7-12.

8. :»:' + 5x^+747 + 2, x= + 6j: + a

9. 12x2 + 5j;-3, 6x'' + a^-dr.

10. x''- 6x^4- lid; -6, ^-9j;' + 26a?-24

11. x3-7j7-6, dr» + Sa.-^+17J?+10.

12. a^ + x^ + ix' + x+l, x*-l.

13. ar<-2jr'-3x' + Sa: -4, a7^-5jr* + 20j?-16.

14. X* + a'x' + a*, x*-ax^-a^x + a*,

15. 4a'6=<;, (iab'^c-, ISabc^.

16. 8 (a' -6*), 12(rt + 6)», 20 (a -6)".

17. 4 (a + 6), 6(a«-62), 8(<x' + 6=').

18. I5ia^b-al*), 2\{a?-al/), SSCaJ'+ ft').

19. x2-l, ar^+l, x^-1.

20. x'-l, x»+l, x^ + l, ar^-1.

21. a;'-l, a?+\, x^-l, xf^ + l.

22. x« + .3j: + 2, x^-¥Ax + 2, a:«4-5.r + 6.

23. a;2 + 2j?-3, ar' + 3a,^ - ;c - 3, ar» + 4x2 + x-6.

24. x» + i)X-flO, .c'-19x-30, x'-lOx-Sft.



FRACTIONS,

XIY. Fractions.

129. In this Chapter and the following four Chapters
we shall treat of Fractions ; and the student will find that
the rules and demonstrations closely resemble t^ose with
which he is already familiar in Arithmetic.

130. By the expression r we indicate that a unit is

to bo divided into h equal parts, and that a of such parts

are to be taken. Here r is called a fraction ; a is called

the numerator, and h is called the denominator. Thus
the denominator indicates into how many equal parts the
unit is to be divided, and the numerator indicates how
many of those parts are to be taken.

Every integer or integral expression may be considered

as a fraction \vith unity for its denominator; that is, for

a , h + c
example, «=, > o + c=^—— .

131. In Algebra, as in Arithmetic, it is usual to give

the following Rule for expressing a fraction as a mixed
quantity: Divide the numerator hy the denominator, as

Jar as possible, and annex to the quotient a fraction
having the remainderfor numerator^ and the divisor for
denominator.

b'

Examples.
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The strident is recommended to pay particular atten-

tion to the last step ; it is really an example of the use of

brackets, namely, +{ — jc + 2)=-{j;-2).

132. Rule for multiplying a fraction by an integer.

Either multiply the numerator by that integer, or divide
the denominator hy that integer.

Let ^ denote any fraction, and c any integer; then

will £ X c = — . For in each of the fractions , and -r- the

unit is divided into h etjual parts, and c times as many
^ , , . ac . a , ac . .. a

parts are taken m ^ as m ; ; hence v- is c tmies j-

.

This demonstrates the first form of the Rule.

Again; let j- denote any fraction, and c any integer;

then will 5— ^c = ,. For in each of the fractions r-
hc h be

and , the same number of parts is taken, but each part

in , is c times as largo as each part in j- , because in

. the unit is divided into c times as many parts as in
be

, ; hence , is c times ,-

.

b b be

This demonstrates the second form of the Rule.

133. Rule for dividing a fraction by an integer. Either
multlphj tie dt'nomiiiatnr by that integer, or divide the

numerator by that integer.

Let ^ denote any fraction, and c any integer ; then

will ,-?-<?= r-' For . is c times . , by Art. 132; and
b be b be

therefore , is - th of £

.

be c •

This demonstrates the first form of the Rule.
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oc
Again; let -r- denote any fraction, and e any integer;

then will -r"^^=^« ^o^ T ^ ^ times r, by Art. 132;

and therefore r is - th of -v-

.

be b

This demonstrates the second form of the Rule.

134. If the numerator and denominator ofanyfrac-
tion he multiplied hy the same integer, the value of the

fraction is not altered.

For if the numerator of a fraction be multiplied by any
integer, the fraction will be multijjlied by that integer;

and the result w-ill be divided by that integer if its de-

nominator be multiplied by that iuleger. But if we multiply

any number by an integer, and then divide the result by
the same integer, the number is not altered.

The result may also be stated thus: if the nun>erator

and denominator of any fraction be divided by the same
integer, the value of the fraction is not altered.

Both these verbal statements are included in the alge-

braical statement ^ = v- •

h be

This result is of very great importance ; many of the

operations in Fractions depend on it, as we shall see in the

next two Chapters.

135. The demonstrations given in this Chapter are

eatisfactor}' only v>'hen everj- letter denotes some pnsitice

v:1t<)le number ; but the results are assumed to be true

whatever the letters denote. For the groimds of this

assmnption the student may hereafter consult the larger

Algebra. Tl)e result contained in Art. 134 is the most
important; tlie student will therefore observe that hence-

forth we asamue that it is alicays true in Algebra thai

i = j-i whatever a, b, and c may denote.

For example, if we put - 1 for c we hare r = --v

.
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XY. ^ Reduction of Fractions,

136. The result contamed in Art. 134 will now be
applied to two important oper^ons, the reduction of a
fraction to its lowest terras, ancfthe reduction of fractions

to a common denominator.

137. Rule for reducing a fraction to its lowest terms.
Divide the numerator and denominator of th4 fraction
In/ their greatest commoti measure.

For example; reduce 33, to its lowest terms.

The G.c.ir. of the numerator and the denominator ia

^a^^s . dividing both numerator and denominator by 4a^h\

we obtain for the required result -r-r. That is, -7-^ is

equal to 33 , but it is expressed in a more simpl©

form ; and it is said to be in the lowest terms, because it

cannot be further simplified by the aid of Art. 134.

Again
;
reduce ^_9^2_i5^ + i8

^"^ '^^ ^""^^^ ^^'

The G.c.M. of the num^ator and the denominator is

a—Z; dividing both numerator and denominator by a?—

3

x—\
we obtain for the required result —^

—

.

In some examples we may perceive that the numerator
and denominator liave a common factor, without using tho

rule for finding the g.c.m. Thus, for example,

{a-Vf-c^ _ {a-'b-\-c){a-h-c) _ a-'b + &
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138. Rule for reducing fractions to a common denomi-
nator. Multiply the numerator of each fraction by
all the demrminators except its own, for the numerator
corresponding to that fraction; and rradtiply all the
denominators togetherfor the common denominator.

For example ; reduce r , -, , and -. to a common de-

nominator.

a _adf <i_SM. e _eM
h~hdf' d~dhr f~fhd'

Thus v5^, -7^ and .^-5 are fractions of the same
odf d}]f fbd

value respectively as r, t, and ^; and they have tho

common denominator hdf.

The Rule given in this Article will always reduce frac-

tions to a common denominator, but not always to the
lowest common denominator ; it is therefore often con-

venient to employ another Rule which we shall now give.

139. Rule for reducing fractions to their lowest com-
mon denominator. Find the least com,m<>n midtiple qf
the denominators, and take this for the common denomi-
nator ; thenfor the new numerator corresponding to any
of the proposed fractions, multiply the numerator of that

fraction by the quotient which is^obtained by dividing
the least common multiple by the denominator of that

fraction.

For example; reduce —
, — , — to the lowest com-*^

yz^ zx^ xy
mon denominator. Tho least common multiple of tho de-

nominators is xyz\ and

a ajo A _ ^y A ^^

yz xyz ' zx ~ xyz ' xy ~ xyz

'
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Examples. XV.

Reduce the folIoAvin;^ fractions to their lowest terms;

iC'+6a; + 5' '
a;'— 2^-15 '

^ 2x'^ + x-l5 a^^-{a + b)x->rab

2a;--iy^ + 35* x^ + {a + c) x + ac

^^ x^-{a + b)x + ab 3^j^23£--36
vi?-¥{c— a)x — ac'

'

4^-^ + 33a;— 27*

jg
{x+ af-{b + c)^

^^
x'^-^5x-\-Q

,^ a:2-10.r + 21 ,^ ^2 + 9^^20
i5. —5— -—

. lb.
^^-46a;-21* • x^ + 7x^+14.x + S'

x^-\.x-42 6^-113? 4-5

'• x?-l{)x- + -2ix+lS' Sx'- 2x^-1'

20:g'-4-^-l-2 x'''-2ax + a^
' Ux^-ox' + ox-e' ' x^-2ax^+ 2a'X-a^'

2^ -537- -Bar- 16 a;^ - 3a''3? 4- 2^^

2x'+nx' + l{ix hi6'
"

2x^ + ax^-rd^x~4d^

23 ^!il8^z3 04 _^+_«'

a^-x^-7x + 3 3x*-14x^-9x + 2

a*+ 2x' + 2x-l'
°'

2^-9;r3-14a; + d
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2x
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XVI. Addition or Subtraction of Fractions.

140. Rule for the addition or subtraction of frac-
tions. Reduce the fractions to a common denominator^
then add or sWbti^act the numerators and retain the com-
mon denom,inat(/r.

Examples. Add -.— to -r- .

Here the fractions have already a common denominator,
and therefore do not require reducing

;

a + c a — c_a + c + a—c_2a

^ 4a-3h ^ , Sa-4b
From take .

c c

4a -3b _ 3a-Ab _ Aa-Zb-j^a-Ab)
c c ~ c

_Aa-Zb-3a + Ab _ a + b~
c

~
c '

The student is recommended to put do'^^n the work at
full, as we have done in this example, in order to ensure
accuracy.

Add -% to -^.a+o a—b

Here the common denominator will be the product of
a-i-b and a—b, that is a--b\

c _c(a-b)
^

c _c{a + b)

a + b~ d-'-b^ ' a-b~ d--lP-
'

Therefore -^ + ' _c{a-ly+c{a + b)

a + b a-b cC'-b"^

_ca-cb + ca + cb _ 2ca
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-, a + 6 , , a—h
From -, take ;

.

a— h a + b

The common denominator is a^— h*,

a + h _ (a + hf ^ a-b _ (a-Vf
a~b~ a--b^ ' a + b~ d--¥'

-,, - a + b a — b {a + b)^ — {a—b^
Therefore .

-, = ^

^ )^
'

a-b a + b . a^ — b^

_ a} + 2ab + b--(a--2ab + ¥) _ 4ab

From -5—:
;r take

By Art. 123 the l.c.m. of the denominators la

(a;-l)(a;-3)(4a:2 + 3j;-(5);

x+\ _ (a?+l)(43;^ + 3j--6)

x=^-4jr + 3~(a;-l)(x-3;(4x^ + 3j;-6)'

AX--3X + 2 _ {Ax^-2x + 2) {x- 1)

Ax'-da^-lbx+l^ (a?-l)(a?-3)(4ar' + 3;c-6)*

rr,. t «+l Ax^-'Sx+2
Therefore

a^-Ax + ^ 4ur^-9x---15^ + 18

(x+l)(4j:» + 3j?-6)-(4j:'-33T + 2)(a?-l)

(x-l)(a;-3)(4a;^ + 3x-6)

4a:'4-7jr'-3a;-6- (43:'-7a:' + 53;-2)

(x-l)(j?-3)(4a;2 + 3x-6)

14a:'-8jr- 4

(a>- 1) (;r-3)(4.t'- + 3aj-6)'
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141. We have sometimes to reduce a mixed qtianiiip

to a fInaction; this is a simple case of addition or sub-
traction of fractions.

-, ,
b a b ac b ac + b

Examples, a^ - —- + - = — + - = .^ c 1 c c c c

lab _ a 2ah _ a (a \- b) 2ab _ d^ + Sab

a+b~l a-\-b~ a + b a + b~ a + 6

'
^ x-2 x + S x-2

/r+ 3-
x'^— '6x + 4: 1 x^ — 6x + ^

^ (^ + 3)(:g'-3.r + 4) ar-2
~ a;--3.r + 4 x^-Sx+ 4^

_a?-5x+\1-{x-2) _x^-5x+\1-x+2 _x^-(iX+lA
~ a^-Sx + 4:

~ x--Sx + 4^ ~~ 5r'-3jr + 4
*

142. Expressions may occur involving both addition

and subtraotion. Thus, for example, simplify

a ah a"^

a + b^a^'-b'' a' +y
The L.G.M. of the denominators is {a^— lF){cC-->tb\

that is a^ - &*.

a _ a{a-b) {a- + b-) _ a*-a^ +aW - aJtr^

a +b~ a^-b' ~ a^-b''
*

(^ _ ab{a'' + b^) ^ ^b^ai^
?-6^ a^-b^ a^-&* '

d' + })^~ a'^-b'- a'^-b'-
'

mv r « (lb a^
Therefore ? +a+b d'—b"' d^ + b^

g^ - a^b + d^W- ah^ + a^'b + aP- {a* - g^')

d'-b'

d'-a^b + a^'I^ - ab^ + a^b + db^-a^ -i- a^&^ _ ^a^if
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jj. ,.- a
,

h
^^"^Vm (^3^(a-c)

*"
{b-c){b-a)

*"
(c-a){c-by

The bcfriiiner should pay particular attention to this

example. He is very liable to take tlic product of the
denominators for the common denominator, and thus to

render the operations extremely laborious.

The second fraction contains the factor h- a in its de-

nominator, and this factor differs from the factor a-bs
which occurs in the denominator of the first fraction, only

in the sign of each term ; and by Art. 135,

b b

{b-c]{b-a) {p-c){a-by

Also the denominator of the third fraction can be put
in a form which is more convenient for our object; for by
the Rule of Signs we have

{c-a){c-b) = {a-c){b-c).

Hence the proposed expression may be put in the form

a^ b c

(a— b) (a -c) {b- c) (a -b) {a — c) - c)
'

and in this form wo see at once that the l.c.m. of the do-

nominators is ^a-b){a -c){b-c).

By reducing the fractions to the lowest common deno-
minator the proposed expression becomes

a(b — c) — b{a-c) + c{a — b)

{a-b){a-c){b-c) *

., .. ab—ac — ab + bc + ac — bc ^, ^.
that IS —7-

—

J—. ^yr—r— , that is 0,
{a-b){a-c){b-c)

143. In this Chapter we have shewn how to combine
two or more fr.ictfions into a sincjle fracf/on; on tlic other
hand we may, if we i>leasc, break up a Jinglc fraction into

two or more fractions. For example,

Zbc — Aac ->- rjab _ 3bc 4ar Oab _ 3 4 5

abo ~ abc abc abc ~ a~ b^ o'
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Examples. XVL

Find the value of
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16. -i---A- + -2£__
x-2 x + '2^ {x+ 2f

a-b a + b a'-b*

17 <^ + ^ a-x g'-g
a-o; a + ^ a'+ ;c*'12 1

18. — ~ 4- —

^

a?+l 2; + 2 x + 3

19. ,J^__?:L^_£^.
^-1 2r+l ^^

20. lf_^y + ^jn:
y a; + y j;-y*

21. :.-^__£_.
^-1 a;+r

22. ;c--^ + ^.
X-i-l x-l

23. -i-+JL__2.
a;— a x + a x

_a_^_a_ 4a^b*

A-b a + b'*' a*-b*'

26. -^+J±.-J^^
a-x a + x a* + j^'

27 _3 1 :r4- 10

2x-4 a; + 2 2j;3 + 8'

ar4-4 2:*-4j:+16"'';c*+64'

29 _1_._1 L_
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30.

31.

32.

33.

34.

35.

36.

37.

38.

S9.

40.

41.

42.

43.

44.

EXAMPLES. XVI.

ary ocy-^y^ ofi + xy'

1

x^-x + \ x+\

(iC-3)(a;-4) (a;-2i(^-4) {x~2){x-Zy

1 2.r-3 1

x{x+l) x{x + \){x-^2)'^ x{x + 2y

\-2x x+l 1

Zix'-x^-l)^ 1{ar'+l)'^ Q{x^\y

x~y 1 ^ ^y
x'*-—xy-^y- x-vy x^ + y

1 ^ x-y
x— y xr^ + xy-hy^ a^

cT+l x—\

xy-1x^

+ -0-
x'^ + x^l ^^-^+1 x^ + x^+\*

a + b a—h 2(a^x+'b'^y)

ax + by ' ax— hy d^aP + Wy^

1x \__ ^ I

x^ — x'^+l x^ — x+1 ' x^ + x+l''

1 2 3

1 Aa
+

2a

x + a x~a x"— a' ^ + a^*

Jl 1_ 2\ 4b^

a-b a + b a^ + b^ a*+&*'

1 13 3

^"Sa a + Za x + a x—a
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4 1

45. —^^----T+ ;-TT^ +
a -'2b a — b a a + b a + 2b

46.
{jc-a) (a-b) {a;-b)(p-ay

47 ,

^
*'• (a;-a)(a-6) (.c-6)(6-a)'

V, 48.
{x-a){a-b) {x-b){b-a)

1 1

^^* {a-b){a-c)'^ {b-a){b-c)'

50.
(a-&)(a-c) (p-a){p-c)

I 1
,

1 .

^^- (a-6)(a-c/(6-a)(6-c)'^(c-a)(c-&)' ^

1 1 L
"• '"'^

a(a-6)(a-c)'*'6(6-a)(6-c) oJc*

a* y c
^^-

(a-6)(a-c)"^(6-«)(6-(;) (c-a)(c-&)'

1 1

^^'
a^-{a-\-b)x + ab'^ x^-{a + c)jt:-\-uc

1

'^»i-{b + c)x + U'

><^^' a^-{a + b]c + ab a^-ia + c).c + au ^^
ar + g

a^— {b + c)x + lc'

1 1

66.
(a-6)(a-c)(x-a) {b-a){b-c){x-b)

1

^{c-a){c-b){x-ey

6—

i
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XVII. Multiplication of Fractions.

144. Rule for the multiplication of fractions. Multi-
ply together the numerators for a neic numerator, and
the denominatorsfor a new denamlnator.

145. The following is the usual demonstration of the

Rule. Let r and -, be two fraction.^ which are to be
a

amltiplied together
;
put^=a?, and^= ?/; therefore

a = lux, and c = dy
\

therefore ac= hdxy
;

divide by hd, thus hd~^'

But ^ = 6^^*'

., ^ a c (W
therefore y:'^ 't = ^j»

b d bd

And ac is the product of the numerators, and bd thfc

product of the denominators; this demonstrates the Rule.

Similarly the Rule may be demonstrated when mor6
than two fractions are multiplied together.

146. "VTe shall now give some examples. Before multi-
plying together the factors of the new numerator and the
factors of the new denominator, it is advisable to examine
if any factor occurs in both the numeratrir and denomi-
nator, as it may bo stmck out of both, and the result will

thus be simplified; see Art. 137.

Multiply a by - .

a a b ab

1 ' 1 c c

Hence a- and — are equivalent; so, for example,
c c

^a 4a , 1,„ „, 2x-S
*6 = T^^^^4^2''"^^ =

~4--
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Multiply - by - .

y y

X X _ xy. X
y^ y~'V^j

thUB ('-Y=-

Multiply jjbyg^.

. 3a 8c 3ax8c_ 2c X 12a _ 2c

ib ^ 9a ^ 46 X 9a ~ 3& X 12a ~ 36
'

3a' 4(a»-6^) ^ 4a(a--&) x3a(a + b) ^ 4a (a -b)

(a + 6)'*^ Zab b{a+b)x3a{a + b)
~ b(a-¥b)

'

Multiply
f
+ ^1 by

f
+ ^-1.

a 6 _a2 62 q;> _ a» + 6'4-a6

6 a ~a6 a6 a6 ab *

a 6 _a* b^_^_aU^lr-ab
b a ~ ab ab ab ab

a*+ I^ + ab a'^+W-ab _ {a'' + b-

+

ab) {a* + b* - fib>

^ "" ^ a'b^

{a^^Vf-a'^b'^ a^4-6* + a'&2

d^b^ a'^b'

Or we may proceed thus

:



86 MULTIPLICATION OF FRACTIONS.

therefore

\h a J\h a J 0^ a^ ¥ a^

m.. . ,. r «^ ^^ , a^ + h^ + a^b^
The two results agree, for =-„ + —+ 1 = ^^s .

Multiply together ^—^^, ^-^3, and 6 + ^-^.

"We might multiply together the first two factors, and

then multiply the product separately by l and by , and
1 ci

add the results ; but it is more convenient to reduce the

mixed quantity b + ~ to a single fi-action. Thus
i ~~ a

, ab _b{l~a) + ab _ b

I — a ~ I — a ~ I—
a'

Then
l-g2 i-i^ h ^ (l-a^)(l-&^)6 ^ 1-6
b + b''^ a'+a"^^ l-a~b{\ + b)a{l-[-a){l-a) a '

147. As we have already done in farmer Chapters, we
must here give some resuUs which the :• indent must as-

sume to be capable of explanation, and which lie mtf«t use

as rules in working examples which may be proposed Seo
Arts. 63 and 135.

Multiply ^by -^.

a c a ~^_''<^_ ^
b'^~d~b''~d~"bd~''bd'

Multiply -f
by|.

a c _ —a c _ — <z<;_ ac

^I'^d' T'^d~'bd~~''bd'

Multiply -5 by -|.

a _<; _ —a —e_ac
"ft"^ 2' b "" d ~bd'
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Examples. XVIL

Find the value of the following

:

, 2« €bc ^ a^ h^ <^

^0 ba^ he ac ab

„ a-h y^c c\i , x+\ x + 2 X-* X -^ X ^-. 4. X —,—- X
x'y y^z z^x' x-\ x'-X J^^

x + a \a x; \ bj\ a J

a'+ Soar + i" a*— 2ax + a^

9.
jr^-y* 3^^-v^ *±y

3 X
2.^r'^ + y^ x^— xy-'t y- a^—f^^

iO. -=

—

-, X -=—,„.
ir—{a-\-c)x + ac ar-l^

a:"4-y» \x-y x + yj'

\bc ac ab aj \ a + h + cj

\a' a:" a a; / \^ x)

'^ \a x h y) \a X h y)
"

1/5
^- ^jr-t-l 3^-Ax+Jt 3^-Qx-^d
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XYIII. Division of Fractions.

148. Rule for dividing one fraction by another. Invert
the divisor and proceed as in Multiplication.

149. The following is the usual demonstration of the

Rule. Suppose we have to divide r by ^; put t = ^i

and ;3 = 2/ j therefore

a = d.v, and c = di/;

therefore ad = bdx, and he= bdy j

ad _ bdx _ X
be ~ bdy ~ y

'

But -=x^y=-^-.-^;

^, , a c ad a d
therefore i:-^-3=r~ =1 ^~»

150. "We shall now give some examples.

Divide a bv -

.

" c

a

therefore

a b a c ac

1 C 1 & &
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151. Complex fractional expressions may be simplified

by the aid of some or all of the rules respecting fractions

which have now been given. The following are examples.

_. ... (n + h
,
n-h\ .

(a^h a-h}

a-b^ a + b~ {a-b){a + b) ~ a?-V- '

a+ b a-b _ (a + b)^-(a-b\' _ 4ab

a-b a + b~ {a-b){a + b) ~ a^-V^'

Za^ + 2b^ . 4ab _ 2a^-i-26» a^'-b^ a^+ b*

d'-V' d'-b^' a^-b'^ "^ 4ab ~ 2ab
'

In this example the factoids a — b iind a 4- b are rmdfi-

plied together, and the result a^-b"- is used instead of

{a-^b){n— b); in general however the student will find it

advisable not to midtiply the factors together in the

course of the operation, because an opportunity may occur
o< striking out a common factor from the numerator and
denominator of his result

Simplify -^^——— .

6-a

. g-H _ Z-a a+\ _ 3-a + g4-l

^3-a'"3-a"*'3-a~ 3-a

4 1 3-a_ 3-a
3-a~i ""

4 ~ 4 '

3-a _ 4a 3-a 3-t-3a
^

4 "T"^"! 4 '

, 34-3a 1 4
1-*-—:— = T ^

1 3 + 3a 3 + 3a
*
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Find the value of
{
^^

—

r] - r
—- ^vhen ;r= -^—-.

\2.v-bJ b-x a + b

lah a 2db — a (a + h) ah— a^
2x-a = r-T =

\ =
7r\a+b 1 a+b a+b

, 2ab b 2ab-b(a + h) ab-b^2x-b-—~7--^ r = ,.a+b 1 a+b a+b

_,, - 2x— a ab — a^ ab-b'^ ab-a^ a + h
Therefore ^ = t- -• r-

=
i- x

2x-b a + b ' a + b a + b ab—l^

ab — a^ a{b — a) a

ab-b^ b(a-bj b'

therefore (^2^r^j = ^- tj
=
P'

_« «5 a{a + b)— ab _ a^

5 ah _ b{a + b)-db ^ &»

^"l a + &~ a + b a + b'

a — x «2 52 d? a + b a'
Therefore ^— = — , + , = -—^ x -^j- — , a •

h— x a + b a + b a+b (r 0"

_,, . f2x-a\ a-x a' a»
Therefore {^^^^)

" ^"T;^ = 6^
"

6^ = ^-

152. The results giyen in Art. 147 must be given

again here in connexion with Division of Fractions.

„, a c ac . a c ac
Since 5X-^=-j;,,a..,d-^x^=-^:

ac c a . ac c a
we have -^-^-^ =

^ , and _-^- = --.

... a c ac ,

Also since ~h^~d^ M' ^® ^^®

bd"^ d "b
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a' + 'kZvT ^ oje + ^j^'

Sx^ , 4j:'

7. • 1 DV -i ;—J.

^ **+(6+ c)ar + 6c • x^-62'

^- c'-a'-b' + 'lab ^ bT^'a'

13. 5j— .l>yx+-. 14. a'--ibya-^.
5 a*
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16. 8a + —s~ by a -.

a X- ' x

_ .>'- 1 , ^ 1 1
17. —, - - by -, 4- - + .

y^ J- if y X

18. - + 1 + -2 by— 1 + -.
a^ x^ '' a X

19. i+f-^Ybyl-f^'.
\a + xj "' \a + xj

-^ ^ ^3 ^ /.r^ rt^ a; a . X a
20. T + -^ - 3 -1 - -0 ) + - + - by - + - ,

a^ a^ \a^ x-j a x " a x

Simplify the following expressions:

6x-\ +
21. r^ . 22. £Z£.

x-2 +~
^x-Q

Zx
.
x-\

2
"^

3
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1

31.
y

„, 1 yi^xyz + x^z)

32 /^II:^4.^±^v^^'-^^^''^'^

Jjind the values of the following expressions;

__ fl — a? - ah
33. -^ when x= ^.

34. —

r

when x =——

.

a a-b

35. f+ * _-^whenx=«'J::4).
a 6-a c + d) b{h + a)

36. ^ when a = - and b = -.

37.

;c + y 3 3

X y v^ , 3a?
-, - + -^ f—= when y-—

,

x+ y x-y x^-y* ^ 4X

x + 2a x~2a Aab , db

b n^A fx-ay x-1a\-b , a-\-

/^ \x-bj x + a-2b 2

Aix x^-y-\ . a + 1 , ab + a
/40. —- when x = -r—r i

and y = —r—r •x-y + l ab + l* ^ od+l
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XIX. Simple Equaliom,

153. When two algebraical expressions are connected

by tlie sign of equality the whole is called an equation.

The expressions thus conuectGd are called sides of the

equation or members of the equation. The expression to

the left of the sign of equality is called the first side, and
the expression to the right u called the second side.

154. An identical equation is one in which the two
siSes are equal whatever nrt::iV^ors the letters represent;

for example, the following are identical equations,

{x + d) (.c - a; = ic^ — a^,

{x + df = ^'' + Ixa + a',

{x-Va){x''~xa^o^) = o(?-^d?\

that is, these algebraical statements are true whatever
numbers x and a may represent. The student will see

that up to the present point he has been almost exclusively

occupied with results of this kind, that is, with identical

equations.

An identical equation is called briefly an identity.

155. An equation of condi^l'ni is one which is not true

"whatever numbers the letters represent, but only when
the letters represent some particuhir number or numbers.
For example, ^' + 1 = 7 cannot l)o true unless ^= 6. An
equation of condition is called briefly an equation.

156. A letter to which a particular value or values

must be given in order tiiat the statement contained in an
equation may be time, is called an unknown quantity. Such
particular value of the unknown quantity is said to satisfy

the equation, and is called a root of \he equation. To
solve an equation is to find the root or roots.

157. An equation ii.volving one unknown quantity is

said to be of as maay dimensions as the index of the
highest power of the unknown quantity. Thus, if x denote
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tlie unknown quantity, the equation is said to be of one
dimension when x occurs only in the first power ; such an
equation is also called a simple equation, or an equation of
the first degree. If a? occurs, and no higlier power of x^

the equation is said to be of two dimensions; such an
equation is also called a quadratic equa'ion, or an equation
of the second degree. I fx* occurs, and no higher power
of X, the equation is said to be of three dimensions ; such
an equation is also called a cubic equation, or an equation
of the tJiird degree. And so on.

It must be observed that these definitions suppose both
members of the equation to be integral expressions so Jar
as relates to x.

158. In the present Chapter we shall shew how to solve
simple equations. We have fii-st to indicate some opera-
tions which may be performed on an equation without
destroying the equality which it expresses.

,159. If every term on each .nde oj an equation he
multiplied hy the same number ilie residts are equal.

The truth of thus statenicnt follows from the obvious
principle, that if equals be iiiuiLi[>iiud by the same numl)er
t!ie results are equal ; and t'ue //s-.' of this statement will be
neen immediately.

Likewise if every term on each side of an equation
Ic divided In/ the same number t/ie results are equal.

" ,1G0. The principal use of Art. 159 is to clear an equa-
tion ^fractions ; this is effected by multipljing every
term fiy the product of all the denominators of the frac-
tions, or, if we please, by the least common multiple of those
denominators. Suppose, /or example, that

X X X ^

Multiply every term by 3 x 4 x 6 ; thus

4x6xa;-f3x6xa:+3x4xa?^3x4x6x9,
that is, 24x4- 18^+12^=648;

divide every term by 6 ; thus

'Lc + 34r+2a:= 108.
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In9t6ad of multiplying every term by 3 x 4 x 6, we may
multiply every term by 12, which is the l.cm. of the deno-

minators 3, 4, and 6 ; we should then obtain at once

4.-^ + 30; + 2a; =108;

that is, 9^= 108;

divide both sides by 9 ; therefore

;.;=— = 12.

Thus 12 is the root of the proposed equation. "We may
verify this by putting 12 for x m the original equation.

The first side becomes

^ + 1? + ^ , that is 4 + 3 + 2, that is 9

;

O 4 D

which agrees with the second side.

161. Any term may he transposed from ons side of
an equation to the other side by changing its sign.

Suppose, for example, that x— a = h-y.

Add a to each side ; then

x— a-ira = 'b-y+ af

that is x^h-y+a.

Subtract & from each side ; thus

x-h= h + a-y-'b = a-y.

Here we see that —a has been removed from one side

of the equation, and appears as + a on the other side ; and
+ 6 has been removed from one side and appears as — & on
the other side.

162. If the sign of every term of an equation be

changed the equality still holds.

This follows from Art. 161, by transposing every term,

Tliua supposc^for ©xaDQj)lej Uiat af-«=&-^
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By transpoaition y—h = a—Xj

that is, a— x = y—h;

and this result is what we shall obtain if we change thd
sign of every term in the original equation.

163. We can now give a Rule for the solution of any
simple equation with one unkno\vn quantity. Clear the

Situation of fractions, if necessary ; tratispose all the
trrms which involve the unknown quantity to one side of
the eqication, and the known quantities to the other side;
divide both sides by the coefficient, or the sum of the co-

efficients, qfthe unknown quantity, and the root required
is obtained.

164. We shall now give some examples.

Solve 7:c + 25 = 35 + 5;r.

Here there are no fractions ; by transposing we hare

7a;-6x= 3o-25;
that is, 2x= lQ;

divide by 2 ; therefore x = —=5.

We may verify this result by putting 5 for x in the
original equation ; then each side* is equal to 60.

165. Solve 4(3j;~2)-2(4;c-3)-3(4-ar) = 0.

Perform the multiplications indicated ; thus

12x-8-(Sa;-6)-(I2-3j:) = 0. ^

Remove the brackets ; thus

12x-8-«J? + 6-12 + 34r = 0;

collect the terms, 7« - 14 = ;

transpose, 7J?= 1 4

;

14
divide by 7, «=Y= 2.

The student will find it a useful exercise to verify the
correctness of his solutions. Thus ia the above eiampla^

c.A. 7
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if we put 2 for x in the original eqiiation we shall obtain
16-lu — 6, that id 0, as it should be.

166. Solve ;r-2-(2:z:-3)=—̂ .
RemoTe the brackets; thus

a;-2-2x->r^- --—
,

3^ + 1

2

thatifl, \-x=—2~ J

multiply by 2, 2 - 2a; = 3^ + 1,

tran-spose, 2 — l = 2^ + 3;r;

that is, l=6;c, or 6a?=l; .,

therefor© ic=-.
o

167. Solve — ^=5|-,-2-.

28
6|=-— ; the L.O.M. of the denominators is 10; multiply

by 10;

thus 6(5;2; + 4)-(7^ + 5) = 28x 2-5(0?- 1);

that is, 255; + 20-7^-5 = 56-5;r + 5;

transpose, 25;r— 7a;+ 5a; = 56 + 5-20 + 5;

that is, 23^= 46;

.^ r 46 „
therefore ^=— = 2.

The beginner is recommended to put down all the work
at full, as in this example, in order to ensure accuracy.

Mistakes with respect to the signs are often made in clear-

ing an equation of fractions. In the above equation the

fraction —— has to be multiplied by 10, and it is ad-

visable to put the result first in the form -(7^ + 5), and
afterwards in the form -7a; -5, in order to secure atten-

tion to the signs.
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16a Soke i(5^ + 3)-^(16-5x)-37-4«.

By Art 146 this is the same as

5a; + 3 16-5j; „„ ,^=37-4^.

Multiply by 21 ; thus 7(5x + 3)-3(16-5:p) = 21(37-4p),

that is, 35^4-21-48 + 15:r«777-84;r;

transpose, 35^+15^ + 84a: =777 -21 +48;

that is, 134^ = 804;

*v c 804 ^
therefore a?= —- = 6,

169. Solve ^-?£ri2 = ''^7_

Multiply by the product of U, 7, and 5 ; thus

35(6^ + 15)-55(8^-10) = 77(4a:-7),

that is, 210x+625-440x+550 = 30&c~539;

transpose, 210j:-440a:-308x= -539-525-550;

change the signs, 440j; + 308x- 210a?= 539 + 525 + 650,

that is, 638:r=1614;

1614
icref
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IS.
f
+
f=^-7.

16. 36-^= 8.

17. f.4= i|.. 18. f.a^f..

19. 56-^1=48-1 . 20. |-4 =24-|.

21. ^%12-*^+6. 22. ?^=il«zi?.
3 5 3 5

25. ?? +M»^=29. 26. f + ?±l = ^-2.
4 6 2 7

27. 4(;c-3)-7(a;-4)= 6-;r.

"^^
3 3 4"^4~5 5 6"^6'

«n o 19-2;^; 2x-U
30. 2^ ^—=___.

x-2.

5x-\2

31.
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3.r-4 6^-5 3a?-l
38.

8 16 •

89. 2.^5_5-^^o..o.

^- ^— 3 :c— 5 a?—

1

4 6 9*
., as-l xS

,
x-5 ^ .^ se X r-2 «

41. \- =4. 42, H =3k
2 46 3 46

^^ 7.r + 5 5a: + 6 8-5^ *
'^- nr-—r-= 12--

., x + A x-A „ 3j:-1

x—\ 2x+7 x-\-2

,^ a:-l x-1 a?-3 2

2x-o Gjt + 3

6
47. -^— +—^— = 5.r-17i.

X 5^ + 8_2jr-9
48. 4-—5— --3--

^^ 3.r + 5 2.r + 7 ,^ 3jr ^
^^- -7 3-^^^- 5=^-

60. J(3jr-4) + i(5j; + 3)-4:j-5jr.

^. X X X X ^. ^„ ^ ^-2 ar+3 9
"^ 2^3-4n = '«- ""• 2-^ *--»•



102

63.

54.

55.

56.

57.

^58.

69.

60.

61.

62.

63.

64.

65.

66.

/

EXAMPLES. XIX.

5-3a> 6a; _ 3 3

-

5a?

4 3 ~2 3 •

^(27-2.)=2^-l(7.-54).

5a?-[8a;-3{16-6a;-(4-5a:)}]= 6.

\-1x 4- 5a; 13

3 6 42
:0.

3 ^ +4.= 12.?£=I,

4a;- 7 „„ 7-4ar 13

24

5.g-l 9.r-5 _ 9a'-7

7 "^ 11 ~ 5 •

a;+3 a;-2 _ 3a;-5 1

2 3 ~ 12
'*"4'

^(8-^)4- a?-l| = ^(a;4-6)-|..

3a;- 1 13-a; 7a; 11, „.

2a;- 1 6a;-4 _ 7a' +12
5 *" 7 ~ 11 •

7a;-4
+ 2# +

4 — 7.^
:a;—-

.

12

2 — a; 3 — a; 4 — a; Z-x 3 ^

3 4 o 6 4

5.r-3 ^-x 5x 19.

1 3~=2+6^-'-')-
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XX. Simple Equatiom, continued.

170. We shall now give some examples of the solution
of simple equations, which are a little more difficult than
those in the preceding Chapter. The student will see that
it i^ sometimes advantageoas to clear of fractions par-
tiallt/, and then to effect some reductions, before we r©
move the remaining fractions.

171. Solve 5±6_?i^ + ?:^3 = 5j+3£±i.
11 3 4 "* 12

Here we may conveniently multiply by 12; thus,

^Y^-4(2;»-18) + 3(2;r + 3) = ^x 12 + 3^ + 4,

that is, —^——--8x + 12 + ej;-h0 = 64: + 3j; + 4,

By transposition and reduction we obtain

^y— -o.r-13.

Multiply by 11 ; thus 12 (:c + G) = 1 1 (Hx- 13),

that is, 1 2.r + 72 := C->ru' - 143

;

by transposition, 72 + 143 = 5r).r - 1 2a:,

that is, 43.c = 215;

therefore x= —- = 5.
43

Hero wo may conveniently multiply by 21 ; thus

15-2.2;
48j:+ 16^-15 = 24 x|,^-8^!|^-82;V
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that is,

144;?; -320
+ 48:^4- 16^- 15 = 154- 165 + 64a^

15-2;c

By transposition and reduction

144:?;- 320 ,=4;
15-2^'

multiply by 15-2:c; thus

144a; -320 = 4(15 -2^)= 60 -8;?;;

therefore 1 44a; + So;= 320 +60,

that is, 152^=380;

therefore ^=^-^ = 2^«,=2i

173. Solve^ =^.
Multiply by {x- 7)(^ + 9) ; thus

(a; + 9) (;?; - 5)= (a;- 7) (;r + 3),

that is, x'^ + 4:X-45= a^-Ax-2\',

subtract x"^ from each side of the equation, thus

4:c-45= -4^-21;

transpose, 4^ + 4;j;= 45 ~ 2 1

,

that is, 8;c= 24;

24
therefor© x—-- = 3.

o

wiU be seen that in this example x"- is found on ooth
we have cleared of fractions;

by subtraction, and so tlie

equatioru
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2^ + 3 _ 4ar + 5 3:rH-3

x+l ~4u? + 4 3^ + 1*

Here it is convenient to multiply by 4^+4, that is by
4(^+1);

i.1. ./« ON . , r 4(07+1)3(^+1)
thus 4(2^ + 3) = 4;i: + 5 + -^

—

—^ i;

oX + i

12(.2?+ 1^^
therefore 8a; + 12- 4a? - 5 = -^ ^/ ;oX + 1

AU X . ^ ^ 12(^+1)2
thatis, ^^7=-^^-

Multiply by 3.r + 1 ; thus (3a;+ 1)(4;b+ 7)= 12(a?+ 1)»;

thatis, 120^24.25^ + 7 = 12a;a+ 24a;+ 12.

Subtract 12a^^ from each side, and transpose ; thus

25;c-24;c=12-7,

thatis, ar = 5.

inr o 1 ^-1 ^-2 ;c-4 ^-6
175. Solve = .x-2 a;-3 x-6 x-6

x-\ x~2. __ {x-\)(x-'A)-(x-2fYvenave --^-—-^_ ^____

^ g^-4;g+ 3-(;g»-4a?+ 4) _ 1

(a:-2)(;r-3) ~ (dr-2)(2r-8)

And a:-4 ar-5 ^ (a;-4)(x-6)-(a:-5)'

j._6 a?-6 (a?-6)(a;-6)

^ ofl-\0x+2\ -{x^-\0x-\-26) 1

{x-b){x-Q) ~ (a:-5)(4:-6)*

Thus the proposed equation becomes

1 ^ 1

(»-2)(a?-3) (j;-6)(a?-6)'
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Change the signs; thus
^l_^]^^_^^

-
^^^^^^^^^y

Clear of fractions ; thus {x-5){x-6)= {x- 2) (a?- 3)

;

that is, a;--Ux + 30 = x^-5x + 6i

therefore -lla? + 5a;=6-30;

that is, -6^=-24;

therefore 6;c=24;

therefore ;c=4.

, '^5x--1o 1-2 'ZX--Q
176. Solve -50?+ ^ =— :^. *

To ensure accuracy it is advisable to express all the

decimals as common fractions ; thus

6x 10/45^_15\ _10 12 _ 10 /3^ _ _6^\

10
"^

6 VlOO lOOy ~ 2 "^ 10 9 \10 10^'

Simplifying,
f
+ |(i-i) =

6-(f -^) ;

,, ^ . X Zx 5 . X 2
thatis,

2 + T-4 = ^-3.-*-3-

Multiply by 12, 6^ + 9^- 15 =- 72 -4;?; + 8

;

transpose, 19.i; = 72 + 8 + 15 = 95;

95
therefore a;=—= 5.

177. Equations may be proposed in which letters are

used to represent known quantities ; we shall continue to

represent the unkno^\Ti quantity by .r, and any other letter

will be supposed to represent a knowTi quantity. We will

solve three such equations.
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na Solve - + f=aa b

Multiply by ab ; thus b3; + aa; = dbc

;

that is, {a + b)x = abc ;

divide by a + 5 : thus x = =-

.

a + b

179. Solve {a + x){b + x)=a{b-¥c) + ^-^(A

Hero a6 + aa? + &^ +a;3_^+^^^ +^.

therefore ax + bx = ac + -j-
\

., , . /TV f a\ ac(a+ b)
that 18, (a+ &):c = acfl+ j = —^-r—-';

divide by a + 6 ; thus ^=-r-

.rr. O ,
^-« {1X-af

180. Solve y = ;-T r4'

Clear of fractions ; thus

{x-a){2x-b)'^={x-b){2x-a'fi

that is, (:F-a)(4:c3-4x6 + &2) = (;r-6)(4j:2_4^^.^

Multiplying out we obtain

Ax^-Ax-{a + b)+x{Aab + b')-al)^

= 4x' - 4^(a + 6) + ar(4aft + a*) - a'^

;

therefore xV^ - al^ = xa^ - a^b
;

therefore x{(fi-V)^cC-b-ab^= oib[a-V)\

., - rtftfa-fc) ah
thereforo a? =—^—rT^ = r.
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181. Although the following equatiou (^<jeh Dot strictly

belong to the present Chapter we give it as there will be
no difficulty in following the steps of the solution, and it

will serve as a model for similar examples. The equation
resembles those already solved, in the circumstance that

we obtain only a si72gle value of the unknown quantity.

Solve s/x + J{x-l6)= 8.

By transposition, ^J(x— 16) = 8

—

^x

;

sq aare both sides ; thus a?- 1 6 = (8— V^)^= 64:-l6^.v+ x;

therefore -16 = 64-16 ^;i;;

transpose, 16 v/^ = 64 + 16 = 80j

therefore Jx=5',

therefore x=25.

Examples. XX

12 _1_:29 J?_ = _^.
*• X \2x 24 x-2 x-Z

128 216 . 45 57
8. 7. 7 = ^ ;:• ^

3.C-4 bx-Q 2x + Z 4x-5

Sx-l 2X-5 xj-3_x_
5. -2 3-"-

4 6-^^^-
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12.
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46. {x-a){x-h)^{x-a-J)f,

a b _a—b
a— a x-b~ x—c'4n,

4a -^+-i_ =^,
x+a x+b x+c

49.

50.

61.

1

x-a
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XXI. Problems.

152. "VTe shall now apply the methods explained in the
preceding two Chapters to the solution of some problems,

and thus exhibit to the student specimens of the use of

Algebra. In these problems certain quantities are given

and another, which has some assigned relations to these,

has to be found; the quantity which has to be found is

called the unknown quantity. The relations are usually

expressed in ordinary language in the enimciation of the

problem, and the method of solving the problem may be
thus described in general terms : denote the unknoicn
quantity by the letter x, and express in algebraical

language the relations which hold between the unknown
quantity and the given quantities ; an equation will thus

be obtainedfrom which the value of the unknown quantity

inay befound.

153. The sum of two ntmibers is 85, and their differ-

ence is 27 : find the numbers.

Let X denote the less number ; then, since the differ-

ence of the numbers is 27, the greatei' number will be
denoted by ;c-f 27 ; and sine* the sum of the numbers is 85
we have

a;+ a; + 27 = 85;

that is, 2a; + 27= 85;

therefore 2a;= 85 -27 = 58 ;

58
therefore a;=— = 29.

Thus the less number is 29 ; and the greater number is

29 + 27, that is 56.

184. Divide £1. 105. among A, B, and C, so that B
may have 5s. more than A, and C may have as much as A
and B together.

Let X denote the number of shillings m A's share,

then x~o will denote the number of shillings in B'a share,

and 2^ + 5 will denote the number of shillings in Ca share.
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The whole number of shillings is 50 ; therefore

ar + ;r + 5-)- 2^ + 5 = 50;

tiiatis, 4;c + 10 = 50 ;

therefore 4r= 50- 1 = 40

;

therefore a: = 10.

Thus ^'s share is 10 shillings, J5's share is 15 shilhngB,

imd C's share is 25 shillings.

1S5. A certain sum of money was divided between
A, D, and C; A and B together received £17. lo5. ; A
and C together received £15. 15*.; B and (' together
received £12. 10*. : find the sum received by each.

Let X denote the number of pounds which A received,

then B received Vl\ — x pounds, because A and B
together received 17| pounds; and C received 15| — jj

pounds, because A and C togethci- received 15| pounds.
Also i? and C together received 12i pounds i therefore

12^ = 17|-a; + 16|-;i?;

that is, 12^ = 33^ -2a?;

therefore 2^=38^-12^= 21:

21
therefore a?= - = 1 0^.

Tims A received £10. 10*., B received £7. 5*., and C
received £5, 5*.

1S6. A grocer has some tea worili 2.?. a lb., ami some
worth .3*. 6^/, a lb. : how many 11)^, must he take of each
sort to produce 100 lbs. of a mixture worth 2*. Gt/. a lb. ?

Let X denote the number of lbs. of tlic first sort ; then
100 — X will denote the number of Ih.s of the second sort.

The value of the x lbs. is 2u; shilliBg.s ; and the value of tho

T. A. * 8
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7
100- 0? lbs. ia -(100-;r) shillings. And the whole valtie

5
is to be '- X 100 shillings ; therefore

i

^xl00 = 2.2;+-(100-ic);

multiply by 2, thus 500 = 4ar + 700- 7a?

;

therefore 7^-4.^=700-500;

that is, 3a; = 200 J

therefore z

=

-r-= 66f

.

o

Thus there must be 66|lbs. of the first sort, and
33^ lbs. of the second sort.

187. A line is 2 feet 4 inches long; it is required to

divide it into two parts, such that one part may be three-

fourths of the other part.

Let a; denote the number of inches in the larger part

;

Sx
then — will denote the number of inches in the other part.

The nujnber of inches in the whole line is 28 ; therefore

3^
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Let X denote the number of pounds lent at 4 per cent.

;

then luoO — j: will denote the number of pounds lent at

5 per cent. The annuid interest obtained from the former

» rjo '
°^ Too— *

., . ^, 4^ 5(1000-ar)
therefore 44 =—+-^^^^;
therefor© 4400 = 4x+ 5 (1000- x)

;

that is, 4400 = Ax + 5000 - 5^

;

therefore x= 5000 - 4400 = 600.

Thus X600 was lent at 4 per cent.

189. The student will find that the only difficulty in
solving a problem consists in translating statements ex-
pressed in ordinary language into Algebraical language;
and he should not be discouraged, if ho is sometimes a
little perplexed, since nothing but practice can give him
readiness and certainty in this process. One remark may
be made, which is very important for beginners ; what is

called the unknown quantity is really an unknown nti7nber,

and this should be distinctly noticed in forming the equa-
tion, 'llius, for example, in the second problem which we
have solved, we begin by saying, let x denote tlio number
of shillings in A's share; beginners often say, let a: = A's
money, which is not definite, because ^'s money may bo
expressed in various ways, in pounds, or in shillings, or as
a fraction of the whole sum. Again, in the fifth problem
which we have solved, we begin by 8a}-ing, let x denote
the number of inches in the longer part ; beginners often
say, let x= the longer part, or, let x=^ a part, and to theso
phnises the same objection applies as to that already
noticed.

190. Beginners often find a difficulty in transl:iting a
Eroblem from ordinary language into Algebraical language,
ecause they do not understand what is meant by the

ordinary language. If no consistent meaning can be i\s-

signed to the words, it is of course impossible to translate
them; but it oft^n happens that the words arc not ab-

S—

2
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solutely unintelligible, but appear to be susceptible of more
than one meaning. The student should then select one
meaning, express that meaning in Algebraical symbols, and
deduce from it the remit to which it will lead. If the

result be inadmissible, or absurd, the student should try

another meaning of the words. But if the result is satis-

factory he may infer that he has probably understood the

words correctly ; though it mar still be interesting to try

the other possible meanings, in order to. see if the enun-
ciation really is susceptible of more than one meaning.

191. A student in solving the problems which aro

given for exercise, may find some which he can readily solve

by Arithmetic, or by a process of guess and trial ; and he
may be thiLs inclinecl to undervalue the power of Algebra,

and look on its aid as unnecessary. But we may remark
that by Algebra the student is enabled to solve all these

problems, without any uncertainty ; and moreover, he will

find as he proceeds,' that by Algebra he can solve pro-

blems which would be extremely difficult or altogether

impracticable, if he relied on Arithmetic alone.

Examples. XXI.

1. Find the number which exceeds -its fifth part by 24,

' A father is 30 years old, and his son is 2 years old

:

in how many yeors will the father be eight times as old as

the son ?

3. The diflfercncc of two numbers is 7, and the'r sum
is 33 : find the numbers.

4. The sum of ^155 was raised by A, B, and C toge-

ther; B contributed £15 more than A^ and C £20 more
than B : how muck did each contribut-e ?

5. The difference of two numbers is 14, and their sum
is 48 : find the nimibers.

6. A is twice as old as B, and seven years ago their

united ages amounted to as many years as now represent

the age of A » find the a^es of A and /i.
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7. If 56 bo addc^l to a ce'.-tain number, the result is

treble that number: iind the number.

8. A child is boi-n in November, and on the tenth day
of December he is as many days old as the month was on
the day of his birth : when was he born ?

9. Find that number the double of which increased by
24 exceeds SO as much as the number itself is below 100.

10. There is a certain fish, the head of which is 9

inches long ; the tail is as lon;^ as the head and half the
back ; and the back is as long as the head and tail toge-
ther : what is the length of the back and of the tail ]

11. Divide the number 84 into two parts such that
three Hmes one part may be equal to four times the other.

12. The sum of £1G was raised hj A, B, and C toge-
ther; B contributed as much as A and £10 more, and G
us much as A and B together : how much did each con-
tribute ?

1 3. Divide the number 60 into two parts* such that a
seventh of one part may be equal to an eighth of the other
purt.

14. After 34 gallons had been drawn out of one of
two equal casks, and 80 gallons out of the other, there
remained just three times as much in one cask as in the
other : what did each cask contain when full ]

15. Divide the number 75 into two parts such that
3 times the greater may exceed 7 times the less by 15.

16. A person distributes 20 shillings among 20 per-
sons, giving sixpence each to some, and sixteen pence each
to the rest: bow many persons received sixpence each?

17. Divide the number 20 into two parts such that
the sum of three times one part, and five times the other
part, may be S4.

IS. The price of a work which comes out in parts is

£2. 16*. Hd. ; but if the price of each part were 13 jKjnco
more than it is, the price of the work would bo .£3. 7*. &d.\

how many parts were there ?

19. Divide 4.') into two p irts such that the first divided
by 2 shall be equal to the aecond multiphcd by 2,
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20. A father is three times as old as his son; four

years a<?o the father was four times as old as his son then

was : what is the age of each ?

21. Divide 1^8 into tvv^o parts such that the fourth of

one part may exceed the eighth of the other by 14.

22. A person meeting a company of beggars gave four

pence to each, and had sixteen pence left ; he found that

he should have required a sliiUing more to enable him to

give the beggars sixpence each : how many beggars were

there ?

23. Divide 100 into two parts such that if a third of

one part be subtracted from a fourth of the other the re-

mainder may be 11.

24. Two persons. A and B, engage at play; A has

£12 and B has £52 when they beg-in, and after a certain

number of games have been won and lost between them,

A has three times as much money as B : how much did A
win?

25. Divide 60 into two parts such that the difference

between the greater and 64 may be equal to twice the

difference between the less and 38.

26. The sum of £276 was raised hj A, B, and C toge-

ther; B contributed twice as much as A and ,£12 more,

and C three times as much as B and £12 more: how much
did each contribute ?

27. Find a number such that the sum of its fifth and
its seventh shall exceed the sum of its eighth and its

twelfth by 113.

28. An army in a defeat loses one-sixth of its number
in killed and wounded, and 4000 prisoners : it is reinforced

by 3000 men, but retreats, losing one-fourth of its number
-^ in doing so ; there remain 18000 men: what w^as the ori-

ginal force ?

29. Find a number such that the sum of its fifth and
its seventli shall exceed the difference of its fourth and its

seventh by 99.

SO. One-half of a certain number of persons received

eightcen-pence each, one-third received two shillings each,

and the rest received half a cro-vMi each ; the whole sum
distributed was £2. 4*. : how many persons were there ?
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31. A person had £?^Q0
;

part of it he lent at the rate
of 4 per cent., and part at the nitc of 5 per cent., and he
received equal sums as interest from the two parts : how
much did he lend at 4 per cent. ?

32. A father has eix sons, each of whom is four rears
older titan his next vounger brother; and the eldest is

three times as old as the youngest: find their respective
ages.

33. Divide the number 92 into four such parts th:it

the first may exceed the second by 10, the third oy 18, and
the foui-th by 2-L

34. A gentleman left £550 to be divided among four

servants A, B, C, Z> ; of whom B was to have twice as

much as ^1, (7 as much as A and B together, and D as

much as C and B together : how much had each /

33. Find two consecutive numbers such that the half

and the fifth of the first taken together shall be equal to

the third and the fom'th of the second taken t<'gether.

36. A sum of money is to be distributed among three

persons A, B, and C; the shares of A and B together
amount to £60 ; those of A and (7 to £80 ; and those of B
and C to £92 : find the share of each person.

37. Two persons A and B are travelling together ; A
has £100, and B has £48; they are met by robbers who
take twice a.s much from A as from B, and leave to A
three times as much as to B : how much was taken from
iiaeh ?

38. The sum of £500 was divided among four persons,

%o that the first and second together received £280, the

first and third together £260, and the first and fourth

together £220 : find the share of each.

39. After A has received £10 from B he has as much
money as B and £6 more ; and between them they have
£40: what money had each at first ?

40. A ^rino merchant has two sorts of wines, one sort

worth 2 shillings a quart, and the other worth 3«. 4d. a

q'lart ; from these he wants to make af mixture of 100

quarts worth 2*. 4(L a quart: how many quarts must be
take from each sort }
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-11. In a mixture of ^vino a,ncl water tlie wine composed
25 gallons more than half of the mixture, and the water
5 gallons less than a third of the mixtm'e : how many gal-

lons were there of each 1

42. In a lottery consisting of 10000 tickets, half the
number of prizes added to one-third the number of blanks
was 3500 : how many prizes were there in the lottery ?

43. In a certain weight of gimpowder the saltpetre

composed 6 lbs. more than a half of the weight, tjie sulphur
5 lbs. less than a third, and the charcoal 3 lbs, less than a

fourth : how many lbs. were there of each of the three
ingredients 1

44. A general, after having lost a battle, found that

he had left fit for action 3600 men more than half of his

army ; 600 men more than one-eighth of his army were
wounded ; and the remainder, forming one-fifth of the

army, were slain, taken prisoners, or missing : what was
the number of the army ?

45. How many sheep must a person buy at £1 each

that after paying one shilling a score for folding them at

night he may gain o£79. 16s. by selling them at £8 each ?

46. A certain sum of money was shared among five

persons A, B, C, D, and E; B received ,£10 less than A
;

C received ^16 more than B ; D received £5 less than C;

and E received £15 more than D ; and it was found that

E received as much as A and B together : how much did

each receive %

47. A tradesman starts with a certain sum of money
;

at the end of the first year he had doubled his original

stock, all but £100 ; also at the end of the second year he

had doubled the stock at the beginning of the second year,

all but £100; also in like manner at the end of the third

year ; and at the end of the third year he was three times

as rich as at first : find his original stock.

48. A person went to a tavern with a certain sum of

money ; there he borrowed as much as he had about him,

and spent a shilling out of the whole ; with the remainder

he went to a second tavern, where he borrowed as much as

he had left, and also spent a shilling ; and he then went to

a third tavern, borrowing and spending as before, after

which he had nothing left: how much had he at first ?
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XXII. Problems, continued.

192. We sliall now give some examples in which the
process of translation from ordinary language to algebrai-

cal laugua^ic is rather more difficult than in the examples
)f the preceding Chapter.

193. It is required to divide the number 80 into lour

such parts, that the first increased by 3, the second dimi-
ni'heu by 3, the third multiplied by 3, and the fourth
dinded by 3 may all be equal

Let the number x denote the first part ; then if it be
increased by 3 we obtain .r + 3, and this is to be equal to

the second part dnuinished by 3, so that the secfmd part
must be x + 6; again, x-*- 3 is to be equal to the third p-^rt

X + ^
multiplied by 3, so that the third part must be --—

; and
o

J- + 3 IS to be equal to the fourth part divided by 3, so that
the fourth part must be 3(ar + 3). And the sum of the parts
Is to be equal to bO,

Therefore .^+^4-6+ ., +3(x + 3) = 80,
j; + 3

3

;f4- 3
that is, 2X + 6+ +3j; + 9-80,

that is, 6a>-f-^'' =80- 15 = 65;

multiply by 3 ; thus l.'i.r + a; + 3 = 195,

that is, lGx=192;

192
MiSreforo « =— = 12.

Thus the parts are 12, lb, 5, 45.
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1 94. A alone can pcrfonn a piece of work in 9 days,

and B alone can perform it in 12 days : in v.lmt time will

they perform it if they work together ?

Let X denote the required number of days. In one day

A can perform - th of the work ; therefore in x days he can

perform - ths of the work. In* one day B can perform

-_th of the work; therefore in ;c, days he can perform

~ ths of the work. And since in x davs yl and Z? to-
79

g-ether perform the ichoh work, the sum of the fractions

of the work must be equal to unity ; that is,
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of the cistern ; tlierefore in x hours it empties — tha of

the cistern. And since in jo hours the whole cistern is

filled, we have
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19S. A starts from a certain place, and travels ar the
rate of 7 miles in 5 hours ; B ^tcirts from the same place
8 hours after A. and travels in the same direction at the

rate of 5 miles in 3 hours : ho«- far will A travel before he
is overtaken by B ?

Let X represent the number of hours which A travels

before he is overtaken; therefore B travels x — S hours.

7Now since A travels 7 miles in 5 hours, he travels - of a
5

mile in one hour ; and therefore in x hours he travels —
5

o
miles. Similarly B travels - of a mile in one hour, and

o

5
therefore m x— ^ hours he travels - {x—S) miles. And

o

when B overtakes A they have travelled the same num-
ber of miles. The; efure

|(.-8) =
V-

multiply by 1 5 ; thus 25 \x— 8) = 21^,

that is, 2ox-'2(j0 = 21x\

therefore 25.?— 21a?— 2U0,

that is, 4^= 200;

therefore x = -— -- 50.
4 -

1x 7
Therefore — = ^ x 50 = 70 ; so that A travelled 70 miles

o 5

before he was overtaken.

199. Problems are sometimes given which supp<j.se the
student to have obtained from Arithmetic a knowledge of
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the meaning of proportion ; this will be illustrated in the
next two problems. After them wc shall conclude the
Chapter ^ith three problems of a more difficult character
than those hitherto given.

200. It is required to divide the number 56 into two
parts such that one mav be to the other as 3 to 4.

Let the number x denote the first part; then the other
part must be 56 -;r; and since ;ristobeto56 — u;as3to4
we have

X 3

56-:c 4

Gear of fractions ; thus

4.r = 3(r)6-x);

that is, 4a? = 168-3;c;

therefore 7a: =168;

tliereforo «= -^ = 24.
/

Thus the first part is 24 and the other part is 56 — 24,

that is 3-2.

The preceding method of solution is the most natural
for a beginner ; the following however is much shorter.

Let the number 3*r denote the fii'st part ; then the
second part nuLst Itc Ax, because the first part is to the

second as 3 to' 4. Then the sum of the two parts u eqiuJ
to 'S ; thus

3u;+4.r=rr,6,

that is, 7j? = 66;

'I Ierefore a: = 8.

Thus the first part is 3 x 8, that is 24; and the second
part is 4 X ii^ that is 3'A
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201. A cask, A, contains 12 gallons of wine and 18

gallons of water ; and another cask, B, contains 9 gallons

of wine and 3 gallons of water : how many gallons must be
dra^Nii from each cask so as to produce by their mixture

7 gallons of wine and 7 gallons of water ?

Let X denote the number of gallons to be drawn from
A', then since the mixture is to consist of 14 gallons,

14 - ^ ^vill denote the number of gallons to be drawn from

B. Now the number of gallons in A is 30, of which 12 are
12

^\ine ; that is, the wine is — of the whole. Therefore the
oO

\2x
X gallons drawn from A contain —- gallons of wine.

9(14 — ^)
Similarly the 14 -:c gallons drawn from B contain -^—

—

-

gallons of wine. And the mixture is to contain 7 gallons

of^ne; therefore

I2x 9(U-^)
30 12

7;

that is,
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short hand is 10 divisions in advance of the long hand ; so

that i- tlie .r iiiinut«M tiic lunt,' hand must pass over L»

more divisioua than the short hand; therefore

therefore 12a-= a: + 120;

therefore 11j:=120;

120
therefore ;c=^ = 10if.

203. A hare takes four leaps to a greyhound's three,

but two of the greyhoun I's leaps are equivalent to three of

the luire's; the hare has a start of fifty leaps: how many
ieap.s must the greyhound take to catch the hare ?

Suppose that 3.r denote the number of leaps taken by
the ^Teyhound ; then \x will denote the number of leaps
tcikcn by the hare in the same time. Let a denote the num-
ber of inches in one leap of the hare; then 3a denotes the
number of inches in three leaps of the hare, and ti:ereforo

also the number of inches in two leaps of the greyhound;

therefore ^ denotes the number of inches in one leap of

the greyhound. Then Zx leaps of the greyhound will con-

tain 3xx — inches. And 50 + 4;c leaps of the hare will

contain (60 + 4;c)a inches; therefore

— = (50 + 4j?)a.

^x
Divide by a\ thus • =50 + 4;r;

therefore 9;c= 100 + Sj; ;

therefore ;C^100,

Thus the greyhound must take 300 leaps.

The studvnt vi\\\ sec that wc have i?>trotluced an auxi-
liary jjjinbol a, t/) enable us to fonn the equation easily;

and tli'at we can remove it by diriaion when the equation is

formed..
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204. Four gamesters, A, B, C, D, each with a different

stock of money, sit down to play ; A wins half of B'» first

stock, B wins a third part of C's, C wins a fourth part of

Us, and I) wins a fifth part of ^'s ; and tlicn each of the
gamesters has £23. Find the stock of each at first.

Let X denote the number of pounds which B won ft-om

A; then 5x will denote the number in A's first stock.

Thus 4.r, together with what A won from B, make up 23

;

therefore 23 — 4,v denotes the number of pounds which A
won from B. And, since A won half of ^'s stock, 23 — 4:X

ako denotes what was left with B after his loss to A.

Again, 23 -4^:, together with what B won from C,

make up 23 ; therefore 4x denotes the number of pounds
which B won from C. And, since B won a third of 6"s

first stock, 12.^ denotes C's fii'st stock; and therefore Sx
denotes what was left with C after his loss to B.

Again, 8^, together with what C won from D, make up

23; therefore 23-8:^ denotes the number of pounds which

C won fi'om D. And, since C won a fourth of i>'s first

stock, 4(23-8.^) denotes Z>'s first st^jck; and therefore

3(23-80:; denotes what was left with B after his loss to C.

Finally, 3 (23 - 8^), together with x, which B won from

A, makeup 23; thus

23 = 3(23-8.1:)+;^;

therefore 23;c=46;

therefore a!= 2.

Thus the stocks at first were 10, 30, 24, 28.

Examples. XXII.

1. A privateer miming at the rate of 10 miles an hour
discovers a ship 18 miles off, running at the rate of 8 miles

an hour: how many miles can the ship run before it is

overtaken ?

2. Divide the number 50 into two parts such tliat if

three-fourths of one part V)e added to five-sixths of the

other part the sum may be 40.
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3. Suppose the distance between London and Edin-
burgh is .iGO miles, and that one traveller starts from
Edinburgh and travels at the rate of 10 miles an hour-

while another starts at the same time from London ana
travels at the rate of 8 miles an hour : it is required to

know where they will meet.

4. Find two numbers whose difference is 4, and the
difference of theirsouares 112.

5. A sum of 24 shillings is received from 24 people
;

some contribute 9^?. each, and some 13^fl?. each : how many
contributors were there of each kind ?

6. Divide the number 48 into two parts such that the
excess of one part over 20 may be three times the excess
of 20 over the other part.

7. A person iias £2^
;
part of it he lent at the rate of

5 per cent, simple interest, and the rest at the rate of

6 per cent, simple interest ; and the interest of the whole
in 1.3 years amounted to £81 : how much was lent at 5
per cent?

8. A person lent a certain sum of money at 6 per cent
simple interest ; in 10 years the interest amounted to £12
less than the sum lent : what was the sum lent ?

9. A person rents 25 acres of land for £1. 12*. ; the
land consists of two sorts, the better sort he rents at 8*.

per acre, and the worse at 5*. per acre : how many acres are
there of each sort ?

10. A cistern could be filled in 12 minutes by two
pipes which run into it ; and it would be filled in 20 minutes
by one alone : in what time could it be filled by the other
alone ?

11. Divide the number 90 into four parts such that
the first increased by 2, the second diminished by 2, the
third multiplied by 2, and the fourth divided by 2 may aH
be equal.

12. A person bought 3011)8. of sugar of two different

sorts, and paid for the whole 19*. ; the better sort cost

10c/. i>er lb., and the worse Id per lb. : how many lbs.

were there of each sort ?

r. A. 9
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L

13. Divide the number 88 into four parts such that

the first increased by 2, the second diminished by 3, the

third multiplied by 4,*^ and the fourth divided by 5, may all

be equal.

14. If 20 men, 40 women, and 50 children receive XoO
among them for a week's work, and 2 men receive -as nmch
as 3 women or .5 children, what does each woman receive

for a week's work ?

15. Divide 100 into two parts such that the difference

of their squares may be 1000.

16. There are two places 154 miles apart, from which

two persons start at the same time with a design to meet

;

one travels at the rate of 3 miles in two hours, and the

other at the rate of 5 miles in four hom-s : when will they

meet 1

17. Divide 44 into two parts such that the greater in-

creased by 5 may be to the less increased by 7, as 4 is

to 3.

18. A can do half as much work as B, B can do half

as much as C, and together they can complete a.piece of

work in 24 days: in what time could each aluue complete

the work ?

19. Divide the number 90 into four pans such that if

the first be increased by 5, the second diminished by 4, the

third multipHed by 3, and the fourth divided by 2, the

results shall all be equal.

20. Three j)ersons can together complete a piece of

work in 60 days : and it is found that the first does three-

fourths of what the second does, and the second four-fifihs

of what the third does : in what time could each one alone

complete the work ?

21. Divide the number 36 into two parts such that one

part may be five-sevenths of the other.

22. A general on attempting to draw up his army in

the form of a solid square finds that he has 60 men over,

and that he would require 41 men more in his army in

order to increase the side of the square by one man : how
many men were there in the army ?
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23. Divide the number 90 into two parts such that one

part may be two-thirds of the other.

24. A person bought a certain number of eggs, half of

them at 2 a penny, and half of them at 3 a penny ; he sold

them again at the rate of 5 for two pence, and lost a penny
by the bargain : what was the number of eggs ?

25. A and B are at present of the same age; if A's
age be increased by 36 years, and ^'s by 52 years, their

ages will be as 3 to 4 : what is the present age of each /

26. For 1 lb. of tea and 9 lbs. of sugar the charge is

8*. 6rf. ; for 1 lb. of tea and 15 lbs. of sugar the clmrge is

12*. 6d : what is the price of 1 lb. of sugar ]

27. A prize of X2000 was divided between A and B,
so that their shares were in the proportion of 7 to 9 : what
was the share of each ?

28. A workman was hired for 40 days at 35. Ad. per
day, for every day ho worked ; but with this condition that

for every day he did not work he was to forfeit 1*. Ad. ; and
on the uholo he had £'^. 3*. Ad. to receive: how many days
out of the 40 did ho work ?

29. A at play first won £o from B, and had then as

nnich money as B\ but B, on winning back his own money
and £.3 more, hud five times as much money as A : what
money bad each at first ?

30. Divide 100 into two parts, sucli that the square of
their difference may exceed the square of twice the less

part by 2UOO.

31. A cistern has two supply pipes, which will singly

fill it in 4^ hours and 6 hours respectively; and it has also

a leak by which it would be emptied in 5 hours : in how
many hours will it be filled when all are working together ?

32. A farmer would mi.x wheat at 4*. a bushel with
rye at 2*. 6d. a bushel, so that the whole mixture may con-
sist of 90 bushels, and bo worth 3*. 2d. a bushel : how
many bushels must be taken of each ?

$—2
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33. A bill of ^3. \s. ed. was paid in half-crowns, and
florins, and the whole number of cuius was 28 : how many
coins were there of each kind ?

34. A grocer with 56 lbs. of fine tea at 55. a lb. would
mix a coarser sort at 'Ss. Gd. a lb., so as to sell tlie wliujo

together at 45. 6d. a lb. : what quantity of the latter sort

must he take ?

35. A person hired a labourer to do a certain work
on the agreement that for every day be worked he should
receive '2s., but that for every day he was absent he should

lose 9d. ; he worked twice as many days as he was absent,

and on the whole received £1. 19s. : find how many days
he worked.

36. A regiment was drawn up in a solid square ; when
some time after if was again drawn up in a sohd square
it was found that there were 5 men fewer in a side ; in the

interval 295 men had been removed from the field: what
was the original number of men in the regiment ?

37. A sum of money was divided between A and B,
so that the share of A was to that of ^ as 5 to 3 ; also the

share of A exceeded five-ninths of the whole sum by ^50

:

what was the share of each person ?

38. A gentleman left his whole estate among his four

sons. The share of the eldest was X800 less than half of

the estate; the share of the second was £120 more than

one-fourth of the estate; the third had half as much as

the eldest; and the youngest had two-thirds of what the

second had. How much did each son receive ?

39. A and B began to play together with equal sums
of money ; A first won £20, but afterwards lost half of all

he then had, and then his money was half as much as that

of B : what money had each at first ?

40. A lady gave a guinea in charity among a number
of poor, consisting of men, women, and children ; each man
had 12c?., each woman 6d., and each child 3d. The number
of women was two less than twice the number of men ; and
the number of children four less than three times the

number of women. How many persons were there re-

lieved?
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41. A draper bought a piece of cloth at 35. 2^. per
viird. Jle >old one-third of it at 4^. per jard, one-fourth of
iL at :J*. 8f/. per yard, and the remainder at 3*. Ad. per
yard; and liis grain on tlie whole was 14*. 2fl?. How many
yurd;s did the piece contain ?

42. A grazier spent £33. 7*. 6(/. in buying sheep of
difTorent sorts. For the first sort, which formed one-ti»ird

of the whole, he paid 9*. 6^/. each. For the second sort,

which formed one-fourth of the whole, he paid 11.<f. each.
For the rest he paid 125. 6c/. each. What numbL-r of sheep
did he buy ?

43. A market woman bought a certain number of ^^z^y
at the rate of .1 for twopence ; she sold half of them at
2 a penny, and half of them at 3 a penny, and gained \d.

by 80 douig: what was the number of eggs ?

44. A pudding consists of 2 parts of flour, 3 parts of

raisins, ami 4 parts of suet ; flour costs 3«r/. a lb., raisins. 6fl?.,

and suet %d. Find the cost of the several ingredients of
the pudding, when the whole cost is 2*. 4c/.

45. Two persons, A and B^ were employed together
for 50 days, at 5*. per day each. During this timu J, by
Bpeniling %d. per day less than B^ saved twice as much as
B, besides the expenses of two days over. How much did
A spend per day ]

46. Two persons, A and B^ have the same income. A
lays by ono-fiftli of his; but B by spending £60 per annum
more than A, at the end of three years finds himself £100
in debt. What is the income of each?

47. A and B shoot by turns at a target. A puts 7

bullets out of 12 into the bull's eye, and B puts in \) out of

12; between them they put in 32 bullets. How many
shots did each fire ?

48. Two cniiks, A and B, contain mi.xturcs of wino
and water; in A the quantity of wine is to the quai-.tity of

water ;is 4 to 3; in B the like proportion is that of 2 to W
If A contain h4 giUlon.s, what must B contaui, so that when
the two are put together, the new mixture may bo half

wino and half water/



134 EXAMPLES. XXIL

49. The squire of a parish bequeaths a sum equal to

one- hundredth jxirt of his estate towards the restoration

of the cliurch ; ^200 less than this towards the endow-
ment of the school ; and ^200 less than this latt(T sum
towards the County Hospital. After deducting these lega-

39
cies, — of the estate remain to the heir. What was the

value of the estate ?

50. How many minutes does it want to 4 o'clock, if

three-quarters of an hour ago it was twice as many minutes
past two o'clock ?

51. Two casks, A and -5, are filled with two kinds of

sherry, mixed in the cask A in the proportion of 2 to 7,

and in the cask i? in the proportion of 2 to 5: what quan-
tity must be taken from each to form a mixture which
shall consist of 2 gallons of the first kind and 6 of the
second kind ?

52. An officer can form the men of his regiment into

a hollow square 12 deep. The number of men in the

regiment is 1296. Find the number of men in the front of

the hollow square.

53. A person buys a piece of land at £'^0 an acre, nnd
by selling it in allotments finds the value increased three-

fold, so that he clears .£150, and retams 25 acres for him-

self: how many acres were there?

54. The national debt of a country was increased by
one-fourth in a time of war. During a long peace which

followed ^25000000 was paid ofl", and at the end of Lhut

time the rate of interest ^^as reduced from 4^ to 4 per

cent. It was then found that the amount of annual in-

terest was the same as before the war. What was the

amount of the debt before the war ?

55. A and B play at a game, agreeing that the ;o.ser

shall always pay to the winner one shilling less than half

the money the loser has ; they commence witli equal quan-

tities of money, and after B has lost the first game and
won the second, he has two shillings more than A : how
much had each at the commencement?
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56. A clock has two hands turning on the same centre

;

the s^vifter makes a rcvohition every twelve hours, and the

8l(jwcr every sixteen hours : in what time will the swifter

gain just one complete revolution on the slower?

57. At what time between 3 o'clock and 4 o'clock is

one hand of a watch exactly in the direction of the other

hand produced ?

58. The hands of a watch are at right angles to each

other at 3 o'clock : when are they next at right angles 1

59. A certain sum of money lent at simple interest

amounted to £2D7. V2s. in eight months; and in seven more
months it amounted to £306 : what was the sum ?

60. A watch gains as much as a clock loses; and 1799

hours by the clock are equivalent to 1801 hours by the

watch : find how much the watch gains and the clock loses

per hour.

61. It is between 11 and 12 o'clock, and it is observed

that the number of minute spaces between the hands is

t'.vo-thirds of what it was ten minutes previouslv: find the

ti:i!0.

G2. A and B made a joint stock of £500 by which
they gained £1G0, of which A had for his share £32 moro
than B: what did each contribute to the stock?

63. A distiller has 51 gallons of French brandy, which
cost liim 8 shillings a gallon; he wishes to buy some En-
glish bmndy at 3 shillings a gallon to mix with the French,
and sell the whole at 9 chillings a gallon. How many gal-

lons of the English must he t:ike, so that ho may gain
3 per cent, on what he gave for the brandy of both
kinds?

64. An otiicer can form his men into a hollow square
4 deep, and also into a hollow square 8 deep; the front in

the latter formation contains IG men fewer than in the

former formation ; £jid the number of men.
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XXIII. Simultaneous equations of thefirst degree with

two unknoicn quantities.

205. Suppose we have an equation containing two un-
known quantities x and y^ for example Zx-ly = ^. For
every value which vre please to assign to one of the-

unknown quantities we can determine the coiTcsponding
value of tlie other ; and thus v/e can find as many pairs-

of values as .ve please which satisfy the given equation.

Thus, for example, if y^\ we find 3.^=15, and therefore

;i?= 5; if 2/= 2 we find 3--?; = 22, and therefore x^l^^-, and
so on.

Also, suppose that there is another equation of the
same kind, as for example ^x + oy = 44; then we can also

find as many pairs of values as we please which satisfy this,

equation.

But suppose wo ask for values of x and y which satisfj

hoth equations; we shall find that there is only one valu©

of X and one value of y. For multiply the first equatioa
by 5 ; thus

15x-35y = 40;

and multiply the second equation by 7 ; thus

1407 +352/= 308.

Therefore, by addition,

I5;c- Zoy + 14x + 35y= 40 + 308 ;

that is, 29a; = 348;

348
therefore a?= —- =12.

Thus if both equations are to be satisfied x must equal 12:

Put this value of x in either of the two given equations^

for example in the second; thus we obtain
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206. Two or more equations which are to be satisfied

by the same rallies of the UIlkli0^vn quantities are called

simidtanerAis equations. In the present Chapter we treat

of simultaneous equations involving two unknown quanti-

ties, where each unknown quantity occurs only in the first

degree, and the product of the unkuo^vn quantities does

not occur.

207. There are three methods which are usually given
for solving these equations. There is one principle com-
mon to all the methods; namely, from tico given equations
containing two unknown quantities a single equation is de-
duced containing only one of the unknown quantities. By
this process we are said to eliminate the unknown qunn-
tity which does not appear in the single equation. Tiio

single equaticm containing only one unknown quantity can bo
solved by the method of Chapter XIX ; and when the valuo

of one of the unkno>vn quantities has thus been determino-J,

we can substitute this value in eitlier of the given equations,

and then determine the value of the other unknown quantity.

208. First method. Multiply the equations b>/ such
numbei's cls will make the coejicient of one of the un-
known quantities the same in the resulting equadnns

;

then by addition or subtraction we can form an equation
containing only the other unknown quantity.

This method we used in Art. 205 ; for another example,
suppose

8j; + 7y = 100,

12:i?-5y=88.

If wo wish to eliminate y wo multiply the first equation
by 5, which is the cocllicicnt of y in tlio second equation,

and we multiply the second equation by 7, winch is the
coefficient of y in the first equation. Thus we obtain

40.c-f 35y = 500,

84j:-35y = 616;

therefore, by addition,

40a; + 84j?= 500 + 6165

that is, 124jr=1116;

theroforo a: = 0,
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Then put this vnliic of x in either of the given equations,

fur example in the bev;oini ; tlius

108-'?/ = SS;

therefore 20 = 5?/;

therefore 2/= 4.

Suppose, however, that in solving these equations we wish
to begin by eliminating x. If we multiply the first equa-
tion by 12, and the second by 8, we obtain

96^ + 84?/ -1200,

96a: -402/ = 704

Therefore, by suUraction^

84?/ + 40?/= 1200 -704;

that is, 1242/= 496;

therefore 2/ = 4.

Or we may render the process more simple ; for we may
multiply the first equation by 3, and the second by 2;
thus

24^' + 21?/ = 300,

24^- 102/ =176.

Therefore, by subtraction,

21?/+10?/ = 300-176;

that is, 31?/ = 124;

therefore 2/ = 4.

209. Second uiethoil. Express one ff t}u> unknown
quantities in teniu of live otherfrom either equation, cmd
substitute this value in the other equation.

Thus, taking the example given in the preceding Arti-

cle, we have from the tirst equation

8^=100-7?/;

,, r 100-7?/
therefore x= —-^

,
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Substitute tliis value of xin the second equation, and wo
obLaiu

12(100-7?/) , ,,
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Therefore m^ =^^.
Clear of fractions, by multipljing by 24; thus

3(100-7?/) = 2(8S+-.Z/);

that is, . 300-21^=176+10?/;

therefore 300- 176 = 21?/ + lOy;

that is, 31?/ = 124;

therefor© 2/ = 4.

Then, as before, wc can deduce ;»= 9.

Or thus : . from the first equation y = — , and

from the second equation y — ; therefore
o

100-8^ _ 12^-88
7 ~ 5 •

From this equation we shall obtain ^ = 9 ; and then, as

before,' we can deduce 2/= 4.

211. Solve 19^-21?/= 100, 2Lr-l9v=140.

These equations may be solved by the metliods already

explained ; we shall use them however to shew that these

methods may be sometimes abbreviated.

Here, by addition, wc obtain

19^- 21?/ + 2L6'- 19^=100 + 140;

that is, 40a' - 40?/ = 240 ;

tlierefore x-y-Q.

Again, from the original equations, by subtraction, wa
obtain

21a?-192/-19^ + 21?/=140-100;

that is, 2^ + 2?/ = 40;

therefore «+y=20.
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Tlien since x-y-() and a; + ?/ = 20, we obtain by addi-

tion 2x = 2G, and by subtraction 2?/= 14;

tlicrefore a* =13, and y = 'l.

212. The student will find as he proceeds that in all

pnrts of Algebra, particular examples may be treated by
Dcthods which are shorter than the general rules; but such
abbreviations can only be suggested by experience and
practice, and the beginner should not waste his time in

seeking for them.

213. Solve ^-+-=8, -^-- = 3.
X y ' X y

If we cleared these equations of fractions they would
involve ihc product xy of the unknown quantities ; and
thus strictly they do not belong to the present Chapter.
But tlieyjiiay bo solved by the methods already ^iven, as

we shall now shew. For multiply the first equation by 3

and the second by 2, and add ; thus
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214. Solve a^x + V-y^c^, ax + 'by = c.

Here X and y are supposed to denote unknown qnantl-
ties. while the other letters are supposed to denote kaoicn
quantities.

Multiply the second equation by &, and subtract it from
t'.ic Hrst; tlms

arx + Wy — abx— V-y-c^ — hc,

that is, a{a-'b)x = c{c-h)',

., - c(c-h)
therefore x= —, r^

.

a{a — b)

Substitute this value of x in the second equation ; thus

ac{c — h) ,

a {a -0-

therefore ty^c—
c{c — b) c^a-b) — c{c — b) c{a-c)

therefore y =

a—b a— b a— b '

c{a— c)_ c(c— a)

b{a-b)''b{b-ay

Or the value of y might bo found in the same way at

that of X was found.

Examples. XXIII.

1. Zx-Ay=2, 7^-9?/ = 7.

2. 1x-5y = 24:, 4x-3y= ll,

3. Sx + 2y = S2, 20x-3y-l.

4. Ux-ly = S7, Sx + 9y = 4l.

5. 7:^ + 5?,' = 60, 13.?;- 11?/= 10.

6. 6^ -72/ = 42, 7.y-o?/ = 75.

7. 10^+97/ = 290, 12.r-ll2/=130.

a Bx-4y = l8, 3x + 2y= 0.

9. 4;r-|= ll, 2x-3y= 0.
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,/N « « ^ 4.r-2
10. ^+3^=7, -_ =32/-4.

11. tv; — 5y=l, 7^— 4?/ = 8^.

V — 2 .r— 4
12. '2x + ^- =21, Ay + -—- = 2d.

5 tj

13.
ff

+ 5y=13, 2.r-!-i^'^33.

14. ?+^=10i lx-y = l.
/ 14

17. ^t-^ + x=13, ^^J/ = 6.

2j: + ;jy ;/ 4y-3x 3j:^,

25. 2(2a? + 3y) = 3(2x-3y)4-10,

4Lr-3y^ 1 '''>y-2j:; - 3,
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26. 3^ + 9// = 2-4, -210:- -062^= -03. ^

27. •3jr-r-12,3y = .r-6, 3^--5y-28-'25y,

28. -oar- -212/= -33, -120;+ -73/= 3-54.

SO. :t-42/ = 7, ^ ^li^^t^rSy
3y 10 52/ •

_, x+\ x~\ 6

y-i y y' ^ ^•

o2. Ax^y=n, y^l^::!^^
5x 'Sx 15'

a?+?-3
33. -1^.7 = 0,

3.-10(^-1) ^^^,^^

34. f +
f=2,

6.r-a2/ = 0.

35. ^ + 2/^a + ?), &;c + ay= 2a6.

36. £ + f=l, f + ^=l.
a ' ha

37. (a + rx-by^bc, ic + y = a+b,

a b ' b a

39. ,»: + 2/ = c, ax— by^c{a—b).
40. a(^4-j^)+&(:z?-2/) = l, a(^-2/) + 6(^+y)=l.

41. 'l^^ + t^^o, £±t» + 5rtf=o.

42. {a + b)x-{a-b)y^Adb,
{a-b)x + la + b)y = 2a'^-2¥.

• rt^;, Vf-6 '^' 2ad a24-&-^*

44. {a + h)x + (b-h)y^c, (b + k)x+(a-k)p=^c.
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XXIV. Simultatieous equations of the first degree v^ith

more than two unknown quantities.

215. If there be three simple equations containing
three unknown quantities, wc can deduce from two of the
equations an equation which contains only two of the un-
kno\vn quantities, bj the methods of the preceding Chap-
ter; then from the thii*d given equation, and cither of the
former two, we can deduce another equation which con-
tains the same two unknown quantities. We have thus
two equations containing two unknown quantities, and
therefore the values of these unknown quantities may be
found by the methods of the preceding Chapter. By sub-
stituting these values in one of the given equations, the
value of the remaining unknown quantity may be found.

216. Solve 7a; + Zy-2z = lQ (i),

2x-\-5y + 3z= S9 (2),

5x- y + 5z = 31 (3).

For convenience of referenoe the equations are num-
bered (1), (2), (3) ; and tliis numbering is continued as wo
proceed with the solution.

Multiply (1) by 3, and multiply (2) by 2 ; thus

21x+ 9y-6^ = 48,

4aj+10y + 6z = 78;

therefore, by addition,

25.c+19y=126 (4).

Multiply (1) by 5, and multiply (3) by 2 ; thus

35a?+15y-10r = 80,

lOx- 2y+10z = e2;

therefore, by addition,

45a?+13y=142 (6).

T.A. 10
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We haye now to find the values of x and y frcnii (4

und (5).

Multiply (4) by 9, and multiply (5) I.y 5 ; thija

225;r+i71z/ = 1134,

225^ -f ^Zy^ 71Cs

therefore, by subtraction,

therefore l/=:4.

Substitute the value of y \\\ (4} ; thus

25^4-70 = 126;

therefore 253?= 1 26 - 76 == 50

;

therefore ^ = 2.

Substitute the values of x and y in (1) ; thna

14 -{-12-25:= 16 J

therefore 10 = 22r;

therefor© «= 5.

gl7. Solve ^+?--= 1 (1),
X y z ^ "

^+^-f? = 24..r.....(2),
X y z ^ "

^--?.? = 14 (3).X y z

.vlultiply (1) by 2, and add the result to (2); thus

2 4 6 5 46„,„,-+---+- +-+- = 2 + 24;
X y z X y z

tliklls, -+- = 26 (4).
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Multiply (1) by 3, and add the result to (3) ; thas

3 6 9 7 8 9^,.-+ + + - = 3+14;
X y z X y z

tliutis, 12_? = i7 (5).
X y

Multiply (5) by 4, and add the result to (4) ; thus

X y X y

that is, — = 94
;X

tTierefore 47 = 94j:;

therefore *=q1~o'

Substitute the value of x in (5) ; thus

20-- = 17;
y

therefore --20-17 = 3
y

therefore V = o

Substitute the values of x and y in (1) ; thus

2 + 3-''^ = l;

3
therefore - = 4

;

z

therefore '~\'

10—fl
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218. Solve

M=« ('^

f
+
f
= 5 (2),

1^1= ' («>•

Subtract (1) from (2) ; thus

y z X
beat)

thati3, f-| = 2 (4).

By subtracting (4) fi'om (3) we obtain

a

X
therefore = 1 ; therefore x = a.

a

By adding (4) to (3) we obtain

therefor.^ t^^I therefore z = 2c.

By substituting the value of j; in{l) we find that y = 2&.

219. In a similar manner we may proceed if the num-
ber of equations and unknown quantities should exceed
three.
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Examples. XXIV.

1. x + 3y + 2z = \\, 2x + y + 3z=\\, 3^+ 2y + ^=ll

2. 5x- 6*/ + 45 = 15, lx + Ay-3z=\^, 2j; + y 4-6cr = 46.

3. 4x-5y + 2r = 6, 7:c-ll2/ + -2^ = 9, ^ + 2/ + 32r=12.

4. 7x-3y= 30, 9y-5:? = 34, x+ y + z = 33.

5. 3x-?/ + z=17, 5^ + 3y-2^=10, 7;c + 4y-oz=3.

6. x + y + z = 5, 3x-5y-hlz = 75, 9.2:- ll2r+ 10 = 0.

7. x + 2y + 3z = 6, 2x + 4y + 2^ = 8, 3j: + 2y + 8^ = 101.

a
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XXV. Problems ichich lead to simultaneous equations

of the first degree with more than one unknoicn quantity,

220. Wc shall now solve some problems which lead to

simultaneous equations of the first decree with more than
one unknown quantity.

2
Find the fraction which becomes equal to - when the

o
4

numerator is increased by 2, and equal to - when the de-

nominator is increased by 4.

Let X denote the numerator, and y the denominator of

the required fraction ; thea, by supposition,

a: 4- 2 _ 2 X _ 4

~Y~ ~3' y + \~l'

Clear the equations of fractions ; thus we obtain

3^-2y=-6 (1),

7:^-4?/- 16 (2).

Multiply (1) by % and subtract it from (2) ; thus

7:c- 42/ - 6a: -f- 4?/ = 1 6 + 1 2 i

that is, x = 2S

Substitute the value of a; in (1); thus

84-2?/= -6;
therefore 2?/ = 90 ; therefore 2/= 45.

28
Hence the required fraction is —:

.

4o

221. A sum of mor.ey was divided equally among a
certain number of persons ; if there had I'cen' six more,
e wch would have received two shillings less than he did

;

and if there had been three fewer, each wouhl have re-

ceived two siiillings more than he did: find the number of

persona, and what each received
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Let X denote the number of persona, and y the number
of shillings which each received. Then xy is the number of

ehillini's in the suju of money which is divided ; and, by
supposition,

{x + Q){y-2) = xy (1),

{x-2>){y^2)=xy (2).

From (1) we obtain

xy + Qy — 2x — \2 = xy;

therefore Qy-2x=l2, (3).

From (2) we obtain

xy+2x-'^y-% = xy\

therefore 2j?-3y = 6 (4).

From (3) and (4), by addition, Sy^ 18 ; therefore y=6.

Substitute the value of y in (4) ; thus

2:c-18 = 6;

tJicrefore 2;c= 24 ; therefore a; = 1 2.

Thus there were 12 persons, and each received 8
shillings.

222. A certain number of two digits is equal to fire

times the sum of its digits ; and if nine be added to the
number the digits are reversed : find the number.

Let X denote the digit in the t;,n3* place, and y the digit

;n the units' place. Then the number is \Ux->ry ; and, by
supposition, the number is equal to five times the sum of

its digits ; therefore

\0x + y = 5{x+ y) (1).

If nine be added to the number its digits are reversed,

that is, we obtain the number \0y + x \ therefore

10jr + 7/+9 = 10y + a; (2).

From (1) wo obtain

fSx = 4y (3X

From (2) we obtain 9j: + 9 = Oj/ ; tliereforo x-\-l say.
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Substitute for y in (3) ; thus

therefore ;c= 4.

Then from (3) we obtain y = o.

Hence the required number is 45.

223. A railway train after travelling an hour is detained
24 minutes, after which it proceeds at six-fifths of Its

former rate, and arrives 15 minutes late. If the detention
had taken place 5 miles further on, the train would have
arrived 2 minutes later than it did. Find the original rate

of the train, and the distance travelled.

Let 5jc denote the number of miles per hour at which
the train originaDy travelled, and let ij denote the number
of miles in the whole distance travelled. Then y — 5x will

denote the number of miles which remain to be travelled

after the detention. At the original rate of the train this

distance would be travelled in ^—— hours; at the in-
5x

creased rate it will be travelled in ^—— hours. Since
6x

the train is detained 24 minutes, and yet is only 15 minutes
late at its arrival, it follows that the remainder of the
journey is performed in 9 minutes less than it would have
been if the rate had not been increased. And 9 minutes

9
is -- of an hour ; therefore *

y-ox ^ y-5x 9 .^

If the detention had taken place 5 miles farther on,

there would have been y— 5x—5 miles left to be travelled.

Thus we shall find that

y~5x-5 ^ y-5x-5 _ 7_ ^2^

6x ox 60 ^
^*
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Subtract (2) from (1) ; thus

%x ~ 5x 60
'

therefore 50 = 60 - 2;r

;

therefore 2jr= 1 ; therefore a;= 5.

Substitute this value of a; in (1), and it will be found by
solving the equation tliat y = 47^.

224. A, B, and C can together perform a piece of

work in 30 days ; A and B can together perform it in 32
days; and B and C can together perform it in 120 days:
find the time in which each alone could perform tiie work.

Let X denote the number of days in which A alone
could perform it, y the number of days in which B alone
could i»€rform it, z the number of days in which C alone
could perform it. Then we have

1111
x^y^z = 3^ (1)'

111
x^y = 32 ^2),

111 /ox
^".= 1-20 (3).

Subtract (2) from (1); thus

1 ^ 1 _ 1 J_
z~30 32'" 480*

Subtract (3) from (1) ; thus

X 30 120 40*

Therefore a: = 40, and z = 4S0; and by substitution io

any of the given cMiuations we shall find that y= 160.

22.5. We may observe tliiit a [troblcm may often bo
solved in various w.iyx, and with the aid of n»ore or fewer
letters to repre.>eiit the unknown •luantities. Thus, to

take a very simple example, auppwie we have to find two
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munbers such that one is two-lhirds of the other, and their
sum is 100.

\\q niny proceed thus. Let x denote the greater
number, and y the less number; then we have

1x
y=y, ^ + Z/=100.

Or we may proceed thus. Let x denote the greater
number, then 100— ;c will denote the less number; there-

fore

100-^ =^.

Or we may proceed thus. Let ^x denote the greater
number, then 2x will denote the less number; therefore

2.c + 3.r = 100.

By completing any of these processes we shall find that

the required numbers are GO and 40.

The student may accordingly find that he cnn solve

some of the examples at the end of the present Chapter,
with the aid of only one letter to denote an unknown quan-
tity; and, on the oilier hand, some of the examples at the
end of Chapter xxii. may appear to him most naturally
solved with tlie aid of two letters. As a general rule it

may be stated thut the employment of a larger number of
unknown quantities renders the work longer, but at tlie

saujc time jillous the successive steps to be more readily
followed; and thus is more suitable for beginners.

The beginner will find it a good exercise to solve the
example given in Art. 20-t with the aid of four letters to

represent the four unknovrn quantities which are required.

Examples. XXV,
1. If yl's money vrerc increased by 36 shillings he would

have three times as ii:uch us B\ and if B's, money were
diminished by 5 shillings he would have half as much as
A : find the sum possessed by each.

2. Find two numbers such that the first with half the
eecond r^ay make 20, and al^o that the second with a third
of the first may make 20.
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3. If B were to jpve £25 to A Ihey \voiild have eqn.il

fni^s of money : if A wnv to itivl* i'-.'2 to /? the money
(jf /> \v(jt>M be double lh;it of A: lind the inuuey wliich

eacli actually lias.

4. Find two nnmbevs such tliat lialf tlic fii-st witli a
t'iird of the second may mahe 32, and tiiat a fourth of the

flit v.ith a fifth of the second iiiay make 18.

5. A pei-son buys 8 lbs. of tea and 3 lbs, of sujrar for

£\. 2,<f.; and at another time he buys 5 lbs. of tea and 4 lbs.

of sugar for \bs. Id. : find the price of tea and sugar per lb.

6. Seven years ago A was three times as old as B
\\ii-< ; and seven years hence A will be twice as old as B
will be : find their present ages.

7. Find the fraction wljich becomes equal to ^ when
the nnmenitor is increased by 1, and equal to ^ when the

denominator is increased l»y 1.

8. A certain fishing rod consists of two parts; the
len^'th of the upper part is to the length of the lower as

5 to 7 ; and U times the upper part together with 13 times
the lower part exceed 11 times the whole rod by 3G inches:

find tlie lengths of the tw(j parts.

9. A person spends half-a-crown in apples and pears,

bu\ing the apples at 4 a penny, and tlie pe.ars at 5 a

|»cnny; he sells half h's apj)les jind one-third of his [tears

for 13 pence, which was the price at which he bought them:
find how many apples and how many pears be bought.

10. A wine merchant has two sorts of wine, abetter
and a worse; if he mixes them in the jiroportion of two
quarts of the better sort with three of the worse, the
mixture will be worth \.<t. Od. a quart ; but if he mixes them
in the proportion of seven ipiarts of the better sort with
eight of the wors^-', the mixture will bo worth 1*. lOd. a
ouart: find the price of a quart of each sort

11. A farmer sold to one person 30 bushels of wheat,
;::vi 4 J bushels of barley for £\:]. \{).s\: to another person
!: r^old 50 bu.shels of wheat and 30 bu-h-jls of barley
1 r i!l7 : find the price of wheat and barley per bushel
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12. A farmer has 28 bushels of barley at 2^. Ad. a

bushel: \di\\ these he wishes to mix rye at 3^. a bushel,

and wheat at 4.?. a bushel, so that the mixture may consist

of 100 bushels, and be worth 35. Ad. a bushel: find how
many bushels of rye and wheat he must take.

13. A and B lay a wager of 10 shillings; if A loses

he will have as much as B will then have ; if B loses he
will have half of what A will then have : find the money
of each.

14. If the numerator of a certain fraction be increased
by 1, and the denominator be diminished by 1, the value
will be 1 ; if the numerator be increased by the denomi-
nator, and the denominator diminished by the numerator,
the value will be 4 : find the fraction.

15. A number of posts are placed at equal distances

in a straight Ime. If to twice the number of them we add
the distance between two consecutive posts, expressed in

feet, the sum is 68, If from four times the distance be-

tween two consecutive posts, expressed in feet, we subtract

half the number of posts, the remainder is 68. Find the
distance between the extreme posts.

16. A gentleman distributing money among some poor
men found that he wanted 10 shillings, in order to be
able to give 5 shillings to each man ; therefore he gives

to each man 4 shillings only, and finds that he has 5

shillings left : find the number of poor men and of

shillings.

17. A certain company in a tavern found, when they
came to pay their bill, that if there had been three more
persons to pay the same biU, they would have paid one
shilling each less than they did ; and if there had been
two fewer persons they would have paid one shilling each
more than they did : find the number of persons and the

number of shilliags each paid.

18. There is a certain rectangular floor, such that

if it had been two feet broader, and three feet longer, it

would have been sixty-four scjuare feet larger; but if it

had been three feet broader, and two feet longer, it would
have been sixty-eight square feet larger : find the leiigth

and breadth of the floor.

10. A cei-tain number of two digits is equal to four
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times the sum of its digits; and if 18 be added to the
number the digits are reversed : find the number.

20, Two digits which form a number change places
on the addition of 9; and the s\mi of the two numbers is

33 : find the digits.

21. When a certain number of two digits is doubled,
and increased by 36, the result is the same as if the number
had been reversed, and doubled, and then diminished by
30 ; also the number itself exceeds four times the sura of

its digits by 3 : find the number.

Z'l. Two passengers have together 5 cwt. of luggage,
p.nd are charged for the excess above the weight allowed
:}S. Id. and 9*. 10^?. respectively ; if the luggage had all

belonged to one of them he would have been charged
19*. Id. : find how much luggage each passenger is allowed
without charge.

23. A and B ran a race which lasted 5 minutes; B
had a start of 20 yards ; but A ran 3 yards while B was
nmning 2, and won by 30 yards : find the length of the
course and the speed of each.

24. A and B have each a certain number of counters

;

A gives to i/ as many as B has already, and B returns
back again to A as many as A has left ; A gives to B as

many as B has left, and B returns to A as many as A has
left ; each of them has now sixteen counters : find how
many each had at first.

2.'). A and B can together perform a certain work in

30 days; at the end of 18 days however B is called off

and A finishes it alone in 20 more days : find the time
in which each could perform the work alone.

26. Ay B, and 6' can drink a cask of beer in 15 days;
A and B together drink four-thirds of what (' does ; and
CMrinks twice as much aaA: find the time in which each
alone couUl drink the ca.s4c of beer.

27. A cistern holding 1200 gallons is filled by three
pipes A, B, C together in -24 minutes. The pii>e A requires
30 minutes more tiian (' U* fill tlie cistern; and 10 gallons

less run through C per minute than through A and B
together. Find the time in which each pipe alone would
fill the cistern.
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28. A nnrl B nin a mile. At the first heat A gives B
a stiirt of -JO yards, and bents liini by 30 seconds. At the

second lie:it A jiives B a start of 32 seconds, and beats liiui

by9^ yards. Find the rate per hour at which A runs.

29. A and B are two towns situated 24 miles apai-t,

on tlie same bank of a river. A man goes from A to B
in 7 hours, by rowing the first half of the distance, and
walking the second half. In returning he walks the first

half at three-fourths of his former rate, but the stream
benig with him he rows at double his mte in going ; and
he accomplishes the v>-hole distance in 6 hours. Find his

rates of walking and rowing.

30. A railway train after travelling an hour is detained
15 minutes, after which it proceeds at three-fourths of its

former rate, and arrives 24 minutes late. If the detention
had taken place 5 miles further on, the train would hi'.ve

arrived 3 minutes sooner than it did. Find the original

rate of the train and the distance travelled.

31. The time which an express train takes to travel

a journey of 120 miles is to that taken by an ordinary train

as 9 is to 14. The ordinary train loses as much time iu

stoppages as it would take to travel 20 miles without stop-

ping. The express train only loses half as much tinip in

stoppages as the ordinary train, and it also travels 15 miles

an horn* quicker. Find the rate of each train.

32. Two trains, 92 feet long and 84 feet long respec-

tively, are moving with uniform velocities on parallel rails

;

when they move in opposite directions they are observed

to pass each other in one second and a half; but when they

move in the same direction the faster train is observed to

pass the other iu six seconds : find the rate at which each

train moves.

33. A railroad runs from A to C. A goods' train

starts from A at 12 o'clock, and a passenger train at 1

o'clock. After going two-thirds of tlic distance the goods'

train breaks down, and can only travel at three-fourths^ of

its former rate. At 40 minutes past 2 o'clock a collision

occurs, 10 miles from C. The rate of the passenger train

is double the (diminished rate of the goods' train. Find the

distance from A t-o C, and the rates of the trains.
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34. A cei-tain sum of money was divided betw-een A^
B, and 6', so that A'a share exceeded four-SLVcnth:* of the

sharecs of B and C by £:'a) ; also B's share exceeded tiirce-

eighths of the shares of A and C by £:]{); and 6"s share
exceeded two-ninths of the shares of A and B by £20.
Fuid the share of each person.

35. A and B working together can earn 40 shillings

in 6 days; A and C together can earn 54 shillings in 9

days; and B and C together can earn 60 shillings in 15

days: find what each man can earn alone per day.

36. A certain number of sovereigns, shillings, and six-

pences amount to £3. 6«. 6c?. Tiie amount of the shillings

is a guinea less than that of the sovereiijni. and a guinea
and a half more than that of the sixpences. Fiml the

number of each coin.

37. A and B can ixirfonn a piece of work together in

48 days; A and C in 30 days; and B and C in ^(j.-j day.i;

tiud the time in which each could perform the work alone.

38. There is a certain numlxjr of three digits which is

equal to 48 times the sum of its digits, and if 198 be sub-

tracted from the numher the digits will be reversed; also

the sum of the extreme digits is equal to twice the middle
digit : find the number.

39. A man bought 10 bullocks, 120 sheep, and 46
lamb)». The price of 3 sheep is equal to that of 5 lambs.

A bulhick. a sheep, and a lamb together cost a number of

shillings greater by 300 than the whole number of animals
bought; and the whole sum spent was £468. <;*. Find the
price of a bullock, a sheep, and a lamb respectively.

40. A farmer sold at a market 100 head of stock con-

"^isting of horses, oxen, and sheep, so that* the whole realised

CI- Is. per head; wiiile a horse, an ox, and a sheep were
Id for £12, XI 2. 10^., and £\. lo.*. respcctiveh'. Hud ho
Id one-fourt!» the number of oxen, and 25 more sheep

than he did, the amount received would have been still the

same. Find the number of horsca, oxen, and sheej), respec-

tively which were sold.
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XXVI. Quadratic Equations.

226. A quadratic equation is an equation which con-

tains the square of the unknown quantity, but no higher
power.

227. A pure quadratic equation is one which contains

oiily the square of the unknown quantity. An ad/ected
(iua<lratic equation is one which contains the first power
of the unknown quantity as well as its square. Thus, for

example, 2x^ = 50 is a pure quadratic equation; and
2^2 — ';x + 3 =0^ an ad/ected quadratic equation.

228. The following is the Rule for solving a pure
quadratic equation. Find ths value of the square of the

unknoicn quantity hy the Rule for solving a simple equa-

tion; tfien, hy extracting the square root, the values of the

unknotcn qiuintity arefound.

For example, solve —-— H—r-r-^ = 6.

Clear of fractions by multiplying by 30 ; thus

therefore 13j?2 = 180 + 130 + 15 = 325 j

therefore ^=^ = 25;

extract the square root, thus x=^5.

In this example, we find by the Rule for solving a

simple equation, that x- is equal to 25 ; therefore x must
be such a number, that if multipUed into itself the pro-

duct is 25. That is to say, x must be a square root of

25. In Arithmetic 5 is the' square root of 25; in Algebra

we may consider either 5 or —5 as a square root of 25,

since, by the Ride of Signs —5x— 5 = 5x5. Hence x
may have either of the values 5 or — 5, and the equation

will be satisfied. This we denote thus, ;» = ± 5.
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^•29. We proceed to the solution of adfected quadra-

tics.

If we multiply 5?+ - by itself we obtain

(-3(-l)=^-^
ax a^ . a*— ^

—

=x^-¥ax-\—

;

2 4 ^"^^4 »

thus ;c- -f oar + — is a perfect square, for it is the square
4

<jf a;+ . Hence x- + ax is rendered a perfect square

by the addition of — , that is, 6y the addUion of the square

qfhalf tlie coejficient of x. This fact is the essential part

of the solution of an adfected quadratic equation, and we
shall now give some examples of it.

a?--\-^x\ here half the coefficient of ;c is 3; add 3-, and
we obtain a?'\-^x->r 3^, that is (.r + 3 f.

a?—^x\ here half the coefficient (Ax is — -
; add

/ - -
j , that is

( |j , and we obtain a;2-5^ + f -

j , that

iB (x-|J.

\x 2 /2\*
3fi-\-~\ here half the coefficient of « is -\ add ( )

,

Ax /2\2 / 2\'
and weobtam;i;*+— + ( eji that is (^ + -)

.

"ix 3«^- — ; here half the coefficient of x is --; add
4 o

(-|Y, that is Q', and we obtain x^-^ + QY.that

The process hero exemplified is called completing ths

square.

T.JL U
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230. Tlie following is the Rule for solving an adfected
quadratic equation. By transposition and redwition
arrange the equation so that the terms tchich invoice the

unknoicn quantity are alone on one side, and the coefficient

qf aP' is +1; add to each side of the equation the square
of half the coefficient of x, and then extranet the square
root of each side.

It Tnll be seen from the examples which we shall now
solve that the above inile leads us to a point from whicli

we can immediately obtain the values of the unknown
quantity.

231. Solve :c=-10;c + 24 = 0.

By transposition, aP'—lQx=—24i]

add Tyy, a;2-10.c + 52= -24 + 25 = 1;

extract the square root, ;c— 5 = a 1

;

transpose, a;= 5±l = 5 + l or 5— 1;

hence a:=6or4.

It is easy to verify that either of these values satisfies

the proposed equation ; and it will be useful for the stu-

dent thus to verify his results.

232. Solve Z3i^-Ax-55= 0.

By transposition, S^c^— 4;z:= 55

;

divide by 3, a^- — = —

;

,, /2Y , 4:c^/2Y 55 _^ 4 169

2 13
extract the square root, x—-=^—;

o o

^ 2 13 ^ 11
transpose, ^^3^^ T ^'^ ^^ ~T'
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233. Solve 2x^-k-Zx-Z5 = 0.

By transposition, 2x= + 3j;= 35

;

divide by 2, ar^H-— = —
-;

-©' -4^K!J=
35 £ _ 2^ ^

2 16 ~ 16
'

3 17
extract the square root, ^+ ,

= =*= t »

3 17 7
transpose, ar=--±— =^or -5.

4 'x ^

234. Solve a?'-4j:-l = 0.

By transposition, :c-- 4jr = 1

;

add 2', a:'-4j; + 22= 1+4= 5;

extract the square root, a; - 2 = ± ^^^5

;

transpose, x=2± ,^5.

Here tlic square root of 5 cannot be found exactly;

but We can find by Arithmetic an approximate vaiuc of it

to any assigned degree of accuracy, and thus obtain the

values of :r to any assigned degree of accuracy.

235. In the examples hitherto solved wo have found

two different roots of a quadratic equation ; in some cases

however we shall find really only one root. Take, for cx-

anipl(% the equation x=»- 14.r +"49 = 0; by cxtr.ieting the

squ.xro root we h:ivo x — l 0, therefore .^-==7. It is how-

ever found convenient in sueh a case to say that the quad-

ratic equation has tico equal roott,

11—2
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236. Solve x--Qx-\-\^ = Q.

By transposition, ;c- - 6a: = - 1 3

;

add 32, a;--6u;-f 3-= -13 + 9 = -4.

If we try to extract the square root we have

x-^=± J-4:.

But —4 can have no square root, exacr or approximate,
because any number, whctiicr positive or negative, if mul-
tiplied by itself, gives a positive result. In this case the

quadratic equation has no real root; and this is sometimes
expressed by saying that the roots are imaginary or

iinpossible,

«o^ d T
1 3 1

237. Solve —

—

-^-^ -—7 = 7-
2(.r-l) x--\ 4

Here we first clear of fractions by multiplying by
4(^2 _i)^ which is the least common multiple of the de-

nominators.

Thus 2(;c + l) + 12=a:«-l,

By transposition, a;^—2« -= 15

;

add 12, a;2-2.c + l = 15+l = 16;

extract the square root, a;- 1 = ± 4

;

therefore ;c= l±4= 5or -3.

««« o ,
2;c 3^-50 12:r+70

238. Sol™ _ + ^-^j^—-^

= _^^.
Multiply by 570, which is the least common multiple of

; th15 and 190; thus

therefore m^z^,
10 + ;c

therefore 190(34;-60) = (210-40;c)(10+a;);
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that is, blOx- 9500 = 2 1 00 - 1 90.r - 40j;*;

therefore 40x'- + 760.i- = 1 1 dOO

;

therefore X'+ldx = 290

;

, . ,

,

. 19 39
extract the square root, a:+ — = =*=—

;

therefore

239. Solve

19

2
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240. Etery quadratic equation can he put in ths

form x- + px-^q = 0, ichore p and q represent some knovcn
numbers, whole or fractiojial, jyosilice or negative.

For a quadratic equation, bv definition, contains no
power of the unknown quantity higher than the second
Let all the terms be brought to one side, and, if necessai v,

change the signs of all the terms so that the coefficient of

the square of the unkno^^-n quantity may be a positive-

number; then diWde every term by this coefficient, and

the equation takes the assigned form.

For example,
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243. A quadratic equation cannot have more than
tico ro(jts.

For we have seen that the root mmt he one or the

other of two assigned expressions.

244. In a quadratic equation where the terms are
all on one side, and the coefficient of tfie square of the

unknown quantiti/ is unity, the sum of the roots is equal
to the coefficient of the second term tcith its sign changed^
and the product of the roots is equal to the last term.

For let the equation be x^+px + q = 0;

the sum of the roots is

-P*^(P>-4<1) ^ -p-^/(p'-g
) , that U -p;

the product of the roots is

2 2'
that Is ^l-Mniii, thatisg.

4

245. The preceding Article deserves special attention,

for it funjishes a very good example both of the nature of

the general results of Alj^cbra, mid of the methods by
which these general results are obtained. The student
should verify thtse results in the case of the quadratic
equations already solved. Take, for example, that in

Art. 232 ; the equation may be put in the form

. 4x 55 ^

and the roots are 5 and - „ ; thus the sum of the rooti !•
3

4 5.3

- , and the product of the roots is — -5-

3 9
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246. Solve ax^-\-hx + c==0.

By transposition, dx^ + 'bx= —cy

hx c

&2 _ b'^-Aarr

^4a2~ 4a2 '\2a/ a \2aJ a

extract the square root, x+ — = =t; ^j

* 2a

247. The general formulse given in Arts. 241 and 246
aaay be employed in solving any quadratic equation. Take
for example the equation 3^^ — 4a?— 55 = 0; divide by 3;^

thus we imve

3 3

Take the formula in Art. 241, which gives the roots of
4 55

x^+px + q=0; and put p=-^, and q=---i we shall

thus obtain the roots of the proposed equation.

But it is mere convenient to use the formula in Art. 246>.

as we thus avoid frac-tions. The proposed etpiatiou being
3x'^ — 4x — 5'j = 0, we must put a = :\, (> ^ -4, and c- -55,.

in the formula whieh gives the roots of ax- + bx + c = Q^

that 1.S, m ^ -'

»

m, V 4^^/(16 + 660) ^. .. 4=4=^/(676)
Thus we have —^^=^^4; -^ that is, —--—

-,,
O D

^, , . 4±26
X, ^ • ^ 11

^iit IS, —^—
,

tbiit iSj 5 or - — .

S a.
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Examples. XXVI.

1. 2C'l^-7) + 3(^-ll) = 33. 2. (^-15)(:r+15)= 40a

^-24^-37 „ , 3(.r2-ll) 2(.g2.,6o)
3. z

— + —:— = "• 4. z = = 35.
5 4 o 7

a;-3 a: + 3~3' 4 x~ %^ x'

7. .t2-3j: + 2 = 0. 8. a;2-5x + 6 = 0.

9. ar2+10x= 24, 10. 2x2_i = 5^ + 2.

11. 3;»2_4^^39 12. ;r»+10a? + 3 = 2a?2-5ar+53.

13. (:p+l)(2j: + 3) = 4a:«-22. 14. (^-l)(ar-2) = 20.

15. 4(j?2-l) = 4a?-l. 16. (2.r-3)2 = 8x.

17.



170 EXAMPLES. XXVI.

37.

39.

;i'-2 x-4 14

;i'-3 :c-l 15*
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XXVII. Equations wliich may be solved like

Quadratics.

248. Tlicre are many equations which are not strictly

<-]u idratics, but which may he solved by the method o{ corn-

pi ting the square; we will give two examples.

249. Solve 0:^-70^ = 8.

7 9
extract the square root, ;r^- - = ± -

;

7 9
therefore a^=z _^^ - = s or -1;

extract the cube root, thus ;c = 2 or —1.

250. Solve x- + 3x + 3J{x' + 3x-2) = 6,

Subtract 2 fn.m both sides, thus

a:-+-:ix-2 + 3j{x'' + 3x-2)^4.

Thus on the left-hand side we have two expressions,
nnmely, ^'(x'^+:ix~'2) and .r--f3x-2, and the hiltcr is the
square of the former; we can nuw conij/lcte the square.

Add ( J , thus

25

©'

extract the square root, thus

*
J{x^ + 3x~2) + l

=

3 5
therefore ^{a^+ 3j:-2) = - i ^ = l or - 4.
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First suppose Jix^ + 3a?- 2 ) = 1

.

Square both sides, thus X' + 2x — 2-\.

This is an ordinary quadratic equation; by solving it

we shall obtain x = ~—

.

Next suppose ^J'^^x- + 3.c— 2) = - 4.

Square both sides, thus ;f2 + 3:c-2 = 16.

This is an ordinary quadratic equation; by solving it

we shall obtain a? = 3 or —6.

Thus on the whole we have four values for x^ namely,

An important observation must be made with respect
to these values. Suppose we proceed to verify them.
If we put ^ = 3 we find that a;- + 3^ — 2= 16, and thus
sjyx^- -t- 3a:- 2) = ± 4. If we take the value + 4 the orio-inal

equation will not be satisfied ; if we take the value -4 it

will be satisfied. If we put ^= — 6 we arrive at the same
result. And the result might have been anticipait^d,

because tlie values .r = 3 or — 6 were obtained from

V ,A'- + 3a; - 2) = -4, which was deduced from the original

equation. If we put x= -^— we find that

3:2 + 30;— 2 = 1, and the original equation will be sati>fiel

if we take V •2^'" + 3.^-2) = +1; and, as before, the result

miglit have been anticipated.

In fact we shall find that we an-ive at the same four
values of Xy by solving either of the following equations,

.-r^ + 3a?- 3 -v/(^2+ Bar - 2) = 6,

a?2 + 3a? + 3 ^(a?2 + 3a? - 2) = 6;

but the values 3 or —6 belong strictly only to the first

_ 3 J. j.-y\

equation, and the values — *"
"

belong strictly only to

the second equation.
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251. Equations may be proposed which will require

the opcmtiMiis of transposing and squaring to be per-

forined. once or oftencr, before they are reduced to quad-
ratics ; we will give two exauiples.

252. Solve 1x-J{x*-^x-2>)^9.

Transpose, 2jr-9 = V>^-3^-3)

;

square, Ax"-— 36jr + b\=x^— Zx— Z;

transpose, 3^- — 3:3^ + 84 = 0;

divide by 3, ;i?2- ll.r + 2S = 0.

By solving this quadratic we shall obtain x=l or 4.

The value 7 satisfies the original equation ; the value 4
belongs strictly to the equation 2x + J{x^— 3a; — 3) = 9.

253. Solve J{x-¥A) + J{2x + G) = sJ\Sx + ^).

Square, a: + 4 + 2^ + 6 + 2J(^ + 4; J{2x + 6J = 8a:+ 9

;

transpose, ^>J[x+ 4) J{2x-\-Q) = bx- 1

;

square, 4(x4- 4X2* + 6) = 25x2- 10x+ 1 ;

that is, 8x'+5Gj;+96 = 25x2-10j;+1
;

transpose, 17x'-C6j:-95 = 0.

19
By solving this quadratic we shall obtain x= 5 or — —

.

The value 5 satisfies the original equation; the value

19— - belongs strictly to the equation

V(2x + 6) - J{x + 4) = J[Sx + 9).

254. The student will see from the preceding examples
tliat in cases in which we have to square in order to re-

duce an equation to the ordinary form, we cannot bo
certiiin without trial that tiie values finally obtained for

the unknown quantity belong strictly to the original

equation.
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255. Equations are sometimes proposed wliich are
intended to be solved, partly by inspecti-on, and partly by
ordinary methods ; we will give two examples.

_,, x + 4i .r-4 % + x 9-x
256. Solve ^_^-^:f^

= g-^-g^.

Bring the fractions on each side of the equation to a
common denominator ; thus

{x+ 4f-{x-4f ^ (9j^)»-(9 -xy

^, ^ . I6x SGx
that IS,

Here it is obvious that ;c= is a root. To find the
other roots we begin by dividing both sides of the ec[ua-

tion by 4^; thus

therefore 4 (81 - ;r2) = 9 (a;2- 1 6) ;

therefore IZx^= 324 + 144 = 468

;

therefore ^= 36;

therefore a;= ± 6.

Thus tiiere are three roots of the proposed equation,

namely, 0, G, - 6.

257. Solve x'- 7x0^ + 60^= 0,

Here it is obvious that a?= a is a root. "We may
write the equation x^— a'^ = 7a\x—a); and to find the
other roots we begin by dividing by ;c— a. Thus

a^+ ax + a^=7a\

By solving this quadratic we shall obtain 5t= 2a or —3a.
Thus there are three roots of the proposed equation,
namely, a, 2a, -3a.
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Examples. XXVII.

1. x^- 1.^2 + 36 = 0. 2. x-bsJx-\A = 0.

3. x-¥j'x-\-5) = 'J. 4. :i:2+ ^(^+9)^21.

5. 2J{x'-1x+\) + a^=1?,-^2x.

6. x^-2x^^x^='iQ. 7. V('C'-6jr+16) + (.c-3)' = ia

S. 9v/(J^-9j: + 2S)4-9a; = ;c'^ + 36.

9. 2jr5 + 6x = 226-^(^2 + 3j._8).

10. j:*-4ar2-2V(jr^-4a:» + 4) = 31.

11. a? + 2V(^+ 5.r + 2)=10.

12. 3j?+ V(^ + 7a:+o)=19. 13. x = 7^'{2-x^.

14. ^/(x+ 9) = 2Vx-3. 15. V(j? + 8)-V(^ + 3)= V^.

16. 5v/(l-^') + 5a; = 7.

17. V(3a?-3) + v^(5x-19) = v/(2:c + 8).

18. J{'2x+l) + J{:x-21) = J{^x + 4).

19. ^{b^ + ax)-^{a;- + bx) = a + b.

20. 2.fV « + -^') + 2j;2 = a2-a.

x + V 12a«--x)^a+l J 1_ _ 3ar_
• x-^^i2a'^-x) a-l' ' 1-x 1+x 1 + a?^'

23. _L + _jL + _J_ + _1_.o.
:r + 7 x-1 x + 1 x-1

^^' x +J,2-x')'^x-J,2-x^r^'

X4 g x-a _ 5-f J? 6 — J?

jT-a x + a~ h—x~ b + x'

27. «'+3<wr>= 4a". 28. 5;»»(a-;c)-(a«-«*)(;l?+3a),
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XXVIII. Problems tchich lead to Quadratic
Equations.

258. Find two numbers such that their sum is 15,

and their product is 54.

Let X denote one of the numbers, then \5—x will

denote the other number; and by supposition

x{lb — x) = b4:.

By transposition, ;c- — 15^ = — 54

;

/15\- ''25 9
therefore x^-l5x + \-^\ = - 54 + "— = - ,•

.^ ^
' 15 3

therefore ^~ "2 ~ "^
i '

15 3
therefore ^=2-±- = 9or6.

If we take a; = 9 we have 15-;r = 6, and if we take

jp= G we have 1 5 — a' = 9. Thus the two numbers are 6 and 9.

Here although the quadratic equation gives two values of

«, yet there is really only one solution of the problem.

259. A person laid out a certain sum of money in

goods, which he sold again for ^24, and lost as much per

cent, as he laid out : find how much he laid out.

Let X denote the number of pounds which he laid out

,

then ;c— 24 will denote the number of pounds which he

lost. Now by supposition he lost at the rate of x per cent.,

that is the loss was the fraction —- of the cost j therefore

^^i?o=^-2^'

therefore x"^-! 00;c = - 2400.

From tliis quadratic equation we shall obtain ;r=40
or 60. Thus all we can infer is that the sum of money laid

out was either £40 or £60; for each of these numbers
eatisties all the conditions of the problem.
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260. The sum of £1. As. was divided equally among
a certain number of persons ; if there had been two fewer

persons, each would have received one shilling more : find

the number of persons.

Let X denote the number of persons ; then each person

144
received — shillings. If there had been x-2 persons

144
each would have received ——r shillings. Therefore, by

supposition,

144 _144
x-2~ X

Therefore 1 44a:= 144 (ar- 2) + a: (ar- 2)

;

therefore a^-2x = 288,

From this quadratic equation we shall obtain x = \S

or — 16. Thus the number of persons nuist be 18, for that

is the only number which satisfies the conditions of the
problem. The student will naturally ask whether any
meaning can be given to the other result, namely —16,
and in order to answer this question we shall take another
Itroblcm closely connected with that which we have here
Solved.

2'n. The sum of £1. As. was divided equally among a
certain number of persons ; if there had been two mnre
persons, each would have received one shilUng less : find

the number of persons.

Let X denote the number of persons. Then proceeding
as before we shall obtain the equation

\AA 144

a; + 2~ X '

therefore x'^-\-2x = 283

;

tlicreforo a: = 16 or —18.

Thus in the former problem we obtained an applicable
result, namely 18, and an inapplicable result, namely - 16;
and in the present problem we obtain an applicable result,

namely 16, and an inapplicable result, namely — 18.

T. JL. 12



178
'

PROBLEMS.

262. In solving problems it is often found, a* in Art. 260,
that results are obtained which do not apply to the problem
actually proposed. The reason appears to be, that the
algebraical mode of expression is more general than ordi-

nary language, and thiis the equation wliich is a proper
representation of the conditions of the problem ^iil also

apply to other conditions. Expeiience will convince the
student that he will always be able to select the result

which belongs to the problem he is solving. And it will be
often possible, by suitable changes in the enunciation of the
original problem, to form a ne^v problem corresponding to

any result wliicli was inapplicable to the original proljlem i

this is illustrated in x\rticle 261, and we will now give ano-
ther example.

263. Find the price of eggs per score, when ten more
in half a crown's worth lowers the price threepence per
score.

Let X denote the number of pence in the price of a

score of eggs, then each egg costs — pence ; and therefore

the number of eggs which can be bought for half a crown
X 600

is 30 -r- ht; > ^^^^ i^^ • I^ t^® price were threepence

» ^— 3
per ccore less, each egg would cost -—- pence, and the

number of eggs which could be bought for half a crown

TTOuld be . Therefore, by supposition,
x-Z

S-l"--'
therefore Q{ix=QO{x-Z) + x{x-Z)',

therefore ^-3^7=180.

From this quadratic equation we shall obtain x=^lo

or —12. Hence the price required is Ibd. per score. It

will be found that V2d. is the result of the following pro-

blem; find ths price of eggs per score when ten feicer

in half a crown's worth raises the price threepence per

score.
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Examples. XXVIII.

1. Divide the number 60 into two parts such that

their product may be 864.

2. The sum of two numbers is 60, and the sum of

their squares is 1872: find the numbers.

3. The difference of two numbers is 6, and their pro-

duct is 720 : find the numbers.

4. Find three numbers such that the second shall be
two-thirds of the first, and the third half of the first ; and
that the sum of the squares of the numbers shall be 549.

5. The difference of two numbers is 2, and the sum of
their squares is 244 : find the numbers.

6. Divide the number 10 into two parts such that

their product added to the sum of their squares may make
76.

7. Find the number which added to its square root

will make 210.

8. One number is 16 times another; and the product

of the numbers is 144: find the numbers.

9. One hundred and ten bushels of coals were divided

among a certain number of poor persons ; if each person

Iiad received one bushel more he would have received as

many Imshels as there were persons-, find the number
of persons.

10. A company dining together at an inn find their

bill amounts to £8. 15*. ; two of them were not allowed to

pay, and the rest found that their shares amounted to 10

sliillings a man more than if all liad paid: find the number
of men in the company.

11. A cistern can be supplied with water by two
piyies; by one of tliem it would be filled 6 hours sooner
than by the other, and by both togetlier in 4 hours: find

the time in which each pi^-e ulonc v/ouid fill it

12—2
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12. A person bought a certain number of pieces of

cloth for ;£33. 15.?., Avhich lie sold again at £2. S>s. per piece,

and he gained as much in the wiiole as a single piece cost

:

find the number of pieces of cloth.

13. A and B together can perform a piece of work in

14| days; and A alone can perform it in 12 days less

than B alone : find the time in which A alone can per-

form it.

14. A man bought a certain quantity of meat for

18 shillings. If meat were to rise in price one penny
per lb., he would get 3 lbs. less for the same sum. Find
how much meat he bought.

15. The price of one kind of sugar per stone of 14 lbs.

is \s. Qd. more than that of another kind ; and 8 lbs. less of

the first kind can be got for £\ than of the second: find

the price of each kind per stone.

16. A person spent a certain sum of money in goods,

which he sold again for .£24, and gained as much per cent

as the goods cost him : find what the goods cost.

17. The side of a square is 110 inches long: find the

length and breadth of a rectangle which shall have its

perimeter 4 inches longer than that of the square, and its

area 4 square inches less than that of the square.

18. Find the price of eggs per dozen, when two less in

a shilling's worth raises the price one penny per dozen.

19. Two messengers A and B were despatched at the

same time to a place at the distance of 90 miles; the

former by riding one mile per hour more than the latter

arrived at the end of his journey one hour before him: find

at what rate per hour each travelled.

20. A person rents a certain number of acres of pas-

ture land for £10 ; he keeps 8 acres in his own possession,

and sublets the remainder at 5 shillings per acre more than

he gave, and thus he covers his rent and has £2. over:

find the number of acres.
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21. From two places at a distance of 320 miles, two
persons A and B set out in order to meet each other.

A travelled 8 miles a day more than B; and the number^ d
days in which they met was equal to half the number of

miles B went in a day. Find how far each travelled before

they met.

22. A person drew a quantity of wine from a full vessel

which held Si gallons, and then' filled up the ve.<sel with

water. He then drew from the mixture as much as he
before drew of pure wine; and it was found that 64 gallons

of pure wine remained. Find how much he drew each time.

23. A certain company of soldiers can be formed into

a solid square; a battalion consisting of seven such equal

companies can be formed into a hollow square, the men
being four deep. The hollow square formed by the bat-

talion is sixteen times as large as the solid square formed
by one company. Find the number of men in the company.

24. There are three equal vessels A, B, and C; the

first contains water, the second brandy, and the third

brandy and water. If the contents of B and C be put

togetlier, it is found that the fraction obtained by dividing

the quantity of brandy by the quantity of water is nhio

times as p^reat as if the contents of A and C had been

treutcd in like manner. Find the proportion of brandy to

water in the vessel C.

25. A person lends ^£5000 at a certain rate of interest

;

at the end of a year he receives his interest, spends i,'25 of

it, and adds the remainder to his capital; he then lends

his capital at the same rate of interest as before, and at

tiio end of another year finds that he haa altogether

£5362: determine the rate of interest.
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^XIX. Simultaneous Equations involving Quadratics.

264. We shall now solve some examples of simultane-

ous equations involving quadratics. There are two cases

of frequent occmTcnce for which niles can be given ; in

l)(>th these cases there are two unknown quantities and two
equations. The unknown quantities will always be denoted

by the letters x and ij.

265. First Case. Suppose that one of the equations

is of the first -degree, and the other of the second degi-ee.

Rule. From the equation of tlie first degree find the

value of either of the unknown quantities in terms of
the other, and substitute this value in the equation of
the second degree.

Exam.ple. Solve 3a; + 4y= 18, ox^- S.vg= 2.

18 — 3j;

From the first equation ?/= ; substitute this

value in the second equation ; therefore

4

therefore 20jc^- 54.?; + 9^^2= 8;

therefore 29.r2-54.c = 8.

4
From this quadratic equation we find x=^2 or -—

;

267
then by substituting in the value of y we find i/ = 3 or—

.

266. Solve 33^ + 5x-8g= 36, 2x'^-3x-4y= S.

Here although neither of the given equations is of the

first degree, yet we can immediately deduce from them an
equation of the first cegree.
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For multiply the first equation by 2. and tbo second,

by 3 ; thus

6^+10.c-lGir-72, 6x'--9.y-12?/= 9

;

Ihercfoi-e, by subtraction, \0x - ISy + 9^ + 12?/= 72 - 9 ;

that is, 19x-'iy=6^

Fioni this equation we obtain y =—7
; substitute

tlii.^ value in the first of the given equations ; thus

3;i?2 + 5a;-2 (19;c- 63)=36

;

therefore 3^2_ 33^+ 90 = 0;

therefore a-^ - 1 la; + 30 = 0.

From this quadratic equation wo shall find that;c=f
or 6 ; and then by substituting in the value of y we find

that y = 8 or 12».

267. Second Case. When the terms involving the un-
known quantities in each equation constitute an expression

which is homogeneous and of the second degree; see

Art. 23.

Rule. Assume y = vx, and substitute in both equor

tions; then by die ition the value ofy can befound.

Example. Solve x^ + xy + 2i/ = ^A, 2a:^-xy + y^=lS.

Assume y = vx, and substitute for y ; thua

a?2(l+«j + 2r») = 44, ;c2(2-©+ o2)= ia.

Therefore, by division,

l-H>+2pg _44_ll^
2-t?4-c* "16 4

*

therefor© 4{l-^-v + 2v'^^U{2-v + v^;

therefore Si>*-15o+ 1S = 0;

tboroforo tr^-6v-hii(X.
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Frcmi this quadratic equation we shall obtain « = 2 or 3.

In the equation x^{\+v + 2v') — '^4: put 2 fur v\ thus
x=^2', and since 2/ = «*i^, we have ?/ = ± 4. Again, in the

same equation put 3 for ?? ; thus ;??= ± J2) and since

y= vx, y>e have y = ± 3 J'2.

Or we might proceed thus : multiply the first of the

given equations by 2 ; thus

2^2 + 20^7/+ 4?/2= SS;

the second equation is 2x--xy + y- = 16.

By subtraction Sxy + Zy"^ = 72, therefore ?/- = 24— xy.

Again, multiply the second equation by 2 and subtract

the first equation ; thus

2tx''-—2>xy=-Vl', therefore x-= xy—'L

Hence, by multiplication

;cV = (24-^)(^-4),

or 2^V-28^2/= -96.

By solving this quadratic we obtain xy = 8 Or 6, Sub-
stitute the former in the given equations ; thus

Hence we can find x- and y-. Similarly we may take the

other value of xy, and then find x- and y-.

268. Solve 2x- + 2xy + y- = 70, Sx^- + xy- y^~= 50.

Assume y= vx, and substitute for y; thus

x^{2 + Zv + V') = 70, x-{6 + v-v^) = 50.

Therefore by division

2 + 3g + t?^ _70_ 7.

therefore 5{2 + Zv + v'^) = 7ie + v-'V'^i

therefore 12f2 + 8y-32 = 0;

therefore 3z?-4-2r-8 = 0.
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4
From this quadratic equation we shall find r = - or — 2.

o

4
In the equation :r-(2 + 3r + z?*) = 70 put - for v; thus

o
;c=±3; and since y=r.r we have 7/=±4. The value
»= —2 we shall find to be inapplicable ; for it leads to the
inadmissible result x- x = 70. In fact the equations from
which tlic value of v was obtained may be written thus,

x\2 ¥v){\ + v) = 70, ;c-(2 + r} (3 - v) = 50
;

and hence we see that the value of v found from 2 + z? =:

is inapplicable, and that we can only have

1 + 70 7 , ., - 4

3^ = 50 = 5' ^°d therefore r = 3.

269. Equations may be proposed which do not fall

under either of the two cases which we have discussed,

but which may be solved by artifices which can only bo
suggested by trial and experience. We will give some
examples.

270. Soivo a: + y = 5, x^ + y^ = G5.

By division, = --

,

x + y 5

that is, a:2-;r7/ + 2/2_i3 .

then from this equation combined with x + y = 5 we can
find X end y by the first case. Or we may complete the
solution thus,

x+y=5;
square x- + 2xy + 2/- = 2o (1).

Also a^-xy + y'=13 (2).

Therefore, by subtraction, 3.ry = 12;

therefore xy= 4;

tliercforo 4xy=16 (3).

Subtract (3) from (1); thus

x^-2xy + y' = 9;

extract the square root, j* - y = ^ 3.
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We have now to fiiid x and y from the simple equations

x + y = !j, ^— 2/=±3;
these lead to ;c = 1 or 4, ?/ = 4 or 1.

271. Solve ^2 + ^2^41^ xy = %Q.

These equations can be solved by the second case; or
they may be solved in the manner just exemplified. For
we can deduce from them

a;2 + 2/2 + 2;cy = 41 + 40= 81,

;i;2 + 2/2_2^y= 41 -40= 1
;

then by extracting the square roots,

a; + ?/=±9, x—y=^\.
And thus finally we shall obtain

:r=±5 or ±4, ?/=±4 or ±5.

272. Solve x'^ + xy-¥y^^\d, a^-{-x'^y''- + y^= \ZZ.

_ ,. . . x' + xhj-^ + y^ 133
By division, —, —~ = -—

-

;

tliatis, x'^-xy + y'^= *l.

"We ha-ve now to solve the equations

X' + xy-¥y- = \^, a>^—xy + y^ = 'J.

By addition and subtraction we obtain succe^jivoiy

;c2 + 2/2 = i.3, xy^Q.

Then proceeding as in Art. 271, we shall find

^=±3 or ±2, ?/=±2 or ^^,

273. Solve x-y^% x^-'i^ = 2i2.

_^ ,. . . af-y^ 242
By division, __=—

;

that is, x^-¥a^y-\-x'^y^^xy^-^y^=\2\,

that is, x^ + y^-\-xy{x^+ y'^ + x''-y'^= Ul (1).

Now a?-2/ = 2;

square x^ — 2xif + y^ = 4;

therefore x- + y^ =-- '2xy + i (2)
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Square ar* + 2j^y' + 7/* = 4a-V + 16J*y + I6;

therefore x^ ^y^^1xhp-->r\^xy-^\^ (3).

Substitute from (2) and (3) in (1); thus

2jrV + 16xy + 16 + X2/(2xy + 4) + arV = 121

;

that is, bxhp- + 20j-y = 105
;

therefore

,

schf- + \xy = 21.

From this quadratix; equation we shall obtain ocy-7,

or - 7. Take ^ = 3, and from this combined with x — y = -2,

we shall obtain x = 3 or -1, y=l or —3. If we take

xy= -7, we shall find that the values of x and y are im-

possible ; see Art. 236.

Examples. XXIX.

1. x-y=\, x"-xy + y^= 2l.

2. 2x-5y = Zj x^+xy = 20.

3. x + y = 7{x-y), x2+ 2r' = 100.

4. 5(x2-y') = 4(j:2 + y»), x-hy= 8,

5. x-y=^3, x^-i-y' = 66.

6. 4x-jy=l, 2x^-xy-^3y'- + 3x-iy = 47.

7. 4x + 9y=12, 2x' + xy=Gf/\

8. (x-G}2 + (y-5)2 + 2.ry=60, 5y-4x=l.

9. 4x= + 2j^ + ^+^(4j; + 2/) = 41, V-y= 4.

12 10 ^' 15 3 ^

11. Zx + 2y = 5xy, 15x-4y = 4xy.

12. jry + 2 = 9y, Ty + 2 = x.

13. 8(xy + l) = 33y, 4(xy + l) = 33jr.

14. xy x + y, ax^hy.
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15. -^y = 2, xy = db.
a

16. £ + 1 = 2,
^' + ^-= a + 6.

a a

17. - + ~ = 2, a;2 + ?/2= c/.c + &2^.

18. ^.-^=1, ^:+^=L

19. x- + xy= 2S, xy-if-^Z.

20. ;c- + a^?/ = 45, 2/' + '^Z/=36.

21. 2u;2-;ci/ = 56, 2^?/- 2/2 =r 48.

22. 0:2-2^2/= 15, xy-2i/ = l.

23. ;c^ + 3j'z/ = 2S, xy + 4y^ = 8.

24. a^+d:2/-6?/2= 21, xy-2i/= '

25. ;c2 + 3^y^54^ ;cy + 42/2 = 115.

26.
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36. a? + ?/ = 9, x^ + y^ = lS9.

37. X' + y' = 10, xy-x-y-2,

38. x-y=\, x^-y^=78h

30. x + y = 3, x' + y^ = S3.

40. x- + xy+ y^ = 37, x* + xY' + y*=4Sl,

X x — v
41. -^=1, 2 + 3xy = 3x.x-y x + y ' '^

42. :r2+2/2 = 34, ;r2_y2 + ^/(^2_3^2)^20.

43 ar2+ 2/2-l=2.c?/, a:y(j:y+ 1) = 6.

14. 4a:2 4-y2 + 2(2jr + y) = 6, 4xy (j:?/ + 1) = 3.

4.5. ^2 + xy = 8j: 4- 3, y- 4- .ry = 8y 4- 6.

4G. ^2 - xy = 2a: + 5, xy-y' = 2y + 2.

47. 2j; + y4-6 V(2^ + 2/+ 4) = 23, 4;c2_6^=y2+ 3y

48. 18 + 9(ar4-y) = 2(x+ y)2, 6-(a:-y) = (x-y)2.

49. x'^-xy= a{x-k-\) + 'b+\, xy-y^= ay+h.

a^ t/2 a6
50. -4-f-, = 18, — = 1.

X' b^ xy

a} v' ah
51. --f = 12, -=2.

52. x' = ax + byy y^= ay + bx.

63. x'h/z= aj xy'z = b, xyz'^= c.

64. (a: + yXx+ z) = a', (y + z)(y + x) = IP,(z + x\z + y) = <;=.

55. 3yz4-2zj:-4xy=16, 2yc: - 3crx + xy = 5,

\yz-zx-3xy=\h.

66. 6(:F«+y'+ «') = 13(x + y4-;t) =-y , aT/=»;?».
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XXX. Problems ichich lead to Quadratic Eqiuitions
with more than one unknown quantity.

274. There is a certain number of two digits; the sum
of the squares of the digits is equal to the number in-

creased by the product of its digits ; and if thirty-six be
added to the number the digits are reversed: find the

number.

Let X denote the digit in the tens' place, and y the

digit in the units' place. Then the number is \Ox + y; and
if the digits be reversed we obtain lOy + x. Therefore, by
supposition, we have

x'^ + y'^ =xy+\Qx + y (1).

lOx + y + ZQ = \Oy + x (2).

From (2) we obtain 92/ = 9^ + 36; therefore y= x-¥4i.

Substitute in (1), thus

x'^ + {x + ^f=x{pG^-^) + \Qx + x + 4:',

therefore ^-7^+12 = 0.

From this quadratic equation we obtain ic= 3 or 4;
and therefore y= 'J or 8. Hence the required number
must be either 37 or 48 ; each of these numbers satisfies

all the conditions of the problem.

275. A man starts from the foot of a mountain to

walk to its summit. His rate of walking during the
second half of the distance is half a mile per hour less than
his rate during the first half, and he reaches the summit in

5^ houns. He descends in 3^ hours by walking at a uni-

form rate, whijh Ls one uiile per hour more than his rate

during the first half of the ascent. Find the distance to

the summit, and his rates of walking.

Let 2a? denote the number of miles to the summit, and
suppose that during the first half of the ascent the man
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walked y miles per hour. Then he took - hours for the*^

y

first half of the ascent, and hours for the second.

Therefore -+-^ = 5^ (i).

^ 2

Similarly,
^;''-i

= 3| (2).

From (2), 2a:=^(2/+l);

tlicrefore ar= — (y + 1 ).

o

From (1), ^(2^-2) = ^2/(2/-^).

Therefore, by substitution,

therefore 15(y-t-lX4y-l) = 44y(2y-l);

therefore 28^2- 89y+ 1 5 - 0.

5
From this quadratic equation we obtain y-^ or — .

Tlie value — is inapplicable, because by supposition y h
28

greater than -. Therefore y= 3; and tlicn x~ ^~ , y

that the whole distance to the Kun)mit is 15 miles.

15

8
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Examples. XXX.

1. The sum of the squares of two numbers is 170, and
the difference of their squares is 72: find the numbers.

2. The product of two numbers is 108, and their simi

is twice their difference : find the numbers.

3. The product of two numbers is 192, and the sum of

their squares is 640 : find the numbers.

4. The product of two numbers is 12S, and the differ-

ence of their squares is 192 : find the numbers.

5. The product of two numbers is 6 times their sum,
&nd the sum of their squares is 325 : find the numbers.

6. The product of two numbers is 60 times their differ-

ence, and the sum of their squares is 244 : find the numbers.

and their product exceeds their sum by 23 : find the num-
bers.

8. Find two numbers such that twice the first with
three times the second may make 60, and twice tl;e square
of the fii-st with three times the square of the second may
make 840.

9. Find two numbers such that their difference multi-

plied into the difference of their squares shall make 32,

and their sum multiplied into the sum of their squares
shall make 272.

10. Find two numbers such that their difference added
to the difference of their squares may make 14, and their
sum added to the sum of their squares may make 26.

11. Find two numbers such that their product is equal
to their sum, and their sum added to the sum of their
squares equal to 12.
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12. Find two numbers such that their sum increased

by their product is equal to 34, and the sum of their

squares diminished by their sum equaJ to 42.

13. The difference of two numbers is 3, and tlie dif-

ference of their cubes is 279 : find the nmubers.

14. The sum of two numbers is 20, and the sum of

their cubes is 2240 : find the numbers.

15. A certain rectangle contains 300 square feet; a
second rectangle is 8 feet shorter, and 10 feet broader,

and also contains 300 square feet: find the length and
breadth of the first rectangle.

16. A person bought two pieces of cloth of different

sorts ; the finer cost 4 shillings a yard more than the

coarser, and he bought 10 yards more of the coarser tlian

of the finer. For tlie finer piece he paid £18, and for the

coarser piece £16. Find the number of yards in each pieca

17. A man has to travel a certain distance; and when
he has travelled 40 miles he increases his speed 2 miles
per hour. If he had travelled with his increased speed
during the whole of his journey he would have arrived 40
minutes earlier; but if he had continued at his original

speed he would have arrived 20 minutes later. Find the
whole distance he had to travel, and his original speed.

18. A number consisting of two digits has one decimal
place ; the difference of tlie squares of the digits is 20, and
if the digits be reversed, the sum of the two numbers is 11

:

find the number.

19. A person buys a quantity of wheat which he sells

80 as to gain .') per cent, on his outlay, and thus clears £16*
If he had sold it at a gain of 5 sliilling.s per quarter, ho
would have cleared as many pounds as each quarter cost

him shillings : find how many quarters he bought, and
what each quarter cost.

20. Two workmen, A and /?, were employed by the

day at different rates ; A at the end of a certain number
of days received £4. 16*., but Hj who was absent six at
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those days, received only £2. \As. If P had worked the
whole time, and A had been absent six days, they Vvould

have received exactly alike. Find the number of days,

and what each was paid per day.

21. Two trains start at the same time from two towns,
and each proceeds at a uniform rate towards the other
town. "When they meet it is found that one train has nin
108 miles more than the other, and that if they continue
to run at the same rate they will finish the journey in 9 and
16 hours respectively. Find the distance between the
towns and the rates of the trains.

22. A and B are two towns situated 18 miles apart on
the same bank of a river. A man goes from A io B m
4 hours, by rowing the first half of the distance and walking
the second half. In returning he walks the first half at

the same rate as before, but the stream being with him, he
rows 1^ miles per hour more than in going, and accom-
plishes the whole distance in 3^ hours. Find his rates of
walking and rowing.

23. A and B run a race round a two mile course. In

the first heat B reaches the winning post 2 minutes before

A. In the second heat A increases his speed 2 miles per

hour, and B diminishes his as much ; and A then arrives

at the vnnning post two minutes before B. Find at what
rate each man ran in the first heat.

24. Two travellers, A and B^ set out from two places,

P and Q, at the same time; A starts from P ^nth the

design to pass through Q, and B starts from Q and travels

in the same direction as A. "When A overtook B it was
found that they had together travelled thirty miles, that

A had passed through Q four hours before, and that B, at

his rate of travelling, was nine hours' journey distant from
P. Find the distance between P and Q.
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XXXI. Involution.

276. We have already defined a poicer to be the pro-
duct of two or more equal f'lctnrs^ and we have explained
the notation for denoting powers; see Arts. 15, 16, 17. The
process of obtaining powers is called Involutiov ; so that
Involution is only a particular case of Multiplication, but
it is a particular case which occurs so often that it is

convenient to devote a Chapter to it. The student will find

that he is already familiar with some of the results which
we shall have to notice, and that the whole of the present
Chapter follows immediately from the elementary laws of

Algebra.

277. Any even poicer of a nejative quantity is post-

tivj, and any odd power is negative.

This is a simple consequence of the Rule ofS!gns. Thus,
fur example, —ax -a = a-, —ax —ax — a-a^x —a=—a^i
—a\ -ax — rtx —a-—a^y. —a = a*; and so on. In the

following Articles, when we use the words give the proper
tign, we mean that the sign is to be determined by the
rule of the. present Article. (See Art 38.)

278. Rule for obtaining a power of a power. Multiply
the numbers denoting the pncers for the new exponent^

and give the proper sign to the result.

Thus, for example, (a2)» = a*\ ( - a^f = - a»
;

(a<)3 = a"

;

(-aV - —a". This is a simple consequence of the law of

powers which is demonstrated in Art. 59. For example,

(aV = a''-^a'ixa^^ a^^-*^ = a'^ = a«.

The Rule of the present Article leads immediately to

that which wo shall now give.

279. Rule for obtaining any power of a simple integral

expression. Multiply (he index (f every factor in tlce ex-

pr>ssv n hy the numter denoting the power, and give the

proper sign to the result.

18—2
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Thus, for example,

280. Rule for obtaining any power of a fraction. Raise
both the numerator and dcnainiiiator to that puwer^ and
gice the proper siyn to the j-esult.

This follows from Art. 145. For example, -

/rt-Y _<^ (_^-_^ (=^ _ ^' = li«^

V^V
" 6'

' \ b^J
~ h'' \ 36 ;

~ S'b'
~~

816*
*

281. Some examples of Involution in the case of

binomial expressions have already been given. See
Arts. 82 and 88. Thus

{a + bf= a^ + 2ab + b\

{a + &)3 ^a? + 3a26 + 3a&2 + js.

The student may for exercise obtain the fourth, fifth

and sixth powers of a+ 6. It will be found that

{a + by = a' + 4:a^b + 6d^b^ + 4a&3 + b\

(a + b/ = a^ + 5a*b + lOa^b^- + 1 Oa-b^ + 5ab^+ &".

{a-\-b)^= a^^6a'^b+l5a'b^ + 20o^b^+15a^b* + 6a¥ + b'.

In like manner the following results may be obtained

:

{a-bj^=a'^-2ab + lf^,

{a-bf= a^-2a'^b + 2al^-W,

(a- by = a^- Aa^b + 6a2&2 -Aab^ + b\

{a- of = a^- 5a'^b + lOaW- lOa^b^ + 5ab*- 6'.

{a-bf = a^-6a'b + Ua''b^-20aW + 15a'b^-ea¥-\'b\

Thus in the results obtained for the powers of a —

I

where any odd power of b occurs, the negative sign is pre-

fixed; and thus any power of a — 6 can be immediatclj
deduced from the same power of a^-b, by changing the
signs of the terms which involve the odd powers oi b.
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282. The student will see hereafter that, by the aid
of a theorem called the Binomial Theorem, any power
of a ])inoinial expression can be obtained without the
labour of actual multiplication.

283. The formulae given in Article 281 may be used
in the way we have already explained in Art 84. Sup-

fose, for example, we require the fourlh power of 2x-?>y'.

n the formula for {a — h)* put -Ix for a, and iy for b ; thus,

{1x - 3y)*

=

{2xf- 4 (2^)3(3i/) + 6 {2x)\2yf- 4 {2x){Zyf + (3y/

= 16^-96ar'y + 216j;V-216;r2/3 + 8l2^.

284. It will be easily seen that we can obtain required
results in Involution by different processes. Suppose, for

example, that we require the sixth power of a-^6. Wo
may obtain this by repeated nuiltiplication by a + 6. Or
we may first find the cube of a 4-^, and then the squire of

this result; since the square of {a + hj^ is {a + U^. Or wo
may first find the sjjuare of a + 6, and then the cube of this

result ; since the cube of {a + h'f is (a -f bf. In like manner
the eighth power oi a + b may be found by taking the
square of (a + 6)*, or by taking the fourth power of (a + bf.

2S5. Some examples of Involution in the case of

trinomial expressions have already been given. See
A rts. 85 and 88. Thus

(a + 6 + c)2 = a2 + 62 + c24-2a6 4-2Jc + 2atf,

{a + h + cf =
a» + i/* + c' + 3a2(6 + c) + W-{a + c) + Zc-[a + ft) + 6a&c.

These formulae may be used in the manner explained in

Art. 84. Suppose, for example, wo require ( 1 - 2.r + 3.r^)2.

In the formula for [a-i-b + cf put 1 for a, —2x for 6, and
3f2 for c; thius wc obtain

(l-2jr+3x2)' =

(l)2 + (-2;r)*4-(3x=)2 + 2:iX-2j:)-»-2(-2.rX3x2) + 2(lX3^
= \-¥Ax"'-i-\)x*-\x-\1u^ + {ij^

« 1 - 4»+ 10x2 - 1 2;^ + 9a:*.
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Similarly, we have

(1-2^+ 3^')*=
13 + (-2^)3 + (3^2)3

+ 3(1 )-( -2x + 3^2) + 3 (_ 2^7)2(1 + 3x^) + 3 (3^)2(1 - 2x)

+ 6(l)(-2^)(3^2^

= l-8:c3^27x«

+ a( - 2:c + 3a;2) + 12^2(1 + 3^2) + 27:c*(l - 2^) - 36^
= l-6a;+ 21x^'-4:4:X^ + e3x*- 54x^ + 270.^.

286. It is found by observation that the square of any
multinomial expression may be obtained by either of two
rules. Take, for example, {a + b + c + df. It will be found
that this

= a2+ 62 + c2 + c?2 + 2a& + 2a<: + 2ad+ 25c + 2'bd + 2cd;

and this may be obtained by the following rule; the square

of any jnultinomial expression consists of the square of
earh term, together with twice the product of every pair
of terms.

Again, we may put the result in this form

(a + b + c-hd)^

= a^+2a{b-i-c + d) + h'^ + 2b[c + d) + c^ + 2cd-i-d\

and this may be obtained by the follo\nng rule; the square
of any m,ultlnoruial expression consists of the square <f
earh term, l^gfther tcilh twice the product of each term
by the sum of all the terms whichfollow it.

Examples. XXXI.

Find

1. {2xY^)\ 2. {-2xY-!^^'

(2:r2\2

3?)-
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(-.?)• • (-,^)-

a + hj. 8. (a -6/.

a4-6)3(a-&)». 10. {\-x)\

1 + x)\ 12. (3-2a?)».

\+x)\ 14. (:c-2)*.

2j: + 3)*. 16. (ax+W + iax-by)*.

ax + by)*- + (ax-by)*. 18. ( 1 + a;)"- ( 1 - a;)*.

l+a:/(l-:c)*. 20. {l+x+ x^y.

1-x+ x^'/^. 22. (l+a;-;r')l

1 + 32? + 2j;2)2. 24. (1 - 3;c 4- 3a;2)a.

2 + 3a? + 4a;2)2+ (2- 3.2?+ 4;c2)3,

l+a? + a;7. 27. {l-x + x^.

1 +x-x^\ 29. (l + 3.r + 2;i?*)*.

l-3a; + 3a?2)3.

2 + 3J? + 40:2)3 _ (2 - 3;p + 4:c2)s^

l-x + x'+x')'^. 33. (1 + 2:5+ 3a?"+ 4a:*)',

a + 6 + c + c?)''-(«-& + <^-^'-

a + 6 + c + flO" + («-& + c-cQ".

l+3j?+3j?' + a:^='. 37. (l-6j?+12.r'-8aj«)«.

l+4j? + 6j;' + 4;c' + a:*)'.

l-x)\l+x + x^f. 40. (I-aj+aj'/Cl + aj+a?^.
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XXXI I. Evolution.

287. Evolution is the inverse of Involution; so that

Evolution is the method of finding any proposed root of

a given number or expression. It is usual to employ the

word extract and its derivatives in connexion with the

word root; thus, for example, to extract the square root

means the same thing as to find the square root.

In the present Chapter we shall begin by stating three

simple consequences of the Rule of Sijns, we sliall then
consider in succession the extraction of the roots of simple
expressions, the extraction of the square root of compound
expressions and numbers, and the extraction of the cube
root of compound expressions and numbers,

288. AnT/ even root of a positive quantity may be
either positive or negative.

Thus, for example, a^a = cfi, and — «x —a= cP-'y there-

fore the square root of a^ is either a or — «, that is, either

+ a or — a.

289. Any odd root of a quantity has th^ same sign
as the quantity.

Tims, for example, the cube root of a^ is a, and the cub©
root of -a^ is —a.

290. Thei'e can he no even root ofa negative quantity.

Thus, for example, there can be no square root of —a^i
for if a,ny quantity be multipUed by itself the result is

a positive quantity.

The fact that there can be no even root of a negative
quantity is sometimes expressed by calling such a root an
imjjossible quantity or an imaginary quantity.

291. Rule for obtaining any root of a simple integral

expression. Divide the indrx of every factor in the

expression Ijy the number denoting t]ce root^ and giv0
the proper sign to. the result.
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Thus, for example, J{\Qcfh^) = J{A^c^¥)= ±4aft».

292. Rule for obtaining any root of a fraction. Find
the root of the numerator and denominator^ and give the

proper sign to tlie result.

For example, J{^^= Ji^^^^'^.

^ \ 6467 ~ "^
V 43&3y - 46

•

293. Suppose we require the cube root of a-. In this

case the index 2 is not divisible by the number 3 which
denotes the required root ; and we have, at present, no
oUier mode of expressing the result than 1^1 a-. Similarly,

Ja, Ja^f ^/a", cannot, at present, be othennse expressed.

Such quantities are called surds or irrational quantities

;

and we shall consider them m the next two Chapters.

294. We now proceed to the method of extracting the
square root of a compound expression.

The square root of a' + 2rt6 + 6^ is a + 6 ; and wo shall bo
led to a general rule for the extraction of the square root

of any cor.\pound expression by observing the manner in

which a-¥b may bo derived from a' + 2a6 + 6^.

Arrange the terms accord- a^ + 2a6 + 6^ i^a+ 6
ing to the dimensions of one o^

letter a ; then the first term is
———-—

—

o^ and its square root is a, 2a + 6J2a6 + 6

which is the first term of the 2a6 + 6^

required ro<jt. Subtract its

square, that is rt-, from the whole expression, and bring
down the romaindor lah + li'. Divide 2rt6 by 2<7, and the
quotient is 6, which is the other tcnn of the required root.

Take twice the first term and add the second term, that is,

take 1(1 ^b; multiply this by the second tcnn, that is by 6,

and subtpact the product, that is 2a6 + 6^from the remain-
der. This finishes the operation in the present casa
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If there were more terms we should proceed with a+6
as we dill formerly with a\ its square, that is. a- + 2rt64-&^,

has iili"e;idy been subtracted from tlic proposed expression,

80 we s^hould divide the rem:iii)der by 2(rt4-6)for a new
term in the root. Then for a new subtraliend we multiply

tiie sum of 2(« + &) and the new term, by the new term.

The process must be continued until the required root

is found.

295. Examples.

4:r2 + 1Ixy + 92/2 \^x + Zy

4^2

4a; + 3yJ12xi/ + 9y^

I2xy+ 9y^

Ax^ -20x^-\- 37^'- 30^-+ 9 {^x^- 5a;+ 3

4:X^

4x^-5x) -10x'^ + Zlx^-ZQx-\-9

4:X^ - 10^ + a; 1 2^2 _ 30;^+ 9

12^-2 -30.2; + 9

X* - 4a^y + 1OxY- 1 2^2/3 + 9y^ [aP--^y^+ Zy^

X''

%x^- 2xy) - 4x^y + 1Ox-y^- 1Ixy^ + 9?/*

—A.xhf-\- Ax-y-

2^2_ 4^^ + 32,2^ 6a;22/2 -\2xy^-\-9y*

Qxy^-l2xy^-^9y*
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af^A-Aj^ -10^3 +4^:4-1 (.r« + 2.r2- 2^-1

2a.-' + 2^-;-*'^ -lOur* 4-4^+1

-4jr^- 8^:3 + 4^2

2ar3 + 4j;*-4a:-lJ - 2^- 4jr* + 4j;+ 1

- 2x^-40:2 + 4^4.1

296. It has been already observed that all even ronta

admit of a double sign; see Art. 2>58. Thus the square
root of a -i-2ub + b^ is either a + 6 or —a — b. In fact, in

the process of extracting tiie square root of «' -h 2«:/6 + 6^,

we begin by extracting the square root of a'-; and this

may be citlicr a or -a. If we take the latter, and con-

tinue the operation as before, we shall arrive at the result
— a — b. A similar remark holds in every other case.

Take, for example, the list of those worked out in Art. 295.
Here we begin by extricting the square root of jc^; this

rnay be either jc* or —xK If we take the latter, and con-
tinue the operation as before, we shall arrive at the result
-.r*-2ar»-^2a;+l.

207. ViXQfourth root of an expression may be found
by oxtr.K-tiug the sfjuare root of the squire root ; similarly

the ci'ihtk root may be found, by extracting the squaro
root «(f the fourth root; and so on.

298. In Arithmetic we know that wc cannot find tho
square root of every number exactbj ; for example, w-j

cannot find the square ro<it of 2 exactly. In Algebra we
eannot find the iquare root of every proposed expression
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exactly. Wc sometimes find such an example as the follow-
ing proposed; find four terms of the square root of \-1x.

1-x)

2-2x-

2-2x

1-2^ ( 1-

1
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nnmber between 100 and 10000 of two ptaces of figures, of
a uuiiibLi- betwcLU looou unci lOoOOoO of tlirce places of

figuicM, uii(i &u on. If Llicii a pdiiit he [> uecd over every
secoiiil ti^'urc in any number, bcj^mning with the figure in

tlie uniUi' place, the number of points will shew the number
of figures in the square ro t. Thus, for example, the
square root of 4^j6 consists of two figures, and the square
root of tjil524 consists of three figures.

300. Suppose the square root of 3249 required.

Point tne number according to the 3^4§(^50 + 7
rule ; thus it appears that the root 2500
must consist of two places of figures.

Let a + h denote the root, where a is 100 + 7J749
the value of the figure in the tens' 749
place, and h of that in the units' place.

Then a must bo the greatest multiple
of ten, which has its square less than 3200 ; this is found
to be 50. Subtract a-, that is, the square of 50, from the
given number, and the remainder is 749. Divide this re-

mainder by 2(1, that is, by 100, and the quotient is 7,

which is the value of h. Then {2a + b)b, that is, 107 x 7 or

749, is the number to be subtracted ; and as there is now
no remainder, we conclude that 50 + 7 or 57 is the required
square root

It is stated above that a is the greatest multiple of ten
which has its square less than 3200. For a evidently can-
i.-'it be a greater multiple of ten. If possible, suppose it

to be some niultiplc of ten less than this, say x; then since

X is in the ten.s' place, and b in the units' place, x + b is less

than a ; therefore the 8(iuarc of x4-6 is less than a^, and
consequently x + b ia less than the true square root.

If tlie root consist of three places of figures, let a re-

present the hundreds, and b the ten.s; then having ob-

tained a an<l b as before, let the hundreds and tens

together be considered as a new value of a, and find a new
value of b for the unita.
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301. " The cyphers may be omitted for the sake of
brevity, and the ibllowing rule may be obtained from the
pi ocess.

Point every second fgure, beginning 3249 (57
wWl that in tfte units' place, and thus £5
divide the whole number into periods.

Find the greatest number whose square 107 ) 749
is contained in the first period; this n^g
is the first figure in the root; subtract its

square from the first period, and to the

remainder bring doicn the next period. Divide this

quantity, omitting the last figure, by twice the part of the

root already found, and annex the result to the root and
also to the divisor ; then multip)ly the divisor as it now
stands by the part ofthe root last obtainedfr the subtra-

hend. If there he more periods to be brought dotcn, the

operation must be repeated.

302. Examples.

Extract the square root of 132496, and of 5322249.

132496 (^364 5322^49 ^2307

9 4

66^424 43^132

396 129

724J 2896 4607J 32249

2896 32249

In the first example, after the first figure of the root is

found and we have brought down the remainder, we have
424; according to the rule we divide 42 by 6 to give the
next figure in the root : thus apparently 7 is the next
figure. But on multiplying 67 by 7 we obtain the product
469, which is greater than 424. 'This shews tliat 7 is too
large for the second figure of the root, and we accordingly

try 6, which succeeds. We are liable occasionally in this

manner, to try too large a figure, especially at the early

stages of the extraction of a square root
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In the second example, the student should notice the
occurrence of the cypher in the root

303. The rule for extracting the square root of a
dra'uial follows from the preceding rule. We must ob-

serve, however, that if any decininl be squared there will

be an even number of deciniHl places in the result, and
therefore there cannot be an exact square root of any
decimal which in its simplest state has an odd number of

decimal places.

The square root of 3249 is one-tenth of the square
root of l;,0x32'49; that is of 3249. ISo also tlie squiire

root of 003249, is one-thousandth of the square ntot of

lOoOOUOx 003249, that is of 3249. Thus we may deduce
this rule for extracting the square root of a deiimal. Put
a point ocer every iec nid figure, heginning with that in

the units' place and c< ntinuing both to the right and to

the l^t of it; then proceed as in the extraction of the

square root of integers, and mark off as many decimal
places in the result as the number of periods in the decv-

mal part of the proposed number. In this rule the stu-

dent shonUl pay particular attention to the y,'ov(i& beginning
with that in t/ce units' place.

304. In the extraction of the square root of an integer,

if there is still a remainder after we have arrived at the

figure in the units' place of the root, it indicates th;it the

proposed number has not an exact square root. We may
if we ph ase proceed with the approximation to any desired

extent, by supposing a decimal point at the end of the

proposed number, and annexing any even number of cy-

phers, and continuing the operation. We thus obtain a
decimal part to be added to tho integral part already

found.

Similarly, if a decimal number has no exact square

rootj wo may annex cyphers, and proceed with the approxi-

matiDD to any desired extent



203 EVOLUTION.

305. The following is the extraction of the square root
of "4 to seven decimal placos

:

0-4606... (^-6324555

36

123; 400

369

1262J3100
2524

12644; 57600

50576

126485; 702400

632425

1264905; 6997500

6324525

12649105; G72S7500

63245525

4051975

306. We now proceed to the method of extracting the
cube root of a compound expression.

The cube root of a^ + 3«''-'& + 3a6'^ + 6^ is a+h; and we
shall be led to a general rule for the extraction of the cube
root of any compound expression by observing the manner
in which a + h may be derived from a^ + Za-b + ZaiP' + b\

AiTange the terms ac- a^ + Sa-b + Sab'^ + b^ {a + b

cording to the dimensions ^3

of one letter a; then tlie

first term is a', and its cube 3a^J 3a^b + Zab^+ l^

root is a, which is the first Sa-b + Sab"^ + b^
term of tlie required root.

Subtract its cube, that is

a", from the whole expression, and bring down the re-
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m^der Za^h + 3^6*+ &*. Divide Za-h by 3a-, and the quo
tit-nt is h. which is the other terra of the required root;

then sul^tract 3<27> + 3'(6^4-6^ from the remainder, ami the
whole cube of a + 6 has been subtracted- This finishes the
operation in the present case.

If there were more terms we should proceed with a + 6 as

we did formerly with a ; its cube, that is rt^ + .la-b + 3ab^ + b^,

has already been subtracted from the proposed expression,

so wc should divide the remainder by 3(0 + bf for a new
term in the root ; and so on.

307. It will be convenient in extracting the cube root
of more complex expressions, and of numbers, to arrange
the process of the preceding Article in three columns,
as follows:

Za + b 3a» a^ + Za'-b + 3ab- + b^l^a + b

{3a + b)b a'

3a' + 3aZ/ + 6* 3a-b + 3ab^ + l^

Za^b + dab^ + l^

Find the first term of the root, that is a
; put a^ under

tlie given ex[)rL-.<sit»n in the tliird column and subtract II.

Put :ia in the tirst cohiiir.i, and 3(i- m the second column;
divide :ia-h by 3a-, and thus obtain the quotient />. Aild

b Ui the expression in the first column ; multiply tiie ex-

pression now in the fust column by b, and place the [)ro-

duct m the second colunm, and add it to tlie expre.s>ion

nlready Llierc ; thus we obtain '.in- -*-:i(ib + b^. Multiply
this Vv b, and wo obtain 3a-b + 3ul^+ b\ which is to bo
placed in the third column and subtracted. Wo have thus
conipleted the process of subtracting {a + b/* from the
original expression, if tliere were more terms the opera-
tion would have to be continued.

T.^ 14



210 EVOLUTION.

308. In continuing the operation we must add such a

term to the first cohimn, as to obtain there three times the

part of the root alreadi/ found. This is conveniently

effected thus; we have already in the first

column 3ti + 6; place 2& below h and add; 3rt + 5 1

thus we obtain 3a + 3&, which is three times 2?>)

a + 5, that is, three times the part of the root

already found. Moreover, we must add such a 3a + 3&

term to the second column, as to obtain there

three times tlie square of the part of the root already

fnund. This is conveniently effected thus; we have already

in the second column {Sa + b)b, and below

that 3a- + 3a6 + b'^
;
place b^ below, and (3a + b)b 1

add the expressions in the three hncs; 3^2^.3^+ 52^
thus we obtain 3a- + 6a& + 3?;^ which is ^2)
three times {a + b)\ that is three times .

the square of the part of the root already 3^2+ 6a6 + Sfc^

foundl

309. Example. Extract the cube root of

-6x) -Zx{ex--3x)
I

12a:*-36^ + 27.r-

Ua;*-36a^ + 5lx^-36x+l6

8;r«- 36a;"+ 1 02^-* - 1 7 l.r' + 204;r2 ~ 144^ 4- 64 (,2;c2- 3a:+

4

- 36a;" 4- 102a:«- 171a:' 4- 204a:^- 144a: + 64

-36ar>4- 54a;*- 27a:'

48a:* - 144a:' 4- 204a:2_ 1 44^ + 64

48a:*- 144a;» 4- 204a:2 _ 144-c+ 64
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The cube root of S^ is 2.r-, wliicli will be the first term
of tlie required root; put S.f^ under the given expression

in the third column and subtract it. Put tliree times 2.c2

in the first column, and three times the square of Ix"- in

the second column; that is, put ^a-- in the first column,
and \1i* in the second column. Divide -36^-' by \1xf^^

and thus obtain the quotient —3.r, which will be the second
term of the root; place this term in the first column, and
multiply the expression now in the first column, that is

iox^-'ix, by -3x; place the product under the expression
in the second column, and add it to that expression ; thus
we obtain 12.r* - IS.r' -i- ^x^ ; multiply this by — "ix, and place

the product in the third column and subtract. Thus we
liave a remainder in the third column, and the part of

the root already found is 2.c'-— 3^. "We must now adjust
the first and second columns in the manner explained in

Art. 308. We put twice - 3.r, that is — 6jr, in the first colunni,

and add the two lines; thus we obtain Gj-'-Oj*, which is

three times the part of the root already found. We put
the square of — 3j:, that is ^x\ in the second column, and
add the last three lines in this column ; thus we obtain
12.r*-36.r^ + 27jr', which is three times the square of the
part of the root already found.

Now divide the remainder in the third column by the
expression just obtained, and we arrive at 4 for the last

term of the root, and with this we proceed as before.

Place this temi in the first column, and multiply the
expression now in the first column, that is Gj*-— 9.r-f-4,

by 4 ; place the product under the expression in the
second column, and add it to that expression ; thus we
obtain 12.r*-3Gx^4-51x--3f;j:-i- KJ ; multiply this by 4
and place the product in the third column and subtract
As there is now no remainder we conclude that 2.r- — 3ar+ 4
is the required cube root

310. The preceding investigation of the cube root of
an Algebraical expression will suggest a method for the
extraction of the cube root of any number.

The cube root of 1000 is 10, the cube root of 1000000 is

100, and so ou; heucc it follows that, the cube root of

14—2
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a number less than 1000 must consist of only one fijomre,

the cube root of a number between 1000 and lOOOOoO of
two places of figures, and so on. If then a point be placed
over every third figure in any number, beginning with the
figure in the units' place, the number of points will shew
the number of figures in the cube root. Thus, for example,
the cube rootof 40.v?-24 consists of two figures, and the
cube root of 12812904 consists of three figures.

Suppose the cube root of 274G25 required.

180 + 5 lOSOO 274625 (,60 + 5
925 216000

11725 68625
58G25*

Point the number according to the rule ; thus it appears
that the root must consist of two places of figures. Let
a+h denote the root, where a is the value of the figure in

the tens' place, and h of that in the units' place. Then a
must be the greatest raultiple of ten which has its cube
less than 274000 ; this is found to be 60. Place the cube
of 60, that is 216000, in the third column under the given
number and subtract. Place three times 60, that is ISO,

in the first column, and three times the square of 60, that

is lOSOO, in the second column. Divide the remainder in

the third column by the number in the second colunm,
that is, divide 5S62*o by 10800; we thus obtain 5, which
is the value of b. Add 5 to the first column, and multiply

the sum thus formed by 5, that is, multiply 185 by 5; we
thus obtain 925, which wo place in the second column and
add to the number already there. Thus we obtain 11725;

multiply this by 5. place the product in the third column,

and subtract. The remainder is zero, and therefore ^b u
the required cube root.

The cyphers may be.omitted for brevity, and the pro-

cess will stand thus;

185 lOS 274620 (65
925 216

11725 68625
68625
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311." Example. Extract the cube root of 109215352,

1271 48 10921535^^478

14j
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313. If the root have any number of decimal places,

the cube will have thrice as many; and therefore the num-
ber of decimal places in a decimal number, which is a

perfect cube, and in its simplest state, will necessarily be a

nmltiple of three, and the number of decimal places in the

cube root will necessarily be a third of that number. He: ce

if the given cube number be a decimal, we place a point

over the figure in the units' place, und over every third

figure to the right and to the left of it, and proceed as in

the extraction of the cube root of an integer ; then the

number of points in the decimal part of the proposed

number will indicate the number of decimal places in the

cube root.

314. Example. Extract the cube root of 14102'327296.

64 12 U 102-327296 (,24-16

8j 25G1 8
-n

721) 1456 > 6102

2J 16 J 5S24

7236 17-28 278327

173521
^M

173521 j* 104S06296

1 J 104806296

174243

43416

1746771G

315. If any numbc/, inte^rral or decimal, has no exact

cube root, we may annex cyjihcrs, and proceed with the

approximation to the cube root to any desired extent.

The following is the extraction of the cube root of A to

four decimal places

:
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17. x^ + 'ix^ + 2,x'~ + 'lx+\. 18. 1-2.*+ 5:^2 -4a^ + 4rc*

19. x^ + Qx^ + l^x^ + ASx^-QA. 20. x^-Ax^ + Qx + 4,.

21. \-Ax + l0x^-\2x^ + ^X^,

22. 4x^-4x^-7x^ + 4:X^ + 4.

23. ;r*-2«.r3 + 5rtV-4a^.r + 4a4.

24. a;* - 2ax^ + (jor + 2&2).^2 _ ^ah^-x + h\

25. x^- \2x^ -r 60j:* - 160^ + 240.r'- 192^; + 64.

26. x^ + 4«.r' - 1 Qa^x^ + 4a*a;+ a^

27. l-2.c + 3.6'^-4^+ 5^-4.2^ + 3ar3-2^7 + ic3^

„ 4.r^ ^' 16^;'^ ^if 6x2/ I6x^
^'

9)/ z loijz iGz^ 5z^ 2oz''

Find the fourth roots of the following expressions

:

29. 1 + 4^ + ex^ + 4^ + x\

30. 16.^^-960^3^ + 216^22/2 -216^2/3 + Sly*.

31. l-Ax+lOx'-lGx^ + ldx^-lGx-^+lOx^-Ax^ + x^.

32. {x* - 2(rt + b)x^ + {a- + 4«& + h-)x^ - 2ab{a + b)x + artP-]\

Find the eighth roots of the following expressions :

33. a^ + SoF^ 28^^ + 56a^ + TO.?;* + 56^ + 28^^+ s.r +1

.

34. {x!^-2a^y + ^xhf-2xif + if]\

Find the square roots of the follo^ving numbers

:

35. 11.56. 36. 2025. 37. 3721. 38. 5184.

39. 7569. 40. 9801. 41. 15129. 42. 103042.

43. 165649. 44. 3080-25. 45. 4r2164.

46. -835396. 47. 1522756. 48. 29376400.
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XZXIII. Indices.

316. We have defined an index or exponent in Art. 16,

and, according to that definition, an index has hitherto

always been a positive whole niinil)er. We are now about

to extend the definition of an index, by explaining the

meaning of fractional indices and of negative indices.

317. Ifm and n are any positive whole numbers
ri,'^xa" = a'"+''.

The truth of this statement has already been shewn
in Art. 59, but it is convenient to repeat the demonstra-

tion here.

«"• = a X <2 X a X to m factors, by Art. 16,

o" = a X a X a X ton factors, by Art. 16 ;

therefore

a'"xa" = axaxrtx...xaxaxax ...to m + n factors

= «•"+", by Art. 16.

In like manner, Up is also a positive whole number,

a'^y~a''xa^= «"*+" xa^= ^m+n+p

.

and so on.

318. If m and n are positive whole numbers, and m
greater than n, we have by Art. 317

therefore -5; = ^"'~" •

a

This also has been already shewn; seo Art. 72.

319. As fractional indices umI negative indices have

not yet been defined, we ai'e at lil-crty to give what dctmi-

tioD^ we plciiso to them; and it is found convcment to
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give such definitions to them as will make the important
relation a" xa" = a'"'^'' always true, whatever m and n
may he.

For example; required the meaning of a^

By supposition we are to have a' x a'^ = a^ = a. Thus a^
must be such a cumber that if it be multiplied by itself

the result is a; and the square root of a is by dcIiuiLion

Buch a number; therefore a'^ must be equivalent to the

square root of a, that is, a- = ^a.

Again ; required the meaning of a^.

By supposition we are to have

i i i i^i^h ,

a X a xa =a =a =a.

Hence, as before, a^ must be equivalent to the cube

root of a, that is a"*= I]a.

Again ; required the meaning of a*.

\ I \ \
*"

By supposition, rt xa xa xa —a^;

therefore a = ^^a'.

These examples would enable the student to under-
stand what is njcant by any fractional exponent ; but we
will give the definition in general symbols in the next two
Articles.

321). Required the inenning of a" where n is any
positive icJujle number.

By supposition,

a^xa*xa*x ...to n factors = a" * " "
"^ " ""

"
"^ = a^ = a;

1

therefore a" must bo equivalent to the n'^ root of a^

that is, a-= ^d!.
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321. Required the meaning of a" where m and n ar6

any positice whole numbers.

By supposition,

" " - "+-+" + .„ ton Unv
a"x ^"xa" X ... to ?i factor3 = a" " " =(Z'";

therefore a" must be equivalent to the n^'^ root of a*^,

that is, a" = V^"**

Hence a" means the w*^ root of the m}^ power of a;

that is, in a fractional index the numerator denotes a power

and the denominator a root.

322. We have thus assigned a meaning to any positive

index, whether whole or fractional ; it remains to assign a

meaning to negative indices.

For example, required tlie meaning of a~\

By supposition, a? x a~^= a^~'^ = a^=a,

'

, - , a 1

therefore «-"-— = -a

.

T7e will now give the definition in general symbols.

323. Reqnrred the meanivg of a~°/ ichere n is any
positive numher tchole orfractional.

By supposition, whatever m may be, we are to have

a"'x «-" = «•"—.

N'ow we may suppose m positive and greater than w,

and then, by what has gone before, v\'e have m
a*""" x a"= «*" ; an d therefore «"*""= -„.

Therefore a"* x «-"= -^
a

therefore a~"= —

.
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In or<1er to express this in words we will define the
word ri'cipf.'-uL One quantity is s:iiil to be the recipro-
cal of anoLlicr whcu the product of the two is equal to

unity ; thus, for example, x is the reciprocal of -

.

X

Hence a-" is the reciprocil of a"; or we may put this

result symbolically in any of the following ways,

0""=-, 0" =—-, rt^x «-" = !.
a" a-*

324. It will follow from the meaning wliich has been
given to a negative index thata'"-^a" = a'"~" when m is less

than 71, as well aa when m is greater than n. For suppose
m less than n ; we have

_ _ a- . 1
• a = — — —

a" a'

,_(n—Tn)_ rjm—T

Suppose w = n; then a'^^a" is obviously = l; and
a*'~" = a''. The last symbol has not hitherto received a
meaning, so that we arc at liberty to give it the meaning
whieli naturally presents itself; hence we may say that

325. In order to form a complete theory of Indices it

would be necessary to give demonstrations of several pro-

positions which will be found in the larger Algel)ra. But
these projusitions follow so naturally from tiie definitions

and the properties of fractions, tiiat the student will not

find any difiiculty in the simple cases which will come be-

fore him. We shall therefore refer for the complete theory

to the larger Algebra, and only give here some examples aa

specimens.

326. If m and n are positive whole numbers we know
that (^a*)" == a"*" ; see Art. 21\). Now this result will also

hold when m and n are not positive whole numbers. For
example.

Tor let fa*)* -^ x ; then by raising both sides to the

fourth power we have a^ = x*; then by rai.sing both sidea
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to the third power we have a= ;c"; therefore x= a^, wliich

was to be shewn.

327. If n is a positive whole number we know that

a*y.h'' = {abj'^. This result will also hold when n is not

a positive whole number. For example, a^ xh^-iah)^.
For if we raise each side to the third power, we obtain in

each case ab ; so that each side is the cube root of ab.

In like manner we have

ill 1
a" X &" X c" X . . . = {ahc.

.

.)".

Suppose now that there are m of these quantities

a, b, Cy.., and that all the rest are equal to a; thus we
obtain

1 L '

(«")"• = [or) " ; that is, ( IJar = ;/«"*.

Thus the 7n^^ power of the n^^ root of a is equal to the

n^ root of the 7n'^ power of a.

323. Since a fraction may take different forms without
any change in its value, we may expect to be able to give
different form.s to a quantity with a fractional index, with-

out altering the value of the quantity. Thus, for example,
2 4 ,24

smce
i,
=

2. we may expect that a^ = a^ : and this is the
O D

case For if we raise each side to the sixth power, we
obtain a* ; that is, each side is the sixth root of a*.

829. "We will now give some examples of Algebraical
operations involving fractional and negative exponents.

Multiply Jb^c^ by aH^c

2 1^7 3 113 1 2
3'^2"'6' 4'^3"~'12' 3'*"3

thereforo a^b^c^xa^ b^ c^ = a^b^c.





224 EXAMPLES. XXXIII.

Examples. XXXIII.

Find the value of

I.
9~-^. 2. 4"^. 3. (100)"^. 4. (1000)3. 5. (81)"^.

Simplify

6. (a2;-3. 7. (a-2y-3. 8. ^a-\ 9. Ua-\

10. a2 X c^ X a"^

Multiply

II. s?^-^y^ by ;e^-2/^. 12. a^ +aM + t^ by a^-6*.

'13. :r4-.r-4-2 by x-vx^-1.

14. ,2r^ + ;p^+l by x-'^— x~^+\,

15. a~3 + a~-^+l by a~3-l.

16. a*-2 + a~^ by a^-^-f

17. a + ahly^ - ;cV^ i>y « + «*&^ + ^V*

•

18. a;--A-2/- + .r^?/-2/^ by x^x^-y'^^-y.

Divide

19. x^-y^ by s^-'^. 20. a-& by a^-6^.

21. 64^-^ + 272/-^ by 4.??"-^ + 32/"i

22. x-—xy~+x-y-y- by x--y'^.

23. «^ + ft-M + &3 by «Ka^Z^^ + &\

24. rt'^4-&?-c3 + 2a"^6^ by a^' + b^ + c^.

25. .r^ - 2a-;c^ + rt^ by a^-'2a^x^ + a.

26. :r--4a;^y«-f 6^''?/^-4.T^?/^+2/2 by ^* -2.r«?/8 +2/^.

Find the square roots of the following expressions

:

27. x^-4: + 4.x~^^. 28. (,x + x-'^Y-4.{x-x-^),

29. x^-4x'^ + 2x^ + A:X-'ix^ + x^.

?,0. 4.s^-12a;^ + 25-242:"^ + 16.c"i
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XXXIY. Surds.

330. When a root of a number cannot be exactly
obtained it is called an irrational quantity, or a surd.
Thus, for example, the following are surds

;

And if a root of an algebraical expression cannot be
denoted without the use of a fractional index, it is also

called an irratvmal quantity or a surd. Thus, for ex-

ample, the following are surds
j

The rules for operations with surds follow from the
propositions of the preceding Chapter; and the present
Chapter consists almost entirely of the application of those
propositions to arithmetical examples.

331. Numbers or expressions may occur in the form
ef surds, which arc not really surds. Thus, for example,

1^/9 is in the form of a surd, h)ut it is not really a surd, for

s,/9 = 3; and J{a'' + 2ab + b'^) is in the form of a surd, but
it 4s not really a surd, for Jia^ + 2ab + b^ = a + b.

332. It is often convenient to put a rational quantity

into the fonn of an a.ssigned hunl ; to do tliis we raise the

quantity to the power c<:)rre.sponding to the root indicated

by the surd, and prefix the radical sign. For example,

3 = V3'-s/9; 4 = ^43=4/64; a=^a*', a + b= i/ia + by,

333. The product of a rational quantity and a surd

may be expressed as an entire surd, by reducing the

rational quantity to the fonn of the surd, and then multi-

plying; see Art 327. For example, 3^/2 = ^/9 x^2 = ^18;

2^4-4/8x^4=^32; a^ = ^a'^x ^b = J{aR>).

334. Conversely, an entire surd may be expressed as

tlie ]»roduct of a rational quantity and a .*iurd, if the root of

one factor can be extracted.

T.k. U
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For example, J3'2= ^(16 x 2) = ^16 x ^2= 4^;
4/48= V(8x6)=4/8x 4/6 = 24/6;

4/(a36») = 4/a'x4/5>= a4/6«.

335. A surd fi'action can be transformed into au
equivalent expression with the surd part integi-al.

For example, 7^ = 7q^ «= 71^ = ^' J

y2 ^ y2x9 ^ y18 ^ 4/18

'^3'^3x9 '^27 3*

336. Surds which have not the same index can be
transfoimed into equivalent surds wliich have ; see Art 327,

Forexample, take ^5 and 4/11: >J6 = 6^7 4/ll = (ll)-^f

5^= 5^= 4/5'= ^125, (11)* = 11^= 4/(11)^ = 4/121.

337. We may notice an application of the preceding

Article. Suppose we wish to know which is the greater,

,^5 or 4/11- When we have reduced them to the same
index we see that the former is the greater, because 125 is

greater than 121.

338. Surds are said to be similar when they have, or

can be reduced to have, the same irrational factors.

Thus 4^/7 and 5^7 are similar surds; 5^/2 and 44/lG

are also similar surds, for 4^/16 = 84/2.

339. To add or subtract similar surds, add or subtract

their coefficients, and affix to tlie result the common
irrational factor.

For example, ^/12 + ^75 -J48 = 2 ^^3 + 5 ^3 - 4 J3
= (2 + 5-4)^3 = 3^/3.

2 73 1 y256 2 V12 1 V64 x 12

1^2 + 4 V^-3V^ + 4 V-^7—

^2^12 1 44/12 ^ 24/12

3 2 4 3 3 '
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340. To multiplv simple surds which have the same
Index, multiply separately the rational factors and the
irrational factors.

For example, 3 <»y2 x ^3 = 3 v/6 ; 4 ^5 x 7 ^6 = 23 ^30 ;

24/4x34/2 = 6^8 = 6x2 = 12.

341. To mvJtiply simple surds which have not the same
index, reduce them to equivalent suids which have the same
index, and then proceed as before.

For example, multiply 4 V5 by 2 ^l\.

By Art. 336 v/5 = ^12d, 4/11=4/121.

Hence the product is 8 4/(125 x 121), that is, 84/15125.

342. The multiplication of compound surds is per-

formed like the multiphcation of compound algebraical

.expressions.

' For example, (6^/3-5 ^2) x (2 ^3 + 3 ^2)
/ =36 + 18^/6-10^/6-30 = 6 + 8^6.

j
343. Division by a simple surd is performed by a role

like that for multiplication by a simple surd; the result

may bo simplitied by Art 335.'

For example. 3. 2 + 4.'3 =^^ =y^.^y^ = f;

4 /5-2V11- ^^"^ _24^_o yi-25 yi25x(ll/
4V5-2Vn-.-,jjY- ^j21 -^^12l"^^121x(ll/

_ 2 4/]S30125

11

The student will observe that by the aid of Art. 3:55 the

rcs'iltij are nut in forms which are»more c<:»nvenient for nu-

merical appli( "ition ; thus, if we have to find the approxi-

mate nuniirical value of 3 ^/2 + 4 ^^3, the exsiest method is

to extract the square root of 6, and divide the result by 4.
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344. The only case of division by a compound surd

"which is of any importance is that in which the divisor is

the sum or difference of two quadratic surds, that is, surds

involving square roots. The division is practically effected

by an important process which is called rationalising the

denominator of a fraction. For example, take the fraction

-
-J-
——— ; if we multiply both numerator and denomi-

nator of this fraction by 5 v'^ - 2 >y3, the value of the frac-

tion is not altered, while its denominator is made rational;

thus
4 ^ 4(5^2-2^/3)

''''^
5^2 + 2^3 (5^2 + 2^3)(5^/2-2V3)
^ 4 (5 ^2 -2 V3) ^ 10^2-4^3

60--12 ~ 19

BimilarlY
v/3+V2 . (^3+ V2)(2 j3-f ^2)

bimiiaily,
2 3,^2 "(2^/3- V2) (2^3+ ^2)

8+3^/6 8 + 3^6
~ 12-2 ~ 10

345. "We shall now shew how to find the square root of

a binomial expression, one of whose terms is a quadratic

surd. Suppose, for example, that we require the square

root of 7 + 4^3. Since {Jx+ Jyf= x + y + 2 J{xy\ it is

obvious that if we find values of x and y fi'om x + y= 7j

and 2 J{xy) = 4 ,^3, then the square root of 7 + 4 v/3 will be

V^ + \/2/- ^® ^^y arrange the whole process thus

:

Suppose ^/(7 + 4:JS)= Jx+ Jy;

square, 1 + 4:JS = x-^y+ 2j{xy).

Assume x + y= 7, ihen^J{xy)= 4 J3;

square, and subtract, (a? + 2/)^— 4^^ = 49 — 48 = 1,

that is, {x-yf = l, therefore x— y = l.

Since x + y=7 and x-y = l, we have ^= 4, y = Z}

therefore ^(7 + 4 V3) =V4+ V3 = 2 + V3.

SimHarly, ^(7 - 4 ^/3) = 2 - y 3.
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Examples. XXXIV.

Simplify

1. 3^2 + 4^8-^32. 2. 2^4 + 5^(32-4/108.

3. 2^3 + 3^(U)-V(5^). 4. ^-i^.

Multiply

5. N/5 + V(li)--^by ^3.

7. l+^/3- V2by VO- J2.

8. s/3+^2by-33 + ^.
-

Rationalise the denominators of the following fractions

:

Q 3+^/2 v/:^-^n/'2
^' 2^r72- ^"'

^/3-^/2•

11 l^^'J^ 12 2v/3 + 3n/2
• 3V5 + 2J3' * 3^/3-2V6•

Extract the square root of

13. 14 + 6,^5. 14. 16-6^/7. 15. 8 + 4^3.

16. 4-^15.

Simplify

17. ., ^
.^.. . 18.

V(5+V24)'
^"'

V(7-4^/3)-
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XXXV. Ratio.

346. Ratio is the relation which one quantity hears
to another with respect to magnitude, the comparison
being made by considering what multiple, part, or parts,

the first is of the second.

Thus, for example, in comparing 6 with 3, we observe
that 6 has a certain magnitude with respect to 3, which
it contains twice ; again, in comparing 6 with 2, we see that

6 has now a different relative magnitude, for it contains
2 three times ; or 6 is greater when compared with 2 than
it is when compared with 3.

347. The ratio of a to & is usually expressed by two
points placed between them, thus, a : 6 ; and the fonner is

called the antecedent of the ratio, and the latter the conse-

quent of the ratio.

348. A ratio is measured by the fraction which has for

its numerator the antecedent of the ratio, and for its

denominator the consequent of the ratio. Thus the ratio

of a to & is .measured by ^ ; then for shortness we may

say that the ratio of a to & is equal to ^ or is ^

.

349. Hence we may say that the ratio of a to 6 is equal

to the ratio of c to d, when r = ^

.

'

h d

350. If the terms of a ratio he multiplied or divided
by the same quantity the ratio is not altet^ed.

n, a ma , . ^ ,„^.

351. We comjmre two or more ratios by reducing
the fractions which measure these ratios to a common
aeaymiuiitor. Ihuii, suppose one ratio to be that of a to d,
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and another ratio to be that of c to d; then the first ratio

a ad , ,, , ,. c he
i"
= j-j, and the second ratio ^ = tj*
od a od

Hence the first ratio is greater than, equal to, or less

than the second ratio, according as ad is greater than,
ctjual to, or less than he.

352. A ratio is called a ratio of greater inequality, of
less inequalitif, or of equality, according as the antecedent
is greater than, less than, or equai to the consequent.

353. A ratio of greater inequality is diminished,
and a ratio cf less inequality is increased, hy adding
any niimher to hoth terms of the ratio.

Let the ratio be i , and let a new ratio be formed by

adding x to both terms of the origin^ ratio; then ^

is greater or less than ^, according as &(«+ «) is greater or

less than a{b + x); that is, according as hx is greater or less

than ax, that is, according as 6 is greater or loss than a.

354. A ratio of greater inequality is increased, and
a ratio of less inequality is diminished, hu takingfrom
both terms of the ratio any number which is less than
each of those terms.

Let the ratio be , , and let a new ratio be formed by

taking x from both terms of the original ratio: then :r

—

o —x

is greater or less than . , according as b{a-x) '\a greater

or less than a{h — x)\ that is, according 2i» hx '\b less or
greater than ax, that is, according as h is less or greater
than a.

SrjS, If the antecedents of any ratios bo mnUipliod
together, and also the consequents, a new ratio is obtained
which is said to be compounded of iI.l former ratios. Thiw
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the ratio achd'n said to be compounded of the two ratios

a : h and c : d,

"When the ratio a : & is compounded with itself the

resulting ratio is a^ : 6^ ; this ratio is sometimes called the

duplicate ratio oia :h. And the ratio a^ : &* is sometimes
called the triplicate ratio of a : &.

356. The following is a. very important theorem con?-

cemmg eq^ual ratios.

Suppose that £=;/=>» then each of theso ratios

_ i'pa"* + qc" + re'^\~i

~ xplf + qd"* + rf"")

where j!>, q^ r, w are any mimbers whateyer,

FGrletA;=?=^ = ^; thon
a J

1d>-a, kd = Cj hf=^^

therefore p{kbT + q (kd)" + r {kff =por+ go* + r6» i

,, par + q(f + r^
^

~p}f->rqd^^rf

„ i. r fpa''^rqc'' + re''\\
therefore ^=(^T^r^,7''T^; *

The same mode of demonstration may be applied, and

a similar result obtained when there are mgre than three

ratios given equal.

As a particular example we may suppose n = 1, then we

see that if ? = -? = ?, each of these ratios is equal tooaf
pa + qc + re ^^^ ^^^^ ^^ ^ special case we may suppose
pb + qd + rf , . .

p = q=r,so that each of the given equal ratios is equal to

a+ c + e

therefore
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EXASfPLES. XXXY.

1. Find the ratio of fom-teen shillings to three guineas.

2. Arrange the following ratios in the order of magni-
tude; 3 :4, 7 : 12, 8 : 9, 2 : 3, 5 : 8.

3. Find the ratio compounded of 4 : 15 and 25 : 36.

4. Two numbers are in the ratio of 2 to 3, and if 7 bo
added to each the ratio is that of 3 to 4 : find the numbers.

5. Two numbers are in the ratio of 4 to 5, and if 6 bo
taken from each the ratio is that of 3 to 4 : find the numbers.

6. Two numbers are in the ratio of 5 to 8; if 8 bo
added to the less number, and 5 taken from the greater
number, the i*atio is that of 28 to 27 : find the numbers.

7. Find the nimibcr wliich added to each term of tho
ratio 5 : 3 makes it three-foui-ths of what it would have be-

come if the same number had been taken from each term.

8. Find two numbers in the ratio of 2 to 3, such that

their difi'erence has to the diflference of their squares tho
ratio of 1 to 25.

9. Find two numbers in the ratio of 3 to 4, such that
their sum has to the sum of their squares the ratio of

7 to 60.

10. Find two numbers in the ratio of 5 to 6, such that
their sum has to tho difi'erence of their squares tho ratio of
1 to 7.

,11. Find X so that tho ratio x : 1 may be tho duplicate
of tho ratio 8 : x.

12. Find x so that tho ratio a —x\b-x may bo tho
duplicate of the ratio a\h.

13. A person has 200 coins consisting of guineas, half-

sovcrcign.s, and lialf-crown.s; the sums of money in guineas,
half-sovereigns, and half-crowns aro as 14 : 8 : 3; find
the numbers of tho difiercnt coins.

14. If 6-a :6 + a= 4a-6 : 6a-^ find a : 6.

16. If = = £— =
, then / -^ m 4- n = 0,a-h b-c c-a*
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XXXVL Proportion,

357. Four numbers are said to be proportional when
the first is the same multiple, part, or parts of the second

Q /J

as the third is of the fourth ; that is when = = - the four
o a

Qumbei-s a, b, c, d are called proportionals. This is usually

expressed by saying that a is to 6 as c is to d; and it is

represented thus' a : 6 :: c : o?, or thus a :b = c : d.

The terms a and d are called the extremes, and b and c

the in'eans.

358. Thus when two ratios are equal, the four numbers
which form the ratios are called proportionals ; and the pre-

sent Chapter is devoted to the subject of two equal ratios.

359. WTien/our nuynbers are proportionals the pro-
duct of the extremes is equal to the product of the means.

Let a, b, c, d be proportionals

;

then i:
= j»*

b a

multiply by bd] thus ad=bc.

If anv three terms in a proportion are ^ven, the fourth

may be determined from the relation ad=bc.

If ft = c we have ad—b'^\ that is, if the first be to the

second as the second is to the third, the 2)roduct of the

extremes is equal to the square of the m^an. •

When a :b ::b : d then a, b, d are said to be in con-

tinuedproportioti ; and b is called the mean j^^roportional

between a and d.

360. If the product of two numbers be equal to the

product of two others, the four are proportionals, the

terms of either product being taken for the meaiis, and
the terms uf the other product for the extremes.

X b
For '[etxy= ab; didde by ay, thus - = -

;a y
or x .a.:b :y (Art. 357).
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361. lia-.h \: c :d, and c \ d w e : f, then a\h we :f.

For Y = J . and -,= :?; therefore r = -

;

6 a a / /

or a :b :: e :/.

3(>2; Iffour vnmhers he proportionals^ they are pro-
portbmah ithen taken inversely ; that is, \{ a : b :: c : d,

then b a v. d \ c.

For Y =
;y

; divide unity by each of these equals

;

thus = -
; or : a :: a : (7.

o c

3G3. If four numbers be proportionals, they are pro-

portionals wlien taken alternately; that is, if a : 6 :: c : fl?,

then a : c ::b : d.

For . = -; ; multiply by
;
thus - = ^\

or a : c :: b : d.

3fi4. If four numbers are proportionals, the first

together with the second is to the second as the third
together with the fourth is to the fourth; that ia

if a : b :: c : d, then a + b : b :: c + d : d.

For i = . ; add unity to these equals ; thus

£•4-1 = ^+1, that 18 . = —J- ; ora + b -.b.-.c + duL
d .d

365. Also the excess of the first above the second is to

the seomd a* the excess of the third above the fourth is to

the fourth.

For
;^
= J ; subtract unity from these equals ; thua

a , c ^., .'d—bc — d ,, , ,
r — 1 = J — 1, that 18 —£— = -—r- or a— b : b :: c— d : d.
o ct a
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366. Also the first is to the excess ofthef,r9t above the
second as the third is to the excess of the third above the
fourth.

By the last Article —^— = —;—
; also ^ = -,

:

d d
,, f a—b b c—d d a — b c—d
therefore —^— x - = —— x - , or =

,bade' a c '

or a— b : a :: c — d : c; therefore a : a — b :: c : c—d.

367. When four numbers are proportionals, the sum
of the first and second is to their difference as the sum
of the third and fourth is to their difference; that is, if

a : b :: c : dj then a + b : a — b :: c + d : c— d.

By Arts. 364 and 365 —r— =—j-, and —r- = —v-
l''

b d b d
., - a + b a— b c + d c-d ^- ^ . a + b c+d
therefore—7

—

'•
—r~ =—j— -="—r~

j that is—= =—3,
& b d d ' a-b c-d*

or a + b : a— 6 :: c + t/ : c — d.

368. It is obvious from the preceding Articles that if

four numbers are proportionals we can derive from them
many other proportions; see also Art. 356.

369. In the definition of Proportion it is supposed that

we can determine what multiple or what part one quantity

is of another quantity of the same kind. But we cannot
always do this exactly. For example, if the side of a
square is one inch long the length of the diagonal is de-

noted by J'2 inches ; but s/'^ cannot be exactly found, so

that the ratio of the length of tlie diagonal of a square

to the length of a side cannot be exactly expressed by
numbers* Two quantities are called incomiroensurable

when the ratio of one to the other cannot be exactly ex-

pressed by numbers.

The student's acquaintance with Arithmetic will sug-

gest to him that if two quantities are really incommen-
surable still we may be able to express the ratio of one to

the other by numbers as nearly as we please. For example,
we can find two mixed numbers, one less than J2, and the
other greater than \/2, and one differing from the other by
as small a fraction as we please.
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370. "We will give one proposition with respect to the
comparison of two incommensurable quantities.

Let X and y denote two quantities; and suppose it

known that however great an int«ger q may be we can find

another integer p such that both x and y lie between

^ and : then x and y are equal.

For the difference between x and y cannot be so great

as -
; and by taking q large enough - can be made less

than any assigned quantity whatever. But if x and y were
unequal their dilierence could not be made less than any
assigned quantity whatever. Therefore x and y must be
equal.

'M\. It will be useful to compare the definition of pro-
jxiilion which h:is been used in this Chapter witii that
which is given in the fifth book of Euclid. Euclid's defini-

tion may be stated thus: four quantities are propi^rtionals

v^hcn if any equimultiples be taken of the first and the
thir.l, and also any cquiinulti[)les of the second and the
fourth, the nniltiple of the third is gi'cater than, equal to,

or less than, tiio multiple of the fourth, according as the
multiple of the first is ureater than, equal to, or less than
the nniltiple of the second-

372. We will first shew that if four quantities satisfy

the algebraical definition of proportion, they will also
satisfy Euclid's.

o c
For suppose that a : b :: c : d; tin. t = ^ ; therefore

a

f

= j» whatever numbers p and q may bo. II once pc is

greater than, equal to, or less than qd, according as ;>a is

gi-eatcr than, equal to, or less than <jJ>. That is, the four
quantities «, 6, r, d satisfy Eluclid's definition of proportion.

373. We shall next shew that if four quantities satisfy

Euclid's definition of proportion they will also satisfy the
algebraical <lelJnition.

For suppose th:it a, h, c, d are four qv.untities such that
whatever aumbers p and q may be, pc is greater than,
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equal to, or less than qd, according as ^;a is greater than,
equal to, or less than qh.

First suppose that c and d are commensurable ; take

p and q such that j9C = ga; then by h}-pothesis j!?(Z = $-& : thus

"^ = 1 = -;; therefore \= .. Therefore a :b :: c : d.
qo qd d

Xext suppose that c and d are incommensurable.
Then we cannot find whole numbers p and q, such that
pc— qd. But we may take any multiple whatever of d^ as

qd^ and this will lie between two consecutive multiples of c,

say between j9c and (^; + l)c. Thus —, is less than unity,

(^_+l)c

qd

— is less than unity, and ^^
,— is greater than unity.

Thus - and , are both greater than - , and both less than

. And since this is true however gi'cat p and q may

a c
be, we infer that , and , cannot be unequal; that is, they

must be equal: see Art. 370. Therefore a : b :: c : d.

That is, the four quantities a, b, c, d satisfy the alge-

braical definition of proportion.

374. It is usually stated that the Algebraical definition

of proportion cannot be used in Geometry because there is

no method of representing geometrically the result of the
operation of division. Straight lines can be represented
geometrically, but not the abstract number which expresses
how often one straight line is contained in another. But it

should be observed that Euclid's definition is rigorous and
applicable to incommensurable as well as to commensur-
dble quantities ; while the Algebraical definition is, strictly

speaking, confined to the latter. Hence this consideration
alone would furnish a sufficient reason for the definition

adopted by Euclid.
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XXXVII. Variation.

375. The present Chapter consists of a series of pro-
positions connected Avith the definitions of ratio and pro-

portion stated in a new phraseology which is convenient
for some pui-poses.

376. One quantity is said to %'a.ry directly as another
when the two quantities depend on each Other, and in such
a manner that if one be changed the other is changed in

the same proportion.

Sometimes for shortness we omit the word directlyj

and say simply that one quantity varies as another.

377. Thus, for example, if the altitude of a triangle be
invariable, the area varies as the base ; for if the base be
increased or diminished, we know from Euclid that the

area is increased or diminished in the same proportion.

We may express this result with Algebraical symbols thus;

let A and a be numbers which represent the areas of two
triangles having a common altitude, and let B and h be
numbers which represent the bases of these triangles re-

4 B
sx>ectively ; then — = t- . And from this we deduce

-= = f , by Art. 3G3. If there be a third triangle having the
B
same altitude a'? the two already considered, then the ratio

of the nmnber which represents its area to the number which

represents its base will also be equal to y. Put ^ = wi,

then^ = m, and A=^mB. Here A may represent the
B

area oi any one of a series of triangles which have a com-

mon altitude, and B the corresponding base, and m re-

mains constant. Hence the statement that the area varies

as the base may also be expressed thus, the area has a
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constant ratio to the base; by which we mean that the
number which represents the area bears a constant ratio

to the number which represents the base.

These remarks are intended to explain the notation and
phraseoU)g^y which are used in the present Chapter. When
we say thut A varies as /?, wo mean that A represents the
numerical value of any one of a certain series of quantities,

^.nd B the numerical value of the corresponding quantity
in a certain other series, and that A=mD, where m is

some number which remains constant for every correspond-
ing pair of quantities.

It will be convenient to give a formal demonstration
of the relation A = mH, deduced from the definition in

Art. 376.

378. I/A varu as B, then A is equal to B multiplied
by some constant number.

Let a and b denote one pair of corresponding values of

the two quantities, and let A and B denote any other pair;

then — = T , by definition. Hence A = rrB = mB, where
a b ' ''

m is equal to the constant ^

.

379. Tlie symbol x is used to express variation ; thus

A cc B stands for A varies as B.

380. One quantity is said to vary inversely as another,

when the first varies as the reciprocal of the second See
Art. 323.

Or If A =
J,,

where m is constant, A is said to vary

inversely as B.

3S1. One quantity is said to vary as two others joinili/,

when, if the former is changed in any maimer, the product

of the other two is changed in the same proportion.

Or if A -^ mBC, where m is constant, A is said to vary
jointly as B and C.

m A .16
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382. One quantity is said to vary directly as a second

and inversely as a third, when it varies jointly as the

second and the reciprocal of the third.

Or if -4 = -77- , where m is constant, A is said to vary

directly as B and inversely as G.

383. i[rA oc B, andB oc C, then A oc C.

For let -4 = m5, and -5= 72(7, where m and n are con-

stants; then A = 'mnC', and, as mwia constant, A cc C.

384. If K cc Q, and B oc C, /.^ew x\=fcB oc C, aw<^

V(AB) cc C.

For let A —mC^ and B— nC, where m and « are con-

stants; then yl±^=(m±w)C; therefore -4 ±:5 x (7.

Also JU^)=V(wnC72) = (7V(w?2); therefore ^'{AB) o:G.

385. j[^ A oc BC, ^A^n B X ^, «»ia' C x ^.

For let ^ =mJ50; then B= - ^ ; therefore ^ oc 4 •

Similarly, C oc -„

,

386. IfAa:B, and C x D, then AC x BD.

For let A = mB, and C^nD; then AG^mnBD]
therefore ^Cx ^2>.

Similarly, if A oc B, and C'x 2>, and EznF, then
AGEjiiBDF', and so od.

387. ^A X B, ^Am A° X B».

For let A =mB, then ^"= 7^"^"; therefore -4" x B*.
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388. If A ac: B, then AP « BP, where P is any
qtuintity variable or invariable.

For letA = mB, then ^P= mBP ; therefore ^P x BP.

389. //* A X B ?r/<en C is invariable , and A x C when
B /* invariabley then A x BC -prA^n feo^A B a?2rf C ard
variable.

The variation of ^ depends on the variations of the
two quantities B and C ; let the variations of the latter

quiintities take place separately. When B is changed to b

A B
let A be changed to a' ; then, by supposition, ~> = -r •

Now let C be changed to c, and in consequence let a' be

changed to a ; then, by supposition, — = - . Therefore

A a' B G ^, ^. A BC ^. . . p^
-; X — = T^ X — ; that 18, — = ^— : therefore A x ^(7.

A verj' good example of this proposition is furnished in

Gootnetry. It can be she^vn that the area of a triangle

varies as' the base when tlie height i.s invariable, and that

the area varies as the height wIku the base is invariable.

Hence when both the base and the height vary, tlie area

varies as the i)roduct of the luimbers whicli represent tho

ba.se and tho height.

Otlier examples of this proposition are supplied by tho
?uestions whicli occur in Arithmetic under tiie head of tho
><)uble Rule of Three, For instance suppose tliat tho

quantity of a work wliich can be accomplislied varies a,s

the number of wurkmcn when the time is given, aiul varies

as the time when the number of workmen is given ; then
the quantity of the work \s\\\ varj' as the product of the
number of worlimon and the time when bot'i vary.

.3f)(). In the Bamc manner, if tlierc be any number of

quantities 7?, C^ A ••c:icli of which varies as another
quantity A when the rest are constant, when they all vary

A varies as their product.

in-
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Examples. XXXYII.

1. A varies as B, and A = 1 when B — \\ find the
value of A when ^ = 2.

2. If A^^E" varies as A^ - E"; shew that ^ +5
varies as ^ — -S.

3. 3^ + 5E varies as 5^ + SB, and ^ = 5 when i? = 2

;

find the ratio A : E.

4. A varies as nE + C; and yl=4 when E = \, and
C= 2 ; and A = 1 when -6 = 2, and C= 3 : find n.

5. -4 varies as E and C jointly ; and A = \ when
^=1, and C= 1 : find the value of A when ^ = 2 and C=2.

6. ^ varies as E and C jointly ; and ^ = 8 when
E= 2, and C= 2 : find the value of EC when ^ = 10.

7. -<4 varies as E and (7 jointly; and A = 12 when
S=2, and C=3: find the value of ^ : ^ when C=4.

8. A varies as E and C jointly ; and A = a when
.5 = 6, and C=c: find the value of A when -6 = &2 and
(7=c2.

9. A varies as E directly and as C inversely ; and A=a
when B= b, and C=c: find the value of A when E = c and
C=h.

10. Tlie expenses of a Charitable Institution are partly

constant, and partly vary as the number of inmates.

When the inmates are 960 and .3000 the expenses 'are re-

spectively ^112 and ^150. Find the expenses for 1000

inmates.

11. The wages of 5 men for 7 weeks being £17. 10*.

find how many men can be hired to work 4 weeks for £30.

] 2. If the cost of making an embankment vary as the

length if the area of the transverse section and height be

constant, as the heiglit if the area of the transvei-se section

and length be constant, and as the area of the transverse

section if the length and height be constant, and an em-
bankment 1 mile long, 10 feet high, and 12 feet broad cost

£9600 find the cost of an embankment half a mile long,

16 feet high, and 15 feet broad.
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XXXVIII. Arithmetical Progression,

391. Quantities are said to be in Arithmetical Pro-
gression when they increase or decrease by a common dif-

ference.

Thus the following series are in Arithmetical Pro-
gression,

2,5,8, 11, 14,

20, 18, IG, 14,12,

a, a + 6, a + 2&, a + ib, a + 4b

The common difference is found by subtracting any
term from that which immediately fllows it. In tlie first

aeries the common difference is 3 ; in the second series it is

— 2; in the third series it is b.

392. Let a denote the first term of an Arithmetical
Progression, b the common difference; then the second
term is a 4- b, the third term is a 4- 2^, the fourth term is

a+ 36, and so on. Thus the 74"" term ha + {n-l)b.

393. To find the sum of a given number of t>'rms of
an Arithmetical Progression, the first term and the com-
mon difference being supposed knmcn.

Let a denote the first term, b the common difference, n
tlie number of terms, / the last term, s the sum of the
terms. Then

* = a + (a + 6) + (a + 26) + + /.

And, by writing the scries in the reverse order, wo have
illso

s = U{l-h) + {l-2b) + + a.

Therefore, by addition,

2* = (/+ a) + (/ + rt)-i- to n terms

= 7j(/ + a);

therefore * = -(/ + a) (i).
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Also l=a^{n-l)h (2),

thus * = |{2(Z + (7i-l)&} (3).

The equation (3) gives the vahie of s in terms of the
quantities which v.:ere supposed known. Equation (\) also

gives a convenient expression for s, and furnislies the
following nile : the sum of any number of terms in
Arithmetical Progression is equal to the product of the

nuihher of the terms into half the sum of the first and
last terms.

We shall now apply the equations in the prc-sent Article

to solve some examples relating to Arithmetical Pro-
gression.

394. Find the sum of 20 terms of the series 1, 2, 3, 4, . .

.

Here a = l, & = 1, w = 20; therefore

20
5 =— (2 + 19)= 10x21 = 210.

395. Find the sum of 20 terms of the series, 1, 3, 5, 7,. . .

Here a = l, & = 2, n = 20; therefore,

20 20
5= -(2 + 19x2)= — x40 = (20)2=400.

396. Find the sum of 12 terms of the series 20, 18, 16,...

Here <i = 20, &=— 2, n= 12; thsfefore

5= ^(40-2 X ll) = 6(40-22) = 6 X 18 = 108.

397. Find the sum of 8 tenns of the series r^ , ^ > t > s >• • •

1^ 6 4 o

Here a=— , b=—,7i = S; therefore

Khk)-^4.-
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398. How many terms must be taken of the seriea

15, 12, 9,... that the sum may be 42 ?

Here « = 42, a = 15, 6= -3; therefore

42=^|30-3(n-l)| =|(33-3n).

We have to find n from this quadratic equation ; by
fiolving it we shall obtain 7j=4 or 7. The scries is 15, 1^
9, 6, 3, 0,-3, ; amd th^ it will be found that we ob-

tain 42 as the sum of the first 4 terms, or as the sum of the

first 7 terms.

399. Insert five Arithmetical means between 11 and
23.

Here we have to obtain an Arithmetical Profession
consisting of seven terms, beginning \vith 11 and ending

with 2.3. Thus a = ll, / = 23, n = 7 ; therefore by equation

(2) of Art. 393,
23 = ll + 6&,

therefore & = 2.

Thus the whole series is 11, 13, 15, 17, 19, 21, 21

Examples. XXXVIII.

Sum the following scries

:

1. 100, 101, 102, to 9 terms.

2. 1,2^,4, to 10 terms.

3. 1, 2|, 4i, to 9 terms.

4. 2, 3^, 5^, to 12 terms.

2 6
6. 3, g, 1, tol8tenn«.

6. 2» -§' "6 ' to 15 terms.

7. Insert 3 Arithmetical means between 12 and 20.

8. Insert 5 Arithmetical moans between 14 and 16.
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9. Insert 7 Arithmetical means betvveen 8 and -4.

10. Insert 8 Arithmetical means between — 1 and 5.

11. The first term of an Arithmetical Prog^ression is

13, the second term is 11, the smn is 40: find the number
of terms.

12. The first term of an Arithmetical Profession is

5, and the fifth term is 1 1 : find the sum of 8 terms.

13. The sum of four terms in Arithmetical Progi*ession

is 44, and the last term is 17: find the terms.

14. The sum of three numbers in Arithmetical Pro-
gression is 21, and the sum of their squares is 155 : find the
numbers.

15. The sum of five numbers in Arithmetical Progres-

sion is 15, and the sum of their squares is ob: find th©
cumbers.

16. The seventh term of an Arithmetical Progression

is 12, and the t\yelfth term is 7; the sum of the series is

171 : find the number of terms.

17. A traveller has a journey of 140 miles to perform
He goes 26 miles the first day, 24 the second, 22 the
third, and so on. In how many days does he perform the
joui'ney ?

18. A sets out from a place and travels 2| miles an
hour. B sets out 3 hours after A, and travels in the
same direction, 3 miles the first hour, 3^ miles the second.

4 miles the third, and so on. In how many hours \\\\\ B
overtake A ?

19. The sum of three numbers in Arithmetical Pro-
gression is 12 ; and the sum of their squares is 66 : find

the numbers.

20. If the sum of n terms of an Arithmetical Pro-
gression is always equal to n^, find the first term and the
common difference.
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XXXIX. Geometrical Progression.

400. Quantities are said to be in Geometrical Pro-
gression when each is equal tt) the product of the preceding
and some constant factor. The constant factor is called

the coiniaon ratio of the series, or more shortly, the 'ratio.

Thus the follo^^•ing series are in Geometrical Progrest-

sion.

1,3,9,27,81,

1111
^' 2' 4' 8' IG'"

a, ar, ar-, ar^, ar

The common ratio is found by dividing any term by
that which immediately precedes it. In the first example

the common ratio is 3, in the second it is - , in the third

it is r.

401. Let a denote tlie first term of a Geometrical Pro-
gression, r the common ratio; then the second term is ar,

the third term is ar-, the fourth term is ar\ and so on.

Thus the n'^ term is <//•"-^

402. To find the sum 'J' a gicrn number of terms ofa
Genmetrical Prcgressvm^ the first term and the common
ratio being supjtosed knoicn.

Lot ,1 dejiote the first term, r the common ratio, n the
niirnbcr of terms, * the sum of the tcrn.s. Then

8 = a + ar+ar^ + ar^+ .. ^ur"'^;

therefore sr -ar ^-ar' + ar^+ ... + a/-"~^4-ar".

Therefore, by subtraction,

sr-s = ar^-a,

therefore '^^T^ ^^^
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If I denote the last term we have

l = ar''-'^ (2),

therefore «= , (3).

Equation (1) gives the value of s in terras of the
quantities whicli were supposed known. Equation (3) is

sometimes a convenieut form.

"We shall now apply these equations to solve some ex-

amples relating to Geometrical rrc^-ession.

403. Find the sum of 6 terms of the series 1, 3, 9, 27,. ••

Here a-l,r— o,n = Q\ therefore

3«-l 729-1

404. Find the sum of 6 terms of the series 1, -3,
9, -27,...

Here a = l, r=— 3, w = 6; therefore

(-3)«-l _ 729-1

405. Find the sum of 8 terms of the series 4, 2, 1, -....

Here a= 4, r=-,7i = 8; therefore

<i-0_<-.^) 255 ^ 2 _ 255.

2 2

406, Find the sum of 7 terms of the series, S,

2, -1, \, ...

Here a=8, r=--, n= 7; therefore

8{(-^^y-l} s(-^-l)
,,, ,_,3—.i_, —ni 16 3- 8-

2 ^ "2 ^
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407. Insert three Geometrical means between 2 and
32.

Hero we have to obtain a Geometrical Profession
consisting of Jive terms, beginning with 2 and ending with

32. Thus a = 2, I = 22, n = 5; therefore, by equation (2)

of Art. 402,
32-2H,

tliat is ?'^ = 16 = 2S-
therefore r = 2.

Tims the whole scries is 2, 4, 8, 16, 32.

408. We may write the value of s, given in Art. 402,

tlius

*~ \-r '

Now suppose tliat r is less than unity ; then tlie larger

n is, the smaller will r" be, and by taking n large enough
r" can be made as small as we please. If we neglect >•"

we obtain

a

and we may enunciate the result tha*?. In a Geometneal
Progression in tc/iich the common ratio is numerically
less than unity, by taking a sufficient number of terms
the sum can he made to differ as little as ice please

from —

,

409. For ciami)lo, take the series 1, , - , - , ...

Here a = \, r = ^; therefore-— =2. Thus by taking'2 1 -r
a sufficient nmnber of terms the sum can bo made to differ

aa little as wo please from 2. In fact if wo take four

terms the sum is 2— -, if wo take fite terms the sum is
8

2 - , if wo take six terms the smii is 2 - „^ , and so on.

The result is sometimes expressed thus for shortness,

the sum of an infinite number (f terms qf this terie* U
2; or thuSj the sum to infinity ii: 2.
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410. Recurring decimals are examples of what aM
called infinite Geometrical Progression. Thus for example

, 3 24 24 24
•3242424... denotes - + - .- ^^ + -, + ...

3
Here the terms after — form a Geometrical Progres-

24
sion, of which the first term is —3 , and the common ratio

is —g. Hence we may say that the sum of an infinite

number of terras of this series is TTja"^ (i—tt^^)' ^^^^* ^^

24
. Therefore the value of the recurring decimal ii.

990
3 2£
10"^ 990*

The value of the recurring decimal may be found prac

tically thus

:

Let 5= -32424...;

then 10 5= 3-2424...,

and 1000 5 = 324-2424...

Hence, by subtraction, (1000 - 10) 5 = 324 - 3 = 32?.

;

321
therefore 5=— .

And any other example may be treated in a similar

manner.

Examples. XXXIX.

Sum the following series :

1. 1,4,16, to 6 terms.

2. 9,3,1, to 5 terms.

3. 25,10,4, to 4 terms.

4. 1, ^2, 2, 2^/2, ... to 12 terms.
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3 11
5. g, ^, g, to 6 terms.

2 3
6. Tj -1, .T,

to 7 terms.

7. ^» -3' 9> to infinity.

8. 1, -, jg, to infinity.

9. 1, -- , -, to infinity.

2
10. G, -2, -, to infinity.

Find the value of the following recurring decimals:

11. -ISlSL-j... 12. 123123123...

13. -4282828... 14. -28131313...

ITj. In.scrt 3 Geometrical means between 1 and 256.

16. Insert 4 Geometrical means between 5^ and 40^.

17. Insert 4 Geometrical means between 3 and -729.

1 S. The sum of three terms in Geometrical Proj^ress on
!>; (;3, and the diflerence of the first and tliird terms is 40:

find the term.s.

19. The sum of the first four t^rms of a Geometrical

Progre.s.'sion is 40, and the siim of the first eight terms is

3280 : find the Progression.

20. The sum of three terms in Geometrical Progres-

sion is 21, and the sum of their squares is lb9 : find tho

terms.
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XL. Harmonical Progression.

411. Three quantities A^ B, C are said to be in Har-
monical Profession when A : G .: A-B . B — G.

Any number of quantities are said to be in Harmonical
Progression when every three consecutive quantities are in

Harmonical Progression.

412. The reciprocals of quantities in Harmonical
Progression are in Arithmetical Progresshm.

Let A, B, G be in Harmonical Progression; then

A : G v.A-B : B-G.
Therefore A {B-G) = G{A-B). •

Divide by ABG ; thus t,-\,^~-^-* L/ At Jj ^l

This demonstratt-'S the proposition.

413. The property established in the preceding Article

will enable us to solve some questions relating to Har-
monical Progression. For example, insert five Harmonical

2 8
means between - and — . Here we have to insert five

S 15

3 15
Arithmetical means between '- and — . Hence, by equa-

tion (2) of Art. 393,

^ M-.
3 ' 1

therefore 6& = - , therefore h =— .

8 16

TT xu * -i .• 1 T^ . . 3 25 26
Hence the Arithmetical Progression is -

, — , r-^,
2 16 Id

27 28 29 15
7? J TTij T^y -r'y ^^^ therefore the Harmonical Pro-
ib 16 Id o

2 16 16 16 1^ 16 _8

3' 25' 26' 27' 2^' 29' 15*
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414. Let a and c be any two quantities ; let A be
their Arithmetical mean, G their Geometrical mean, H
their llarmonical mean. Then

A — a = c—A ; therefore A = ~ {a-\-c).

a \ G \\ G '. c\ therefore G= ^J{ac).

a : c :: a-H : H-c, therefore H=^^~ .

a-\-c

Examples. XL.

1. Continue the Harmonical Progression 6, 3, 2 for

three terms.

2. Continue the Harmonical Progression 8, 2, 1} for

three terms.

3. Insert 2 Harmonical means between 4 and 2.

. 4. Insert 3 Harmonical means between - and —

.

5. The Arithmetical mean of two numbers is 9, and
the Harmonical mean is 8 : find the numbers.

6. The Geometrical mean of two numbers is 48, and
the Harmonical mean is AG^ : find the numbers.

7. Find two numbers such that the sum of their Arith-

metical, Geometrical, and Harmonical means is 9^, and the
product of these means is 27.

8. Find two numbers such that the product of their

Arithmetical and Harmonical means is 27, and the excess

of the Arithmetic^il mean above the Harmonical mean
is U.

9. If a, 6, care in Ilannonical Progression, shew that

a + c-2h : a-c :: a-c : a+ e.

10. If three nuni))crs arc in Gcomctriad Profp-cssion,

and each of them is iutreascd by the middle number, shew
that the results are in Harmonical Progression.
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XLI. Permutations and Conibinations.

415. The diflferent orders in which a set of things can
be arranged are called thQiv jycrmutations.

Thus the permutations of the three letters a, b, c, taken
two at a time, are ab, ba, ac, ca, be, cb.

416. The combinations of a set of tliing-s are the
different collections which can be formed out of them,
without regarding the order in which the things are placed.

Thus the combinations of the three letters a.b, c, taken

two at a time, are ab, ac, be ; ab and ba, thourli different

permutations, form the same combination, so also do ac
and ea, and be and cb.

417. TJie nujnber of permutations of n things taken
T at a time is n (n— l)(n— 2) (n— r + 1).

Let there be n letters a, b, c, d, ; we shall first find

the number of permutations of them taken two at a time.

Put a before each of the other letters; we thus obtain
71-1 permutations in which a stands first. Put b before

erich of the other letters ; we thus obtain n — 1 permuta-
tions in which b stands first. Similarly there are n—l
permutations in which c stands first. And so on. Thus,

on the whole, there are n{n — l) permutations of 7i letters

taken two at a time. We shall next find the number of

)::ermutations of ii letters taken three at a time. It has
just been shewn that out of n letters we can form ti (n — l)

permutations, each of two letters; hence out of the n — l

letters b, e, d, we can form (n — l) (n — 2) permutations,

each of two letters : put a before each of these, and
we have (n— l)(7i — 2) permutations, each of three letters,

in wliich a stands first. SimiLirly there are 'n-l)(n-'2)
permutations, each of three letters, in which 6 stands first.

Similarly there are as many in which c stands first. And
so on. Thus, on the whole, there are oi {n — l){ii-~2) per-

mutations of n letters takea three at a time.
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From considei-ing theso cases it might be conjectured
that the number of permutations of n letters taken r at a
time Ls n[n — \){n-'2.)...{n-r+l)\ and we shall shew
that this is the case. For suppose it kno\\Ti that the num-
ber of pernmtations of n letters taken r—l at a time is

11 (n — \)[n - 2i. . {n — (r— 1) + 1}, we shall shew that a shuilar

formula will give the number of permutations of n letters,

taken r at a time. For out of the n — \ letters b, c, d,...

we can form (n — \){n-2) {« — 1 — (>*— 1 ) 4-
1 } permuta-

tions, each of r— l letters: put a before each of these, and
wo obtain as many permutations, each of r letters, in

which a stands first. vSimilarly there are as many permu-
tations, each of r letters, in which h stands first. Simi-
larly there are as many permutations, each of r lettei-s,

in which c stands first. And so on. Thus on the whole
there are n(«— 1) '«--2)....(/i— r + 1) permutations 5f n
letters taken r at a time.

If then the formula holds when the letters are taken r— 1

at a time it will hold when they are taken r at a tima
J3ut it has been shewn to hold when they are taken tliree

Jit a time, therefore it holds when they are taken four at a
time, and therefore it holds when they are taken Jicc at a
time, and so on : thus it holds universally.

418. Hence the number of permutations of n thingi
taken all together is n in— 1) (n— 2)... 1.

4 1 9. For the sake of brevity n(n-\){n — 2)...\ is often

denoted by \n ; thus \n denotes the product of the natural

numbers from 1 to n inclusive. The symbol \n may bo
xcmX, factorial n.

420. Any combination of r things will produce [_r

pcrmutaiiotis.

For by Art. 418 the r things which form the given
combination can be arranged in [r difltrcnt orders.

421. The number cf combinati int qfn tJungt taken r

^ ,. . n(n-l)(n-2)...(n-r + l)
at a time is — / — ^

.

\l

7.A. 17
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For the nimiber of 2Jer7nutations of n things tal<en r at

a tmie is 7i{7i-l){n-2) ...{n-r +l)hy Art. 411 ; and each

combination produces \r peraiutations by Art. 420 ; hence

the number of combinations must be

n{7i-l){n-2)...{7i-r+l)

If we multiply both numerator and denominator of
\n

this expression by \7i — r it takes the form -.
—f^— > the
Lr

value of course being unchanged.

422. To find the numler ofpermutations of n things

taken all together which are not all different.

Let there be n letters ; and suppose p of them to be a,

q of them to be h, r of them to be c, and the rest of them
to be the letters d, e, ..., each occumng singly: then the

number of permutations of them taken all together will be

Jn_
\p\q\r'

For suppose N to represent the required number of

permutations. If in any one of the permutations the p
letters a were changed into p new and different letters,

then, without changing the situation of any of the other

letters, we could from the single permutation produce \p

different peimutations: and thus if the p letters a were
changed into p new and different letters the whole number
of permutations would be Ny.\p. Similarly if the q letters

h were also changed into q new and different letters the

whole number of permutations we could now obtain would
be Ny. |j9 x \q. And if the r letters c were also changed

into r new and different letters the whole number of per-

mutations would be iV X
[_^

X [g X [r . But this number

must be equal to the number of permutations of n different

letters taken all together, that is to [n^>

\n
Thus iVx \p_x [£ X [r =

[2i
; therefore iV= . . ^ .

And similarly any other case may be treated.
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423. The student should notice the peculiar method of
demonstration which is employed in Art. 417. This is culled

niathcmatkal induction, and may be thus described: We
shew that if a theorem is true in one case, whatever that
case may be, it is also true in another case so related to the
former that it may be called the next case ; ^ve also shew
in home manner that the theorem is true in a certain case

;

hence it is true in the next case, and hence in the next to

that, and so on; thus fin-ally the theorem must be tnie
in every case after that with which we began.

The method of mathematical induction is frequently

used in the higher parts of mathematics.

Examples. XLL
1. Find how many parties of 6 men each can be formed

from a company of *24*men.

2. Find how many permutations can be formed of the
letters in the word coinimny, taken ail tLjgether.

3. Find how,many combinations can be formed of the
letters in the word LonfjitadCy taken four at a time.

4. Find how many permutations can be formed of the
letters in the word consonant, taken all together.

5. The number of the combniations of a set of things
taken .Awr at a time is twice as great as the number taken
three at a time: tind how many things there are iu the set.

G. Find how many words each containing two conso-

n.ants and one vowel can be formed from 20 consonants
and 5 vowels, the vowel being the middle letter of tho
Word.

7. Five persons are to be chosen by lot out of twenty:
find in liow many ways this can be done. Find also how
often an assigned person would be chosen.

8. A boat's crew consisting of ei^ht rowers and a
steersman is to Ix) formed out of twelve persons, nine of
whom can row but cannot steer, while the other three can
steer but cannot row: find in how many ways the crew
cm be fonned. Find also in how many ways tho crew
could be formed if one of tho tlirec were' able both to ruw
and to steer.

17—2
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XLII. Binomial Theorem.

424 We have already seen that {x + a)"-'= x^ + Ixa + a",

and that (.2; + rt)3 = cr'4-3.t'-« + 3a'<nr--i-a'* ; the oljjoct of the

present Chapter is to find an exi^ression for {x + af wliere

n is any positive integer.

425. By actual multiplication v.e ohtain

{x + a){x+ h)= x^ + {a + h\jf^+ ah,

{x + a) {x + b) {x + c) = x^ + {a + b + c)x^+ [ab + bc-h ca)x + abc^

{x + a){x + b){x + c){x + d) = x*+{a + b + c + d)x^

+ {ab + ac + ad + bc + bd+cd)x^

+ {ahc + bed + cda + dah)x + abed.

Now in these results Ave see that the following laws

hold :

I. The number of terms on the right-hand side is one
more than the number of binomial factors which are multi-

plied together.

II. The exponent of x in the first term is the same as

the number of binomial factors, and in the other terms
each exponent is less than that of the preceding term by
unity.

III. The coefficient of the first term is unity; the
coefficient of the second term is the sum of the second
letters of the binomial factors ; the coefficient of the third

term is the sum of the producta of the second letters of

the binomial factors taken two at a tiiiie ; the coeflicic-nt of

the fourth term is the sum of the products of the second
letters of tlie binomial factors taken three at a time ; and
so on; the last terin is the product of all the second letters

of the biaomiul factors.

AVe shall show l!;ut these laws always hold, whatever
be the number of binomial factors. Suppose the laws

to hold when n — l factors are multiplied to^jether; that is,
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gappose there are n — \ factors x + a,x+'b,x + Cf...x-\-k,

and that

{x-\-a){x-\-h)...{x + k) = x'*~'^-\-2^^''~'-^(l^'~^ + rjf~^^ .. +w,

•where p = the sum of the letters a,b, c,... k,

q-the sum of the products of these letters taken
two at a time,

r = the sum of the products of these letters taken
three at a time,

u = the product of all these letters.

Multiply both sides of this identity by aviother factor

ar+/, and arrange the product on the right hand according
to powers of x; thus

{x -i- a) {x + b) ix + c) ... {x + k) (x + f) = x* -hip -h l)x'~^

-r{q+pl) X'-' + (r + ql) x"-^ +... + ul.

Now p-^l=a+b + c+... + k + l

= tho sum of all the letters a, h, c,...k, I
;

q+pl ^Q + l{a + b + c-\-... + k)

= the sum of the products taken two at a
time of all the letters ot, 6, c,...k, I

;

r + ql = r-^l{ab + ac + b€-i-... )

= the sum of the products taken three at a time
of all the letters a, b, c^...k, I

;

w/ = tho product of all the letters.

IIcucc, if the laws hold when n—\ factors are multi-

plied togotlicr, they hold when n factors are nmltiphed
fcogctliLT; but they have been shewn to hold yihawjhur
factoiM are multiplied together, therefore they hold when
/o' factors are multiplied together, and so on: thus they
hold universally.
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We shall write the result for the multiplication of n
factors thus for abbreviation :

{x + a) {x + &) . . Jx + 1z) {x + l) = a;" + Px"~^ + Qx"''

+ Ex"--'+,..+ V.

Now P is the' sum of the letters a, b,c,... k, I, which are
w in number; Q is the sum of the products of these

letters two and two, so that there are | ^ of these

fl fji \'^. fji ON
products; B is the sum of

'

products; and so
L , 2i . o

on. See Art. 421.

Suppose b, c,...k, I each equal to a. Then P becomes

na, Q becomes ^
or, R becomes -^—

—

~- ^a^;
i. . Z . J. • ^ . o

and so on. Thus finally

/ \n « ,,—i n(n-l) „ „_„ 7i(7i — l)(n — 2) ,
{x + ay

=

^'" + 7iax''^ + ; ^ a-x""^ + ^
a^x"-^

7i(n-l)(7i-2)(7i-3'' , „ ,^
1 2.3.4 ""^ * +« •

426. The formula just obtained is called the Binomial
Theorem; the series on the right^haiul side is called the
expansion oi (x + a)", and when we put this series instead
of (x + a)" we arc said to exjmnd (.r + a)". The theorem
was discovered by Xewton.

It will be seen that we have demonstrated the theorem
in the case in which the exponent 7i is a positive i7itege7'

;

and that we have used in this demonstration the method
of 7nathematical inductioji.

427. Take for example (^ + rt)^ Heren= 6,

)
_ 6^

_

7i{7i-\){n-2 ) _ 6^
~1.2~^' 1.2.3 ~1.

w(?z-l)(w-2)(??-3) 6.5.4.3

n{7i-l) _Q.5 n(n-l)(?z-2)_ 6 .5.4_„^
1.2 ~1.2~^^' 1.2.3 ~1.2.3~^"'

1.2.3.4 1.2.3.4

n(n-l)(?i-2)(?^-3)(?^-4) _ 6 . 5 . 4 . 3 . 2

1.2.3.4.5 "1.2.3.4.6

as,

= 6;
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thus

Airain, suppose we require the expansion of {b- + cyj^:

•SVC have only to put b^ for x and ci/ for a in the preceding
i'lcntity; thus

(62 + a/f=il^^+ 6cy{bJ + 15(cy)2(62)4 + 20{ajfl-]''

+ 15(cyA&2)2+ 6{q/Yb'-+ {cyf= 6^' + 6cy6^o + 15^22/2^8

+ 20c3j/'6«+ 15c*y*6* + 6c»^6» + cV-

A Grain, suppose we require the expansion of (.c— c)"; we
must put — c for a in the result of Art. 425 ; thus

{x- cY =ar- ncx'"'' + ^?^-^W*'

1.2.3 "^^ ^•••

Again, in the expansion of (.2? + a)" put 1 for a?; thus

and as this is true for all values of a we may put ;r for a ; thus

42'^. "Wo may apply the Binomial Theorem to expand
expressions containing more than two terms. For example,
rofpiired to expand (1 '^2x— X')*. Tut y for 2x—x'-; then
we have {l + 2x- x^)* = (1 4- y)* = 1 + 4y + 6y' + 4y' + y*

= l+4{2x-x!^ + 6{2x-x^^ + 4{2x-x*)^ + (2x-x^*.

Also {2x-a*)'= (2xY-2{2x)x' + {x^y=4j^-4x^ + x*,

{2x-x^y = {2xy - 3(2jr)2jr» + 3(2x) (x^)'- (jr^'

= Sx^-l2x*-{-6x'-x«,

(2«-.«')*

=

{2xY- 4 CZxyx* + 6 {2xY{x^- 4 (2jr) («2)'+ (a^>

'^l6x*-Z2x^'h24j!!^-8aF+ x^.
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Hence, collecting the terms, we obtain {^\-1x-aF)*

= 1 + 8^'+ 20a;2 + 8a;3 - 26^- 8^ + 20a;^- 8^' + x\

429. In the expansion of (1+x)'' the coefficients of
terms equally distant from Uie hegijining and the end
are the same.

The coefficient of the r^'^ term from the beginning is

n{n-\){n-2)...{n-r + 2) . i.. , • , ^u-^ -^-.—~~ ; by multiplying both numerator

\n
and denominator hj\n—r+l this becomes , —7= r

.

The r''' term from the end is the (n - r+ 2)'" term from
the beginning, and its coefficient is

n{n-l)... {n-{n-r + 2) + 2}
^^^^^ .^ ?i(?i-l)...y

,

|n-r+l
\

n-r+l

gbo

this also becomes

by multiplying both numerator and denominator by
\

r — l

[r—l [n-r+V

430. Hitherto in speaking of the expansion of {x + aj*
we have assumed that n denotes sorae positive integer.

But the Binomial Theorem is also applied to expand
{x + a)"* when n is a positive fraction, or a negative quan-
tity whole or fmctional. For a discussion of the Binomial
Theorem vv'ith any exponent the student is referred to the
larger Algebra; it will however be a useful exercise to
obtain various particular cases from the general formula.
Thus the student will assume for the present that whatever
be the values of x, «, and w,

.-1 .

^(^-^) ^2^,-2 _;

n{n-\){n-2)^

n'n-l){n-2)[n-^)
1.2.3.4 ""^ ^

K a is not a positive integer tlio series never ends*
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431. As an example take (1 + y)^. Here in the formnla

of Art. 430 we put 1 for :r, y for a, and - for n.

w(w-l) KI-) .

1.2 1.2 8'

n{n-\){n-1) ^ 2 \2 J \2 "J ^ 1_

1.2.3
~

1.2.3 ~16'

n(n-l)(n-2)(n-3) 2(2" Q (2"^) G"^) J_
1.2.3.4 1.2.3.4 ~ 128 *

and so on. Thus

As another example take (1 + y)~K Here we put 1 for x,

y for a, and - - for n.

" 2' 1.2 8' 1.2.3 16'

w(n-l)(w-2)(n-3) 35 , ^,
1.2.3.4

-j2g,and80on. Thus

^ -^ 2"^ y*^ 16*^ 128-^

Ap^nin. o:;p;!nd (1 +yr''. Here wc put 1 for .c, y for a,

and — ;/A for /?.

"=-"• -t72- = t:2-'
n(n-l)(n-2)_ _wrm + l)(m + 2)

1.2.3
~

1.2.3 '

n(n- l)(w- 2)^n-3) m(m+ lXm + 2Xm + 3)—r:2T3T4
— =

r:2:y:4

—

> ^^ '^ ^
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„,, , > „ ,
m{in + \) r, ??2Cm + l)(m + 2) ,

Thus (i4-2/r'"=i->»2/+—y^^y'- ^^^j ^2^

m ^?7i -f l)(m + 2)(m+ 3) ._
*"

1.2.3.4 ^ *••

As a particular case suppose ?n= 1 ; thus

(1 + ?/)' = 1-2/ + Z/--2/' + 2/^-...

This may be verified by dividing 1 by 1 + ?/.

Again, expand (1 + 2;r— a;^;^ in powers of x. Put 2/ foi

tx-x^; thus we have (1 + 1x-x^Y = (1 + ^.^

-.1 1,1,5,

^l + 2(2a;-;i;^)-^(2.2;-:j;-;2+^(2^-^-2)3-J^(2a;-^2)4 + .

Now expand (2^-.'P-)-, (2.r-^2p^ and collect the

terms : thus we shall obtain

^ 3
(l + 2^-^2^- = l+^-^'"+ ^'^"2 '«" + •••

Examples. XLIL

1. Write uown the first three and the last three terms

of [(X-X^.

2. Write down the expansion of (3 - Ix"^)^,

3. Expand (1-27/7.

4. Wnte do^vn the first four terms in the expansion

of (x + -2^//.

6. Expand (l + .r-.r=)^

& Expand (l+;c+«''/.
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7. Expand {l-lx-^x-)*:

8. Find the coefficient of x^ in the expansion of

(1 4-2.r + 3u.-2/.

0. Find the coefficient of x^ in the expansion of

I-2.f + 3x-V.

10. If the second term in the expansion of (.r4-2/)"bo

: a, tlie third term 720, and the fourth term lOSO, find

•, //, anil 72.

11. If the sixth, seventh, and eighth terms in tlie ex-

pansion of (x + i/)" be respectively 112, 7, and - , find x, y,
4

and n.

12. Write down the first five terms of the expansiou

of («-2yA

13. Expand to four tcrais ( 1 ~ !; '^') "•

14. Expand {\-2x)'\

lo. "Write down the coefficient of .t*" in the expansion

16. Write down the sixtli term in tlie expansion of

17. Expand to five terms (a -36)" a": shew that \\

i-\ and 6=- the fourth term is greater than eitlicr tho
o

third or the fifth.

15. Write down tho coefficient of ^c*" in the expansion
of{\-xr\

IJJt Expand fl 4-;r + .r^- to four tcnns in powers of .u.

20. Expand {\~x + or^)"* to four terms in powers of v.
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XLIII. Scales of Notation.

432. The student will of course have learned from
Arithmetic that in the ordinary method of expressing

whole numbers by figures, the number represented by each

figure is always some multiple of some poicer often. Tlius

in 523 the 5 represents 5 hundreds, that is 5 times 10^;

the 2 represents 2 tens, that is 2 times 10^; and the 3,

which represents 3 units, may be said to represent 3 times
10'^; see Ait. 324.

This mode of expressing whole numbers is called the

common scale of notation, and ten is said to be the base

or radix of the common scale.

433. TTe shall now shew that any positive integer

greater than miity may be used instead of 10 for the radix;

and then explain how a given whole number may be
expressed in any proposed scale.

,

The figures by means of which a number is expressed
are called digits. "When we speak in future oijany j^adix

we shall always mean that this radix is some positive

integer greater than unity.

434. To shew that any whole number may be express-

ed in terms ofany radix.

Let N denote the whole number, r the radix. Suppose
that r" is the highest power of r which is not greater than

N; divide N by ?"; let the quotient be a, and the re-

mainder P : thus
N=ai^+P.

Here, by supposition, a is less than r, and P is less

than ?-". 'Divide P by r°~^; let the quotient be b, and the
remainder Q : thus

P = br--^ + Q.

Proceed in this way until the remainder is less than r

:

thus we find A^ expressed in the manner shewn by the
following identity,

N= ar'* + 6r""^ + cr"~2+ +hr + k.
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Each of the digits a, h, c, h, k is less than r; and
any one or more of them after the first may happen to be
zero.

43.5. To express a giveii whole number in any pro-
posed scale.

By a given whole number we mean a whole number
expressed in words, or else expressed by digits in some
nssigued scale. If no scale is mentioned the common scale
is to be understood.

Let A" be the given whole number, r the radix of the
-c lie in which it is to be expressed. Suppose k, }i,..c, 0, a
the required digits, w -H in number, beginning with that
on the right hand : then

N=at^ + ^y"~^ + cr"'- +... + /< r + k.

Divide JVby r, and let M be the quotient; then it is

obvious that M=ar*~^ + hr*~'^+ +//., and that the
remainder is k. Hence the first digit is found by this

rule: divide the given numher hy the j^roposed radi.v,

and tlie remainder is the first of the required digits.

Again, divide 3/ by r ; then it is obvious that the
remaiudrr is h\ and thus the second of the required
digits is found.

By proceeding in this way we shall find in succession
all tiie required digits.

4.3n. We shall now solve some examples.

Transform 328S4 into the scale of which the radix is

Beveo.

7
I

328S4

7 ^6!>7...5

71671...

7[ni...G

71J3...4
1 ...6

Thus 32S84 = 1 .
7° + . 7* + 4 . 7» + 6 .7' 4- . 7^ + 5,

so tliut the number expressed in the scale of which the

radix is seven is 104005.
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Transform 74194 into the scale
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pare his result with tl;ut wliielj is here obUiined.

8 7-27b2

b: y2i0-..2

81 10-23 . ..3

8 JJ3...6
8|22...5

1...3.

Thn«» the Tinmber = 1 .8' + 3.8' + 5. S^ + 6.8' + 3.^^24.2.8 -i- 4,

K. t 1 it, expressed in the scale of which tlie ruLlix is eight, it

is l.i.", 324.

AM. It is easy to form an unlimited number (»f self-

vciilyiijji: examples. Tiius, tike two numiiers, exprosed m
the c ujuioii scale, and obtain their siiu), tiieir uillereure.

and tlieii" [»r*dact, and tr.inslorui these into .a\s prup.i-e I

8* ale; n xt transform tlie numbers iiiti* tiie proposed
scale, and obtain their sum, their dilierence, and their pr<>-

duct in this scale ; the results should of coiu'se agree ro
spcctively with those already obtained.

Examples. XLIII.

1. Express 34042 in Wvi scale whose ralix is five.

2. Kxprcss 45792 iu the scale whose radix is twelve.

3. Express 18GG iu the scale whoso radix is two.

4. Express 2745 in the scale whoso radix is eleven.

5. Multiply e\t by tc\ these beinjj in the scale with

radix twelve; transform them to the connnon scale and
multiply them t^)gethcr.

(). Find in what scale the number 4U;i becomes lOlOl.

7. Find iu what scale the number 52;; 1 boconies 40205.

8. F'xpre.iS 17161 in the scale whoso radix is twelve,

and divide it by te in that scale.

9. Find the radix of the scale in which 13, 22, 33 are
in geometrical progression.

10. P^xtract the square root of ee^OUl, in the scalo

whose radix is twelve.
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XLIY. Interest.

438. The subject of Interest is discussed in treatises
on Arithmetic; but by the aid of Algebraical notation
the rules can be preseuted in a form easy to imderstand
aud to remember.

439. Interest is mrmey paid for the use of money.
The money lent is called the Princif al. The Amount at

the end of a given time is the sum of the'Priucipal and the
Interest at the end of that time.

440. Interest is of two kinds, simple and compound.
When intei-est is charged on the Principal alone it is called

simple interest ; but if the interest as soon as it becomes
due is added to the principal, and interest charged on the
whole, it is called compound interest.

441. The rate of interest is the money paid for the use

of a certain sum for a certain time. In practice the sum is

usually ^100, and th.e time is one year; and when we say

that I lie rate is £4. 55. per cent, we mean that ^4. 5*., that

is ci'^j, is paid for the use of £100 for one year. In theory

it is convenient, as we shall see, to use a symbol to denote
the interest of one pound for one year.

442. To find the amomit of a given sum, in any gizen
time at s^imple interest.

Let P be the number of pounds in the principal, n the

numljer of years, r the interest of one pound for one year,

expressed as a fi-action of a pound, M the number of

pounds in the amount. Since r is the mterest of one pound
for one year, Pr is the interest of P pounds for one year,

and nPr is the interest of P pounds for n years; therefore

M^P + Pnr = P{l + nr).

443. From the equation M=P{1 + nr\ if any three of

the four quantities M, P, n, r are given, the fourth can be
found: thus

^*iT^' '^" Pr '
^- Pn '
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444. To find the amount of a given sum in any
given time at compound interest.

Let P be the number of pounds in tlie principal, n the
number of years, r the interest of one pound for one year,

•expressed as a fraction of a pound,M the number of pounds
in tiie amount. Let R denote the amount of one pound in

one year ; so that i? = 1 + r. Then PR is the amount of P
pounds in one year. The amount of PR pounds in one
year is PRR, or PR-; which is therefore the amount of P
pounds in two years. Similarly the amount of PR- pounds
in one year is PR-R, or PR\ which is therefore the amount
ofP pounds in three years.

Proceeding in this way we find that the amount of P
pounds in n years is P/S" ; tliat is

M=PR^.

The interest gained in n years is
•

Pi2'-P or P(/2"-l).

445. The Present value of an amount due at the end
of a given time is that sum which with its interest for the

given time will be equal to the amount. Tliat is, the Prin-
cijxU is the present value of the Amount; see Art. 439.

44G. Disrount is an allowance made for the payment
of a sum of money before it is due.

From the definition of present value it follows that a
debt is fairly discharged by paying the present value at

once: hence the discount is equal to the amount due
diminished by its present value.

447. To find the present value of a sum of money duo
at the end rfa given time, and the disrount.

Let P be the number of pounds in the present value, n
the number of years, r the interest of one poun<I for one
year expressed as a fraction of a pound, M the number of
pounds in the sum due, D the discount.

Let /? - 1 + r.

T. A. 18
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At simple interest

3/=P(l-f wr), by Art 442;

therefore P-^: D=M-P=^.

At compound interest

M^PR", by Art. 444;

therefore P=f; i,=j/_p=^(|±i).

443. In practice it is very common . to allow the
inUrest of a sum of money paid before it is due instead of

the discount as here defined. Thus at simple interest in-

stead of , the payer would be allowed Mnr for ua-

mediate payment.

Examples. XLIV.

1. At what rate per cent, will £a produce the same
interest in one year as £h produces when the rate is £c
per cent. ?

2. Shew that a sum of money at compound interest

becomes greater at a given rate per cent, for a given number
of years than it does at twice that rate per cent for half

that number of years.

3. Find in how many years a sum of money will double

itself at a given rate of simple interest.

4. Shew, by taking the first three terms of the Bi-

nomial series for (l + r)", that at five per cent compound
interest a sum of money will be more than doubled in fifteen
years.
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MiSCELLAATIOUS EXAMPLES.

1. Find the values when a = 5 and & = 4 of

a^ + 3a26 + Zah"- + V^, of a^ + 1 Oa?) -f 9Z/2^ of (a - 6)»,

and ol(a-\-%){a-h).

2. Simplify 5j:- 3 [2.r+ 9y - 2 (3^ - 4 (?/ - a;)}].

3. Square 3-5^ + 2^2.

4. Divide 1 by l—x + x"^ to four terms : also divide

1 — a: by l—a^ to four terms.

, „• vr 4ur'-17a;+12

6j:--5.c-G, and

L/.
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12. It a = \,h = Z, and^ = 5, find the value of

2^3 + 63^.^3 + ^2 {b-c) + 'b^{1a-c) + c ''-{^a + 'b)

2a?- 6^ + c^ + d\h -c)-¥ {2a -c) + c^ (2a+ b)

'

13. Simplify {a + If -{a + l){a -h)- {a{2h - 2)- (&2- 2a)}.

14. Divide

2x^— x^y— A:xSf + ^x^y^— 4y^ by x^— xy^ + 2?/^.

rfA i2.X^ + ^-— 1
15. Reduce to its lowest terms —r4 Z"," , i

~ -

X + X~ + i

16. Find the l.c.m. of ^^-9a;-10, x''--1x-Z'^,

(;i' + 1) (^ + 3) {x - 10), and x^ + 4.r + 3.

17. Simplify

2 3 5

a?2-9^_10 ;t'2_7^_30 x^^'^x^'6'

18. Solve ^--3- = -4 5-

19. Solve |(^-l)-|(:?; + 2) + i(a7-3)= 4.

20. Two persons ^ and B own together 175 shares in

a railway company. They agi-ee to divide, and A takes 85

shares, while B takes 90 shares and pays ,£100 to A, Find

the value of a share.

21. Add together a + 2^-2/+ 24&, 3a-4^'-22/-81&,
ic+ ?/— 2a + 55&;

and subtract the result from 3a + 6 + 3.?^ + 2?/.

22. Find the value of —^ + Jlab'^c^- ah) - (2a- 31)f,

•when a = 3, & = 2J, and c= 2.

23. Simplify {x(x+a)- a{x- a)} {.-r (.r- a) - a(a - .^')}.

24. Divide |--f + 8~'^^^l~2'^^^ ^^^'^^^ *^®

result by multiplication.

, 25. Find the g.c.m. of ;r* + 3;c2 _ j q and x^-Zx^->r%
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26. Simplify £=—-—o — ,—r- + ? .^ ^ h^-Aa- h+2a 2a-h

27. Find the l.c. m. of ^-- — 4, 4ar-7.r— 2, and
4^2 + 7^' -2.

28. Solve — — + ^^7- = 4.
3 lo

29. A man bought a suit of clothes for £4. Is. 6d.

Tlic trowscrs cost half as much ajain as the waistcoat, and
the coat half as much again as the trowsers and waistcoat

together. Find the price of each garment.

30. A farmer sells a certain number of bushels of

wheat at 7*. (id. per bushel, aiul 200 bushels of barley at

4s. C,d. per bushel, and receives altogether as much as if lie

had sold both v.hcat and barley at the rate of 5*. Qd. per
bushel. How much wheat did he sell ?

31. If a = l, & = 2, <;=--, ^=0, find the value of

a-h + c ad — hc_ //^'_«^\
a—b-c bd+ac V \a' c*y

32. Multiply together a; -a, x-b, x + a, and x4-b;

aii<^ divide the result by x- + x{a + b) 4- ab.

33. Divide 8x^ - x"i/ 4-^y^hj 2x4-y.

34. Find the g.c.m. of 4x{x-4-\0)-25x-62 and

/^a^-'7x4-\0.

12jp-15xij4-3y^
35. Reduce to its lowest terms Q^_Qj^+2xy^-2y^

'

1 «
36. Simplify •

1 + a4-b4--j

a

87. Solve ^-^^- '^'^ ^:,?^=a
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2x-\ ;r + 4 5x-l
38. Solve

9 27

39. A can do a piece of Trork in one hour, B and G
each in two hours : how long would A, B, and C take,

working together ?

40. A having three times as much money as B gave
two pounds to B, and then he had twice as much as B
had. How much had each at first ?

41. Add together 2x + ^y + Az, x-2ij + oz, and
*Jx-y-\-z.

42. Find the sum, the difference, and the product of

Sx^— Axy + 4?/2 and 4x- + 2xy— 3y\

43. Simplify

2a-3[b-c)-\-{a-2{b-e)}-2[a-3{b-c)}.

v44. Find the g.c.m. of^ x^-h67x-+GG and x* + 2x^ + 2x'^ + 2x+l.

45. SimDlifv -^—- x
" x"-l x* + 2x^ + 2x^-{-2x+l

46. Fmd the l.c.ji. of x^ -4, x^--5x-i-6, and x^- 9.

X47.
Reduce to its lowest terms —^——^—^-—

.

6x^-llx--:^Gx + 7

48. Solve 2(x-l)-4{x-2) = 2{3-x).

49. Solve J{9 + 4x) = 5-2jx.

50. How much tea at 3^. 9d. per lb. must be mixed
with 45 lbs. at 3^^. 4d. per lb. that the mixture may be
worth 35. 6d per lb. ?

51. Multiply ^a-^aJj-h"- by a?-1cib-3'b\ and divide
the product by a + h.

52. Find the g.cm. of 2x{x-3) + 3{x-Ql)+lo and
2a^ — 6x''^— Qx-¥\o.

63. Simplify 1_+—i_.
\+x 1—x
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64. Simplify ^^ ir^— i.

^, „ , 1 2 2.r + 3 l-2;c' y ,^. Solve --f-= , = --(l-f2A

3 7 "^ "''j

56. Solve :c + - = _ , 3.r - " = "
.

y 2' y a

57. Solve 2 (;c- 3) -^(2/ -3) = 3,

3(y-6) + ^(-x-2) = 10.

68. Solve

7^^=10(^ + 2-), Zzx= 'i{z + x\ Qxy = 2Q{x-^j/^

-^ o i_ ^ ^ ha
59. SoFve + =m, = 7l

X 2/
' X y

CO. The denominator of a certain fraction exceeds the
numerator by 2 ; if the numerator be increased by 5 the
fraction is increased by unity : find the fraction.

61. Divide ar°-—
is
by :c--

,

or X

62. Reduce to its lowest terms
IXx'-Wx^-l^x-W

63. Simplify /a-^W(f.l-l)

.

^ x'

64. Solve 3(.r-l) + 2(x-2) = a;-3.

65. Solve ^^=?^\ 2^-3^13z2y.cHJive
3 4 '

5 7

66. Solve 5jr + 2 = 3r/, 6J-y-10j:' +^~ •^= a

67. Solve ^t^ -^-^^-3. ^lf\^^^l^^»
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65. Solve ^/(^4-40) = :p-i-4,

69. Solve — —- = —

.

x+1 X-r'2 2

70. A fathers age is double that of his son; 10 years
ago the father's age was three times that of his son : find

the present age of each,

71. Find the value when ^ = 4 of

-
^';—(-.-^.)-(-4s)-

72. Reduce —
-^

—

——7,—

—

to its lowest terms.
2jc3-11j;-4-17u:-6

and find its value when x = 3.

73. Resolve into simple factors j.^—3x--- 2, ^— 7.P + 10,

75. Solve ^^3.r ^ j^ -
^
:4.r-2|) = ^ o.r- 1).

76. Solve 9^- 63.r4- 6S = 0.

77. A man and a boy being paid for certain days' work,
the man received 27 shillings and the boy who had been
absent 3 days out of the time received 12 shillings: had the
man instead of the boy been absent those 3 days they would
both have claimed an equal sum. Find the wages of each
per day.

78. Extract the square root of 9x^—6x^+'xr-2x-^l',
and shew that the result is true when x=10.

79. U a : b :: e : d, shew that

a-c-¥ac- : l^d-^hd^ :: {a+ cf : (Jb + d^.

80. If a, h, c, d be in geometrical progression, shew that
a'+ c?* is greater than V^^c^.

81. If ?2 is a whole positive number 7** "^"^
4- 1 is divisible

by 8.
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82. Find the least common multiple of x-— ^y\
a^ + 6j^y + 1 2x1/^ + 82/3, and x^ - Qxhj + 1Ixy^- Si/.

83. Solve - + ^ = ^, ^-^=2^
X y 2 X y ^

84. Solve ^2 + 2^-i-2V(.i-- + 2.c + l)=47.

85. The sura of a certain num])cr consisting of two
digits and of the number formed by reversing the digits is

121 ; and the product of the digits is 28 : find the number.

8G. Nine gallons are drawn from a cask full of wine,

and it is then tilled up with water ; then nine gallons of the
mixture arc drawn, and the cask is again filled up with
water. If tlie quantity of wine now in the cask be to the
quantity of water in it as IG is to 9, find how much the cask
holds.

87. Extract the square root of

1 6a;« + 2.3/- SOjy' - 2A.vhf + dx'y* + 40.rV-

88. In an arithmetical progression the first term is 81,

and the fourteenth is 159. In a geometrical progression

the second term is 81, and the sixth is IG. Find the
harmonic mean between tiic fourth terms of the two pro-
gressions.

89. If ^/5 = 2-23G06, find the value to five places of

decimals pf -t, - .

90. If a: be greater than 9, shew that sjx is greater

than 4/ (.c+ 18).

9

1

. Divide {x-yf- 2y{x-yf + y\x- y) by {x- 2y)\

92. Find the o.c. M. and the l.c.m. of

24 (x' + x-y + xy- + z/') and 1 G (.r"'- x^-y + xy"^ - y^).

93. Simplify

g'+x'y+xv'+y' 3?-x'!/+JT/^-V' x'-y' x'+y''



282 MISCELLANEOUS EXAMPLES,

94. Solve -^^ +-^ = 3 —.
95. Solve

6. Solve 3^'=-2x+sJ, {Sx- - 4^- - 6) = 1 S + 2^.

97. A rows at the rate of 8J miles an hour. He leaves

Cambridge at the same time that B leaves Ely. A spends
12 minutes in Ely and is back in Cambridge 2 hours and
20 minutes after B gets there. B rows at the rate of 7^
miles an hour; and there-is no stream. Find the distance

from Cambridge to Ely.

98. An apple woman finding that apples have this

year become so much cheaper that she could sell 60 more
than she used to do for five shilhngs, lowered her price and
sold them one penny per dozen cheaper. Find the price

per dozen.

99. Sum to 8 terms and to infinity 1 2 + 4 +
1
J + . .

.

100. Find three numbers in geometrical progression

such that if 1, 3, and 9 l>e subtracted from them in order
they will form an arithmetical progression whose sum is 15.

101. Multi-j^lj x^-a^ + x^ -x^+ x^-x + cc- -Ihy x^ + 1;

and divide l — x^ by 1 - x^.

102. Find the L.c.ii. of x^-a\ x^ + a^, x* + a^a^+ a^,

X'— ax^— a-x + a^, and x^ + ax^- a^x— a\

103. Simplify
^^"^^

104. Solve

iC+5 Ifx 2\ 2,^ ^ , 4.r-14 .r4-iO

-^^9(2+o)-3^'^'^>=-3-^ 10-'

*nK a 1 6,8 7 ' 18
i05. Solve + z = r + r.X~l X—O X-hl X-r5
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106. Solve ;^^2^-2/2 + ^2^50,

xi/-yz—zx = 'i1.

107. A and B travel 120 miles together by rail. B
intending to come back again takes a return ticket for

which he jiays half as much again as A ; and they find that

B travels cheaper than A by As. 2d. for every 100 miles.

Find the price of ^'s ticket.

108. Find a third proportional to the harmonic mean
3

between 3 and -, and the geometric mean between 2

and 18.

109. Extract the square root of

y\ y) A'\ X y)

110. \i a \ h w h \ c. shew that h^— —-.—^-^ „,

3n Sn n n

111. Divide x'^ — x' «" by x^— x'^ .

x^ + 3x-— ^0
112. Reduce —v

—

'-—:V to its lowest terms, and
x* — x^-l'2

find its value when x=2.

.r-3 13 a?+ 2
113. Solve

x-4 3 3(6-ar)'

114. Find the values of m for which the ctpiatioa

iji^x^ + {771* + 9n) ax \- a- = will have its roots equal to one
another.

1 1 0. Solve Zxy + x'^^} 0, 5xy - 2.f' = 2

.

116. Solve -4-i = 5, - + ^ = 2i.
X y ' y X ^

117. Find the fraction such that if you quadruple the
pniM.i-.f vr and add 3 to tho denoiHinator the fraction in

' 'Ut if y<»u ad; I 2 to tlio numerator and quadruple
'ii . liuator the !r:»' tion is halved.
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118. Simplify [-{x^fY^^{-{-x)-'']^.

119. The third teiin of an arithmetical progression is

IS; and the seventh term is 30: find the sum of 17 terms.

120. If —^, &, —^ be in harmonical progi'essioii,

shew that a, &, c are in geometrical progression.

1
121. Simplify a-

b^ '

a—o

122. Extract the square root of

37^-y- ^Oa^iJ + ^x^ - 20.r?/3 ^ 4^^

123. Resolve 3.2.-^- 14^2_ 24^ into its simple factors.

124. Solve pj r :
, / = -2A.

125. Solve ^3+-^ = ^.

126. Solve ;?;2-2/2 = 9, ^ + 4= 3(2/-l).

127. Solve 2/ +v/(^2_ 1)^2, J[x + \)- J{x-\)= sjy.

128. If «, &j c, d are in Geometrical Progression,

a \'b + cl v. & \ cld^cP.

129. The common difference in an arithmetical pro-

gression is equal to 2, and the number of terms is equal to
''

the second term : find what the first term must be that the

sum may be 35.

130. Sum to n terms the series whose wz*^ term is

2x3'".

no. c- vr^ l+,^(l-2;g)
.
X- ^'\-1x)

132. Find the G.c.M. of d0a^+l6x^-50x--2^ and
'24a?*+14^- 48:i<'' - 32a?.
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133. Solve X'-x-l2--().

134. Form a quadratic equation whose roots shall be
Sand -2.

135. .Solve x^-\-— = a^ + -..
X d

136. Solve --4^=1 +

137. Having given ^3 = 1*73205, find the value of

—jT—- to five places of decimals.
^3— 1

1 38. Extract the square root of 6 1 - 28 ^^3.

•?/ "f" t/

139. Find the mean proportional between —- and

aritlmietical progression, find the number of terms. Also
find tlie sum of tlic terms.

141. U d,c,b,a arc 2, 3, 4, 5, find the values of

a + b+c ah-rd
,

/i-l
a-b + c^ ac-bd ^ 6-3

142. In the product of l+Ax + la^ + lOx^ + irjx* by

1 + 50?+ 9x2+ 13x3+ I7x*, gjjj ^ijg coefficient of x*.

Divide 21x»-2x*- 70x»- 23^2 + 33x + 27 by 7^' + 4a:- 9.

and _^^-__N^_^_I-«.
^Ix— ^la sjx+ sja xA-a
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144. Solve the follovring equation-s

:

145.

„, 60-;r 3.r-5 ^ 24-3^
(^^ 14 7^4-
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154. Solve the folloTving equations

:

(1) —^ ^=17--g-.

(2)

2:c + 3 _ Ix-S

(3) x-y=Z, 3g + i)=n(i-l).

155. Solve the following equations

:

(1) ^(^ + l) + ^(2.r) = 7.

(2) 7^-20V^= 3.

(3) *lxy- 5^2 =36, ^xy - 3y- = 1 05.

156. A boy spends his money in oranges ; if ho had
bought 5 more for his money they would have uveruged

an half-penny less, if 3 fewer an half-penny more : lind how
much he spent.

157. Potatoes are sold so as to gain 25 per cent, at

6 lbs. for bd.: find the gain per cent, wljcn they arc sold at

6 llw. for 6^.

153. A horse is sold for £1A, and the number ex-

pressing the profit per cent, expresses also the co^st price

of the horse : find the cost

159. Simphfy ^(4a2 + ^(IGa-j;^ + ^j? + x*')).

IGO. If the sum of two fractions is imity, shew that the
first together with the square of the second is equal to the
second together with tlic square of the fir-st.

161. Simplify the following expressions

:

a_[6.(a + (6~a)}],

25a-196-[36-{4a-(56-6<:))]-8tf,
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162. Find the g.c.m. of \^a'-\%cC-x + ^ax^-^2i?^zxiiS.

60a2-75^.r + 15^-.

1 6 3. Find the L. c. M. of 1 8/^^_ ^^s)^ 12 (^- y)\ and
24(^ + 2/3).

164. Solve the following equations

:

, . 9^4-20 _ 4.r-12 X

(4) 2(;c-2/) = 3(^-41/), I4(^ + ?/) = ll(^ + 8)

] 65. Soke the following equations :

(1) 32a;-5aj2=12.

(2) ^(2^ + 3)^/(^-2) = 15.

(3) ^2+ 2/2=290, :r2/=143.

(4) 3;c2_ 4^,^= 8, 5:^2- 6.r?/= 32.

166. ^ and B together complete a work in 3 days
which would have occupied A alone 4 days: how long

would it employ B alone \

2
167. Find tvro numbers whose product is - of the sum

of their squares, and the difference of their squares is

96 times the quotient of the less number divided by the

greater.

165. Find a fraction which becomes - on increasing its

numerator by 1, and - on similarly increasing its denomi-

nator. .
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169. If a : 6 :: c : cf, shew that

1 1.1_1.. 1 1.1_1
a b ' a b " c d ' c d'

170. Find a mean proportional between 169 and 255,

<md a third proportional to 25 and 100.

171. Remove the brackets from the expression

6-2{&-3[a-4(a-6)]}.

172. Simplify the following expressions :

X ^x'^+y"- 2xy'^-Zx^-y^ Axy^-2xhf^-y*'

y xy achf xhf '

{p-q-m)p--{:m->>-q-p)q-\-{(l->f-m)m-\-m{p-m)->rC^f

173. Find the g.c.m. of x* + ax^-9a^a^-k-na*x-ia^
«nd x*'-ax^- 3a^x- + 5a^x- 2a*,

174. Solve the following equations

:
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176. "When are the clock-hands at right angles first

after 12 o'clock?

177. A number divided by the product of its digits

gives as quotient 2, and the digits are inverted by ad^g
27 : find the number.

178. A bill of i)26. 155. was paid with half-guineas and
crowns, and the number of half-guineas exceeded the num-
ber of crowns by 17 : find how many there were of each.

179. Sum to six terms and to infinity 12 4-8 + 5J + ....

180. Extract the square root of 55 - 7 ^24.

181. If ^ =4|^, and 2/=4It-J' ^^^ t^© >^alue of

3^2_ 16;^— 12
182. Reduce to its lowest terms ^3,8^^12^^144 •

183. If two numbers of two digits be expressed by the

game digits in a reversed order, shew that the diflference c^

the numbers can be divided by 9.

194. Solve the following equations:

3a?-3 3^-4 2\-4x
(1)

4 3 9

(2) ?^^ + |=8, '^-y=il.

(3) 4.-^^^= 14.

185 Solve the following equations:

(1) ;^(^ + 3)xV(3^-3)= 24

(2) ^(^ + 2) + ^(3:r + 4) = 8.

(3) a^-x^{2x-'S) = 'lx+ ^.

186. Find two numbers m the proportion of 9 to 7

such that the square of their sum shall be equal to the

cub© of their difference.
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187. A traveller sets out from A for B, going 3^ miles

an hour. Forty minutes afterwards another sets out from
B for A^ going 4^ miles an liour, and he goes half a milo
beyond the middle point between A and B before he meets
tlie first traveller; find the distanee between A and B.

183. Two pDrsons A and B play at bowls. A bets B
four shillings to three on every game, and after playing a
certain number of games A is the winner of eight sliillinga.

The next day A bets two to one, and wins one game more
out of the same number, and finds that he has to receivo
three shillings. Find the number of games.

189. If m = a;-;c"' and n = 2/-?/-\

shew that ;«n + ^/{(77^- + 4)(n' + 4)} = 2 fa-?/+ — ).

9 3 3
190. Sum to nineteen terms , + ;: 4- - + ....

4 z 4

m. Multiply f-14 by f + |-^.

Divide ?j^--4r* + ^/i'>-i^x«-^j?x + 27 by f'-^c + a
4 o 4 4 *i

192. Reduce to its lowest tenns

4.r'-27j-2 + 58jr-39

x*-\ijf + Idx^- -yjx + 18

193. Find the L. c. m. of x3+ 2.^'?/+ 4.xif'+ Sy^ and
aJ^~2x'h/+ 4xi/'-by\

194. Solve the following equations

:

(1) l(.r+ 6)-^(16-3.r) = 4j.

(2) «---J-?3-2.^3^_^^

(3) lix+ v) = li2x + 4), l{x-y)»lix-24\

19—3
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195. Solve the following equations:

(1) ^(^•^-3)=g(a;-3).

(2) J(a; + 3) + v/(3;r-S) = 10.

(3) ^ + 2^=6, (^+ ?/2)(a;3 + ?/3) = i440.

196. The express train between Loudon and Cam-
bridge, which travels at the rate of 32 miles an hour, per-

forms the journey in 2| hours less than the parliamentary

train which travels at the rate of 14 miles an hour: find

the distance.

197. Find the number, consisting of two digits, which

is equal to three times the pruduet of th(»e digits, and is

also such that if it be divided by the sum of the digits tho

quotient is 4.

198. The number of resident members of a certain

college in the Michaelmas Term 1S64, exceeded the num-
ber in 1SG3 by 9, If there had been accommodation in

1864 for 13 more students in college rooms, the number in

college would have been 18 times the number in lodgings,

and tho number in lodgings would have been less by 27
than the total number of residents in 1S63. Find the
number of residents in 1864.

199. Extract the square root of

and of (a + &)^ - 2 (a^ + ly) {a + Tff+2 (a" + 5*).

200. Find a geometrical progression of four terms
such that the third term is greater by 2 than the sum of

the first and second, and the fourth term is greater by 4
than the sum of the second and third.

201. Multiply 8-3^4-
^^^~^^'~^^

by 9-2a; +

7-2.2;

7^^-55 + 30.c

6-3.C

202. FindtbeG.c.M.of;»* + 4a,'2 4-16anda?*-;r3^3^_g^
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1 2.r - 5 X'-x-\-()
203. Add together

Take , from

2 + 3.^-' (l' + oX'/' (2 + 0.^;/
'

1 + .t' -r X- \—X + X-

204. Solve the following equations:

(2) {a + h){a-x) = a{T)-x).

205. Solve <fie following equations:

(1) Qx.^-^^^^= A^.
X

(2) 4(.r2 + 3J:)-2VG^•- + 3.^') = 12.

(3) a;= + :ry=lo, y^ + ^y^^^Q

20G. A pcrso!) walked out from Cambridge to a village

at the rate of 4 miles an hour, and on rcAching the railway
station Ijad to wait ten minutes ft>r the trail which was
then A\ niiles o(T. On fl^riving at his rooms which wcro
a mile from the Cambridge station he found that he had
been out 3^ hours. Find the disii^mcc-of the village.

207. The tens digit of a number is less by 2 than tho
units digit, luid if the digits are inverted t!io new number
is to tho former as 7 is to 4 : find the number.

2ns. A sum of money consists of shillings and crowns,
and is such, tliat the S(|uare of the number of cnjwns is

Cf|Mal to twice the n-unbcr of shillings; also tiie sun) is

%vortli as many florins as there are pieces of money: find
the 5uim.

203. Extract tho square root of

4x' + Sajr' + A(i^x' + Wj-x- »- 1 Galrx + 1 GhK

210. Find tho arithmetical progression of which the
first term is 7, and tho sum of twelve terms id 343.
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211. Divide 6.r^-25.r''?/ + 47^'V-49^V + 62;r7/^-45y'

by 2x' - Id-ij + 9//-.

212. Multiply

12 -I- 4 Lr + 36.^2 1Qx-^x^-\^ '

3 + 0^ ^

—

hyo-2x+ —
.

213. Reduce to its lowest teniis

4A'3-45.r2+162.r-]S5

214.

215.
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219. Four numbers are in arithraetical progressioi*;

their sum is 50, and the product of the second and tliird is

156: fiud tiie numbers.

220. Extract the square root of 17 + 12 J%
221. Divide a;^- 1 by .c^ - 1 ; and

m {qx^ -rx) +p {mx^ - 7ix^ - n iqx- r) by mx- n.

222. Simplify

a^bx-b'j^ a'-lP-c^-2bc

223. Find the L. c. m. of 'Jx^-4j^-21x+12 and
21j:2_26a: + 8. *

224. Solve the following equations :

(1) ?^_?^=7.
(2) 17;r-137/---144, 23j: + 19?/ = 890.

^^ X y b' x'^ z 9' z y 72*

225. Solve the following equations

:

(IJ JL _ 21 ^.
1

^ '' 100 25u: 4

(2) '00i:ix^^'l'>x=\5Q.

(3) ^/(.r + y) + ^/(^-y)=^/<r,

b[x-a)-^a{b-y) = 0.

226. A person walked out a certain distance at the

rate of 2\ miles an hour, and tlicu ran p;irt of the way back

at the rate of 7 miles an hour, walking the remaining dis-

tance in 5 minutes. He wxs out 25 minutes : how far did

he run ?

227. A man leaves his property amounting to £7500
to be divided between his wife, his two sons, and his three

daughters as follows: a son is to bav^ twice as much as
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n daughter, and the widow £dQQ more than all the fivechS-

drcn together : find how much each person obtained.

228. A cistern can be filled by two pipes in 1^ hours.

The larger pipe by itself will fill the cistern sooner tlian

the smaller by 2 hours. Find what time each will sepa-

rately take to fill it.

229. The third term of an arithmetical progression i3

four times the first term; and tlie sixth term is 17: find

the series.

230. SumtoTitei-ms 3^+2^ + lf+...

231. Simplify the following expressions

:

b a + b a^ + b-

a + b 2a 2a{a-b)*

a^-ab + h- a^-b^
X

232. Reduce to its lowest terms g^^^^^^^^^..^ ^

233. Solve the following equations

:

(2)
-A_ +^ = 8.

^ ' \^x \-x

,„, 4.r + 5?/ Ix-y
,
^ 1

234. Solve the folloAving equations :

^3 ^ 165

3 ""^+10^ ' ^ + 3 '
"

(2) ax^^lP--vc^= a^ + 2bc^1{'b-c)x sja,

(3) N/(^ + y) + V(^--^) = 4, ^ + 2/2 = 41.
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235. A body of troops retreating before the enemy,
from which it is at a certain time 2;; miles distant, marchca
18 miles a day. The enemy pnrsuc? it at the rnte of '2\\

miles a day, but is first a day liter in Stirling, then after

two days' march is forced to halt for one day to repair a
bridge, and this they have to do again after two days' more
marching. After how many days from the beginning of tho

retreat will the retreating force be overtaken ?

236. A man has a sum of money amounting to £23. 15^.

consisting only of half-crowns and florins ; in ail he has 200
pieces of money : how many has he of each sort ?

237. Two numbers are in the ratio of 4 to 5 ; if one is

increased, and the other diminished by 10, the ratio of the
resulting numbers is inverted : find the numbers.

238. A colonel wished to form a solid square of his

men. The first time he had 39 men over; the second timo

he increased the side of the square by one man. and thea

he found ho wanted 50 men to complete it. Of how many
men did the regiment consist ?

239. E.\tract tho squr.ro root of

and of a^ + Al^^ dc"- + 4a& + Qac + 1 --be.

240. Multiply x^-y^ - 2.ry + Ax-y^ by x^ + 2?/^.

241. Sitnplify

AOxy- (9jr- Sy) (."xr + 2y) - {Ay - 3.1') (15a? + Ay\

, l+.r 1— .r l-x-^x"^ \-¥x + X' -

and —- + + 2.\-x \+x \+x^ \-x^

242. Find tho o.c.m. of a^ + nx^-^la'X^-^-^ia^x-^a*^

and x*-\-axf^A- 2aV + 3a'.f + ah'-x + a* + orb"-.

243. Two shopkeepers wont to the cliceso fair with tho
same sum of money. The one spent all his money Imf 5.?,

in buying chocso, of which ho bought 230 Iba. The other
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bought at the same prico 350 lbs., but was obliged to
borrow 005. to complete the payiiicut. How much had
they at first ?

214. The two digits of a number are inverted; the
number thus formed is subtracted from the first, and
leaves a remainder equal to the sum of tlie digits; the dif-

ference of the digits is unity: find the number.

245. Find three numbers the third of which exceeds
the first by 5, such that the product of tlieir sum multi-

plied by the first is 4S, and the product of their sum mul-
tiplied by the third is 12i,

24C. A person lends £1024 at a certain rate of

interest ; at the end of two years he receives back for his

capital auvl compound interest on it the sum of £1150 :

find the rate of mterest.

247. From a su-m of money I take away £50 more
thfin the half, then from the remainder £30 more than the

fifth, then from the second remainder £20 more than the

fourth part; at last only £10 remains: find the original

sum.

248. Find such a fraction that wlien 2 is added to the

numerator its value becomes -, and when 1 is taken froa

\
the denominator its value becomes 7 .

4

249. If I divide the smaller of two numbers by the

greater, the quotient is "21, and the remainder is -04162
; if

I divide the greater number by the smaller the quotient is

4, and the remainder is '742 : find the numbers.

250. Shew that ^-^^-^ --^—- = 1 •

^ + 2/ x^ + y^

251. Simplify

6a + [4a- [Sh - {2a + ib) - 22&} - 7^]

-l':b + {Sa-{2>b-\-^a) + SJj] + ea],

252. Multiply a— x sviccessivcljhy a -i- x, a^+ a^, a*+a!*,

(f+sf^i also multiply a*""" d"~' by a^'^&^'-c
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253. Find the g.c.m. of 45a^x + 3(2^-9^0:3 + 6^ and

254. Solve the followhig equations :

, , x-2 x + T^ 10+;r
(1) ^-^-=—^ ^•

(3) a-^ = VW'--^'x/;4a--7^'0}.

255. Divide the number 208 into two parts, such that

the sum of one quarter of the greater and one third of tho

less uiien increas-ed by 4, shall equal four times the diffe-

rence of the two parts.

256. Two men purchase an estate for £9000. A
could pay the whole it B gave him half his capital, while B
couKl pay the whole if yl gave liini one-third of his capital:

find how much money each of them had.

257. A piece of ground whose length exceeds tho

breadth by G yards, has an area of 91 square yards: find

its dimen.sions.

253. A man buys a certain (luantity of apples to divide

among his children.
* To the eldest he gives hall of the whole,

all but 8 apples; to the .second he gives half the ren)aindcr,

all but 8 apples. In the same numncr ako does he treat tho

third and fourth child. To the fifth he gives the -20 apples

which remuiiL Find how many he bought.

259. The sum of two numbers is 13, the diirerencc of

their squares is 39 ; find tho numbers.

2G0. A horse-dealer buys a horse, and sells it again for

/144, and gains just as many poimd.s per cent, as the horeo

iiad cost him. Find what he gave for the horse.

2G1. Simplify

(a4-6)(a-6)-{a4.6-c-C6-a-c; + (& + c-a)}(a-6-cX
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2R2. Multiply x^->rjf-hx^ + X' + \ by x--\] and

1 by + 1.

X a ''ax

263. "What quantity, when multiplied by x---, will
X

give^-l-(.r-^.)-

264. Simplify the following expressions:

3x'^-r3x'*- + -22x-21

6x^ + X'-4:ix + 2l *

f a + h a-h J^^ I
a-h

265. Solve the following equations

:

,. 5x+3 2.^-3 ^

(2) ^(3 + .)-.^.=^.
(3) ^+9y = 91, f + 9:r=167.

266. Solve the following equations

:

(1) x^-x-6 = 0.

. x + l a? + 2 _ 2^+1 3

^^ ^?^^'^.'i;-2~ ^+r*
(3) x--X7/ + y'^=7, x + i/

= 5.

267. The ratio of the sum to the difTerence of two
numbers is that of 7 to 3. Shew tliat if half the less be

added to the greater, and half tlie greater to the less, the

ratio of the numbers so formed will be that of 4 to 3.

26S. The price of barley per quarter is 15 shillings

less than that of wheat, and tlie value of 50 quarters of

barley e?:cceds that of 30 quarters of wheat by £7. lOs.i

find the price per quai'ter of each.
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269. Shew that

(Jxd + cda + dab + ahcf - (a + 6 + c + d^dbcd

= {be - ad) {ca - bd) (ab— cd).

270. Extract the square root of

ar + x^ + -

.

\'2 3 9'

unci of 33-20^2.

271. l^ a = 7j-!rz-2x, b = z + x-2i/, and c=a?+y-22r,
find the value of b- + c- + 2bc— a-.

272. Divide a:* -2 1^ + 8 by l-3^ + :z;2.

273. Add together -,
, and — =.a-x' a + x a-— XT

_ , 3a4-x . 27a^ + :iax + 7x-
Take from -rrr-n tti •

2a -X loa- + ax—2x^

«,,. ^....,,... „- ^^_.^^ .
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277. Solve the following equations:

(I) a-{x—af = h- {x + d^,

(2) : + r,-=5.
^ ' X--2 x + 3

(3) J[lZx-l)-^{2x-l) = 5.

278. A person wa'!:?.! to tho top of a mountain at tlie

rate of 2J miles an hour, and down the same way at tliC

rate of si miles an hour, and was out 5 hours: how far

did he walk altogether ?

279. Shew that the difference between the square of a

number, consisting of two digits, and the sq^iarc of ilic

number f :rmcd by changing the places of the digits is divi-

sible by DO.

250. U a :I) ::c :d, shew that

JicL^ + h') : sJ{c' + d-) ::
^'^s + d^) : l[[(? + d^.

251. Fma the value of ^
.. o ,-. + ^^-'^ V 1

^ hen a = 3, 6 = 4.

252. Subtract {h -a^(c- d) from {a-b)(c-d): what is

the value of the result when a='2b, and d=2c'l

253. Reduce to their simplest forais :

and i-

a^— lax~4.4a^ x + y x—y y —x

iOlV(

(1)

2S4. Solve the equations

;

4 1 _ 1.
2> + x X 1x

^'^
5 2 "^' 3 2"^
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2S5. Solve the equations

:

(I) 10x + j4;^
= 9.

(>=) (^"-0(-^")=<'•

(3) x--xy + if=l, 5.r-2y=9.

2*^0. In a time rice one boat is rowed over tlie cnnrs-e

at :in average pace of 4 yards per second ;»aiiotlicr niovea

over tlic first h:df of the course at tlie rate of :H yards per

second, and over tlie last half at 4^ yards per second,

reaching the winning post 15 seconds later than the first.

Find the time taken l>v each.

2S7. A rcctanguhir picture is surrounded by a narrow
frame, which me.isurcs .dtogethcr ten linear feet, and cost:*,

at three shillings a foot, live times as many >hillings a3

tliere are square foet in the area of the picture, i'iiid the
lengtli and breadth of the picture.

289. U a:h .:c.d, shew that

a-\-h-¥c-^d: a-\-h-c-d :\ a-h + c-d : a — J)-c-^d.

2*^9. The volume of a pyramid varies jointly as tho

area of its base and its altitude. A pyramid, the base of

^shich is 9 feet square, and the height f>f which is 10

feet is found to contain 10 cubic yards. Find the height

of a pyramid on a base 3 feet square that 'X may cuniain

2 cubic yards.

290. Find the sura of n terras of the arithmetical pro-

^^^^^"° rh' r^" I-..--

291. Find the value of a'-Z/' + c^ + Satc, when a = '03,
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292. Simplify t,
—

-,2 ~ ^ j ^^^ shew thafc

be (62 _ c^) + ca {r- a^) + ah («2 - IP)

203. li a + h^c = Q, shew that a^'<r¥ + (^=Zdb€,

294. Reduce to its lowest terms

295. Solve the following equations:

,. IQa-^17 12./? + 2 _ 5jr-4
^^ IS 13.c-16~ 9

(2) Qx-by = \, y-x= l2.

(3) I
+8?/ = 66, |+8;r=129.

296. Solve the following equations:

(2) ^/(2a; + 2)^/(4a;-3) = 20.

(3) *y(3.r+l)-v/(2a7-l) = l.

297. A siphon would empty a cistern in 48 minutes,

B cock would fill it in 30 minutes ; when it is empty both
begin to act : find how soon the cistern will be £lled.

298. A watermnn rows GO miles and back in 12 hours,

nnd he finds that he can row 5 miles with the stream in

the same time as 3 against it. Find the times of rowing
up and dov.n.

299. Insert three Arithmetical means between «-6
and a + Jj.

300. Find .2? if 2^ ; 2'^ :: 8 : 1.
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VIII. 1. Sar". 2. I2a\ 3. 4a^.

7. 24a*-27rt^&. 8. 6.rV-S;ry + 10;rV-^.

9. x^i/'^z^-x-y^z'^ + x^y-z^.

10. 4:cV^* + 6.'c3y5;2r2-10^?/V. 11. 2a;2 + 3a:2/-2y'.

12. 6.T^-96. 1.3. a;* -2^ 4-1.

14, l-2a?-31.'r2 + 72;r3_3o^^4^ 15 ;r'-41;r-120.

16. a,-' + 15L'C-234. 17. 1.v^-\^x^ + Zda?-26iC^+x^-l,

18. a:«+ 1008a- + 720.

19. 4a^-5:^' + 8.^•^-10.t•3-S^-5.^•-4.

20. .a;«+ 2.i;«+ 3;c* + 2;c=+l. 21. ;t-3-9a-.r.

22. a^ + Aa^x-\-^aH^-a^, 23. -1063-a&2 + 26a2&-7a».

24. a^-a-y^ + laH^-hK 25. a* + Sa^js + 454,

26. 12;i;'-17^V + 3:r?/2 + 2?/3. 27. x'^-xY + ah^-y^-
28. 607* + 1 Ix^y + 26a;2?/^ + 19^ + 4y*.

29. a^ + 'i^ + ^xy-'2x-2y+l. 30. ar'-322/«.

31. 243.r5_2,5^ 32. :c2- 47/2+122/^-9^2,

33. rt^ + a^h + a&2 + &3 + 2?>2a;- (a - ?^) x\

34. a3 4-&3 + c3_3aZ)c. 35. ft^ + SoVCa'- 2) + 166^^:4.

36. a^-1ar¥ +¥ + 4abc^-cK 37. ^-a*.
'i^. x^ + x-{a-\-h + c)+x (ao + ac + be) + dbc,

',.0. x^+ x*a^ + a^. 40. x* - 5a-x^ + 4a^,

IX. 1. 5x^. 2. -3a^ 3. Sxy.

4. -8«22,2c2. 5. Aa^b-if- 6. ar2-2.r + 4.

7. -a* + 4a-5. 8. x^-dxy + 4ir. 9. 5ft''6' + a5-4.

10. I5a%^-12ab^ + 9abc^-r,c\ 11. ^-4. 12, ;c-8.

13. x^-i-x + 3. 14. 3^.^-2.?; 4- 4. 15. 3^ + 2^+1.
16.- ;r--.3.c+7. 17. x' + x^ + x^ + x^ +x+h
18. a'-i-ah-b^ 19. ^c^ + 3a?=?/ + O.r?/'' + 272/^.

20. x^-xhj-hxi/. 21. a;* + ;c^2/ +^V + ^^/^ + 2/^'

22. a*- 2a''6 4- 4a=.!/' - Snh'' + 1 G?/.

23. 2a^-6a^b + l8ah^-27h\ 24. x^-hxy + 7/.

25. A'2 + 2.r7/ + ,V- 26. a^~2.r + 2. 27. .^•^-3.r-l.

28. a*-5x + 6. 29. ^'-4374-a 30. as^+ 5x-^6.
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3:c + 2x

34.

31. .^'-J?-19. 32. 1

33. x* + 1x'^-^'ix^+ 1x^l.
3'). a" + Oa'Z) + 2<7Z>= + tl oo

37. ^' + 2.1-3 + 3a;» + 2j; + 1

.

3S.

39. OT-c. 40. ax' + bx+c.

42. a,-» + j*(y+l) + 2/'-2/+l.

44. a + h + c. 45.

43. rt' + «(2&-c) + Z/'-&c + c».

48. x^-x{a + b) + ab. 49. :r + 2/

a- + 2rt&^-3^^

x^-:ijr + 4x+l.

x^-x^-i- 2x^-2.

41. ;2-'-2.ry + i/'.

43. 1x + 4:r.

rt + 2b + c.

47. ^/ ^.> + <^) - &<^-

^. 50. x-vy-^z.

X. 1. 22.3a;2 4. 420:^7/+ 196^2^ 2. 49.?^ - 704*??/- + 2.j?/*.

3. :r« + 4.r3-8j? + 4. 4. ;c<- 10j:'' + 39jr--70.r + 49.

5. 4ar*-12a;'-7a:' + 24;r+16.

6. a--^ + 4 y- + 9 ;2- 4- 4.ry + G.r-r+ 1 2y^. 7. x^ 4- 2j.-V + .t"y^ - y^.

8. X*' irx\i'--4-if. 9. a^ — x'y- — 2xi/^ — i/\

10. a:*-.r'//' + 2.r7/3-2^. 11. a;« + 2a,*^ + 5j-2_i.

12. a;«-18a;'^Sl. 13. a^-4rrc>2-4aZ/3-t*.

14. lGa:* + 96.rV+l44.cV-81y*. 15. a^.c^-i^V-

16. a'x*-2a-Irx-i/' + hy.

3.

6.

8.

9.

10.

12.

IG.

19.

22.

24.

26.

2S.

31.

XT. 1. a» + 6' + c'. 2.

a' + ^'4-c' + ^^'+2rtC + 2M. 4.

2{a + b + c). G. 2;>(x + 7/).

ar(2a -»- c) + y(26 + «) + ;? (2c + 6).

2(rt + 6 + c)(x + »/4-r).

2 (a' + /y' + <*—ab-bc- ca).

h^-d\ 13. 2a + 46y. 14

2a-rJj + Ar. 17. G. IS.

x' + a-V + •!*//' *-y^

36. 2.1

G (a + 6 + c).

7. bx + a7/ + {a + b)z.

11. 6-11^.

(•'''
a. ,,,2 a.

t
=* + .1V + ^l/^ ^ 2/'-

20. 12rt6<?. 21. a-i-b + c + (i.

0a}-^0(ib + 2ob\

-Gc» + <:(9rt + 4W
(;r«-xy + yV.
ar'-Sxy+lSy*.

2a*-3a6 + 46'.

C«^ 25. (x» + .ry + yV-
27. a'-2rt6 + 36".

29. rt*-aV+6*. 30. a*- 1*.

32. «-l. 33. (x-l)(u?+ 4)

20—2
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34. a + .r. 35. a^ + h\ 36. a^-ax^-a\

37. (:c + 4}(jr + 5). 38. {x + b){x->rQ.).

39. (j?-5)(.i'-10). 40. {x-Wj". 41. (a;-ll}>+ 12).

42. (.r + 4)(.r-ll). 43. {x-Z){x + Z){x''-^d),

44. (.r + 5)(jF2-5.r + 25),

4d. {x-2){x + 2) (a;* + 4) [x^ + 1 G).

46. {x- 2) \x+ 2) (a;2 + 2.r + 4) (a;^-2^ + 4).

47. (a + 4&)(a + o6). 4S. {x-6?/){x-1y).

49. (a + &-5c)(a + &-Cc).

60. (2a; + 2?/-a-Z')(^ + ?/-3a-2&).

XII. 1. 3.r'. - 2. 4a'^/^ • 3. Ux*y^z*.

4. la'Px^jf. 5. 2r.r+l). 6. 3',r+l).

7. 4(a'+62). 8, x^-y\ 9. .r + 5. 10. x-7.

11. ^-10. 12. a:- 12, 1.3. x'^3x + 4.

14. V-5j; + 3. 15. ;c'-6^+7. IG. ^'-G.r-S.

17. x + 3. 18. x-4. 19. ^-:r-f-l.

20. a^-x + l. 21. 3a:+2. 22. a^^.T-1.

23. ^-2. 24. .r-2. 25. x^+1.

26. ^' + 30? + 5. 27. 7^' + S.r + l.

2S. ;c*-2.c3 + 3.2;'-2;r + l. 29. ^-3^+1.
30. x + 1. 31. x + 7. 32. ^'4-3?/. 33. x-i-a.

34, x—2a. 35. ^a;-?/.

XIII. 1. 12rt=Z/'. 2. 3(JaWc\ 3. 2Aa^h^j.^y\

4. (a + ?>)(a-&7. 5. 12a&.y + &3^. 6. (a + &) («3_ ?>3)^

7. (ir + l)(;c + .3)>-4). 8. (.i; + 2)(;?;+ 4)(a;'+3:c+ l).

9. a?(2^+l)(3j;-l)(4;i'+3).

10. {x'^-5x + Q){x-\){x-A).

11.- (V + 3;c+ 2)(.7;-3)(a;+5).

12. (^+ a;+l)(^'+l)(a:+l)(^-l).

13. (;r3-^-=-4^ + 4)(^-l)(^-4).

14. {a^—ax + a^){a^ + ax-\-a^j{x — df.

15. 36a3Z^c». 16. 120(a + 6)»(a-&)*.
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17. 24(a-^)(a3 + 2P). 18. I0oah\a + h){a-h).

19. af'-\. 20. cc^-l. 21. a-^'-1.

22. (x+l)(j; + 2)(.r + :3). 23. {x+\){x + 2)(/' + 2x-2).

24. (jr»-19x-30)(x» + 5a;+10}.

4c
XIV. 1. 3.r +

2.r-^.

9. x"^ + .r- + .r + 1 +

2. 4rt6-+ — . 3. 2a+ —,
9 4a

x +
:r+3

3a3

2

6. 2x-

8. a:-l

.r-3

2.r-l

12.

15.

3(a4-6)
•

4.t?

X—

13.

.t'+l

4rt2

r " ~ ~ " 36'
10. o;^ — a;- + .r-l

14.

11.

3y"

XV.

3r/ + 25

2^-.>;

3y •

2{a + by

17. ?i^' 18.
3 (a + 5)

a — b
^- 26 •

(ar-l)-(j;+l)"

(a;3-l)(:g+l )

a;2+l

lax

ax — 3y2
*

^ 4(rt + 6) ^ a^-ah + b^ „ x+2 . .r + 7 ^ .r + 3
5. -,— ,.. b. y . 7. r. o. - -_- . 9. „.

5{a-0) a — b x + o x— o x— 1

x+a—b—c
10

14.

17. -

x-^b

x + c

xJ-3
'v-'- 1x + 5

.r-t-7

x — b
11. —^.

ar + c
12

;c*-4x-3*

20. -w o

23.
3r-3

ar-^-3a;+l

^^-
2.r^+x + 3'

1

3j:-4

Ax-Z
a?-

3

a:' + 7u?+3'

CC-.5
Sx-* + a- 4- 1

.r-4

d; + 4'

24. -,A^-^-
,.

15.

18.

21.

13.

IG.

19.

22.

2D.
flj-1

30.

3a?fa:*-r)a^

a; +6-a— <;

x + 5

a;'+"3x+2*

5^4-4

3x' + u;+ 2
*

.r' + gjr— 2a*

2j.-' + 3^u; + 4a»*

;r-3

a^+l

a^—a*y'

2a;' + 3<i' '

— a'

25.

28.
a?^ + u:^+r

31. 32.
ar+^'



3o.

n.^
{a^-l){x-2)'

"'
yi,x--i/-)' " '\-j^

23. —7-1, -. 24. 7—,.— . 25. -—-.
X\X-—a-) a^ — lr ar—\
4a-[a--ar+.r-) ,^^ 4'.r-i-\0) ^^ 2.r=-.9.t--44

a^ — jr^ '
~ '

a.-'— 16 ' *"" '.-o4 .-*

stp- — Aax — a' 2a ./•- — 2.?
29. —,-„— o.,-. 30. -:

:,. 31. 1. 32. -^—-. 33. 0.

«, .6
1 .^ 2.r2

X .v + l)'^x + 2) 11 -.t-^^l-f .r^; x^ + y^

4.r"' 4^' • S^^
40. -^ ^— . 41. 0. 42. ^— ,. 43.

4Sa3 246^^ 7-^1—17-7-0—r-TT 4.J),

(.?^-a2,(x2-9a-; a(a2_^>2^(a2-4Z>2;*
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16.
^

47
^

48
^(^•^-^)"^^

(a;-o)(2;-6) ' * {x— a){x-b)' ' {x-a)'\X—b)

49. 7 \
—

J-, 50. -^::i^?p^^. 61. 0.
{a-c){c-b) {c-a){c-b)

82.-- \ ... 53.1. 54.
S^-^-J'-"

f(c-a)(c-6)' ' (.c-a)(;c-6)(;i?-c)'

»o. : —, r~7 ; • 56
(.r - a) (.c- b) (x-c)' ' {x- a) {x -b){x-c)'

4c

ta
XVII. 1.

'^'^
" ' "

^'^'''''
'

^

x2 + y'
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54. 200000000. 55. 65. 56. 48. 57. 49yV minutes

past three. r>^., 32^^ i»"'^'tes past three. 59. £288.

GO. 2 seconds. 61. 40 minutes past eleven.

G2. £300 and £200. 63. 14. 64. 640.
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12. 20; 52. 13. 70; 50. 14. ^. 15. (24-1)20.

10. 15; C5. 17. 12; 5 l-^. 14; 10. 19. 24.

20. 1 ; 2. 21. ti'J. 22. 10,! lbs. 23. 150 yards;

30, 20 yards per minute. " 24. "21; 11. 25. 50; 75.

2G. 70; 42; 35. 27. 90 ; 72 ; GO. 23. 12 milea

29. 4 miles walking, 3 miles rowing', at first. 30, 33^

miles per hour; 4Si distance. 31. 45 ; 30 miles per hour.

32. 30 ; 50 miles per hour. 33. 60 miles
;
passenger

train 30 miles per hour. 34. 150; 120; 90. 35. 3§*.

;

35.; lis. 30. 4; 5D ; 55. 37. 120; 80; 40. 38. 432.

39. 420; 35; 21 shillings. 40. 2; 4; 94.

XXVI. 1. ±4. 2. ±25. 3. i7. 4. ±9.

5. ±9. 6. ±G. 7. 1,2. 8. 2,3. 9. 2,-12.

10.
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53. 4,0. 54. U, 0. 55. 13,^. 5G. 6,-3^.

57. 5, -]-,%. 5S. 5, li. 59. 5, -1^. GO. 2^,0.

CI. ai^.. 62. {a^i;-. C3. i
v''^'?>;- C4. a, -^-^^^

,

XXVII. 1. ±2, ±3. 2. 49. 3. 4. 4. ±4.

5. 5,-3. 6. 3,-2. 7. G, 0. 8. 12,-^.

9. D, -12. 10. ±3. 11. 2,-15L 12. 4, ll^.

13. If. 14. IG. 15. 1. IG. ?, t. 17. 4.
o u

IS. 4. 19. ^''^^iyf^^\ 20. ^. 21. Za\

22. 0, i-^^. 23. 0, i5. 24. 0, ± ;^/2. 25. 2, ±1.

26. 0, i^:a&). 27. a, -2a, ~ 2a. 23. a, ^, -|.

XXYIII. 1. 35, 24. 2. 3G, 24. 3. 30, 24.

4. IS, 12, 9. 5. 12, 10. C. 4, C. 7. 195.

8. 3,45. 9. 11. 10. 7. 11. G, 12. 12, 15.

13. 24. 14. 27 lbs. 15. ^s,ld.,ls. 16. ^20.

17. 12G, m. 18. 8<:/. 19. 10, 9 miles. 20. 56.

21. 102, 128. 22. 9 gallons. 23. 64. 24. Equal.

25. 4 per cent.

XXIX. 1. .5,-4; 4,-5. 2. 4, -y;l, -^.

3. iS; ±6. 4. 6, 12; 2, -4. 5. 7, -4; 4, -7.

^•^^"l3'^'"l:i- ^---^'5' ^^'5- ®- ^' 81' '''Sr
''9 53 "^ 3

9. 2, -„^;4, -^^. 10. 6,0; 5,0. 11. ^,0;-,0.

12.3,6;y. 13.4,|;8,^. 14.^,0;^,0. 15. a, 6.
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IS. a,0;0,h. 19. ±4, ± ^- ±3,----. 20. ^u; db4.

21. :t7; ±G. 22. ±l.j; =7. 23. =i.4, ±14; ±], =t=4.

24. ±9; ±4. 2.J. =t3, ±3G; ±5, ==^^^. 2G. ±9; ±3.

27. ±8: ±G. 28. ±2; il. 29. ±9, ^^Sjl; ±7, h. ^2.

30. =^4; il. 31. 0, 1, |; 0, 2,2^2'

^- ="
^,2a^4-2)' =^^/(2a-^ + 2)-

^^' ^""^ -
J2

' ''^' '
-J2'

3^. =^^'=^^^ -l'^"^- 35. G, -4; 4,-6.

CC. 5,4; 4,5. 37. 4, 2 ; 2, 4. 38. 4, -3; 3, -4.

CD. 1,2; 2,1. 40. ±4, i3;±3, ±4. 41. 2, 1
; ^ ,

J.

<2. ±5; ±3. 43. 2, 1, - 1, -2 ; 1, 2, -2, - 1.

.^*- 2' 2 ' 4 , 1, -=F*y'i,
212 5 2

4.5. 3, - ; G, -_. 4G. 5, -„ ; 2, -
o J o 3

47 2- 1 48 4 ^•- -^-^ - ^' ^

49. a+6 + 1, -^^; ^—^. 60. ^1, ^3/.

51. '^^; ±26. 52. 0,a+&,2(«-6)±2'v'((« + 36)(a-^}}:

0, a + 5, ^
(a - 6)T 2 n/[(« + 3&) (a - h)]. 53. .r = a -=- </(rt&c) ; &c.

C4. (.r + »/Xy + 5:X^+ar)=*at(;; &c. 65. ±1; tfc2; =±=3.

.-o 8 3 3 8
''' 3' 2- 2' 3'"^
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XXX. 1. 11; 7. 2. 6; 18. 3. 8; 24. 4. 8; 16.

5. 10; 15. G. 10; M 7. 7; 5. 8. 18; 8: G;16.

9. 5; 3. 10. 4; 2. IL 2; 2. 12. 4; G.

13. 7; 4. 14. 12; 8. 15. 20 ; 15. IG. 30 ; 40.

17. 60; 10. 18. 8-4. 19. lG0;£-2. 20. 24; 4^.; 3-?.

21. 756; 3G; 27. 22. 4Wv-alldn^; 4^ rowing at first.

23. 10 ; 12 miles per hour. 24. G miles.

XXXI. 1. 8A'-'-- 2. -Sxyz\ 3. Sla'hV-^.

9p* ""•
27//"«* 2/^^8-

7. «^+ 7a'^b + 21rt't/= + 35a'Z/3 + 35a^Z/'* + 21ri'Z/5+ 7c7Z/5+ zi^.

9. a^-M%^-^-6a^h*-h\ 10. l-3.t' + .3.r--^.

11. S + l'2x + (^x^+a^. 12. 27-54.c + 3G.r2-8ar'.

13. 14- 4.r 4- G a;- 4- 4.r3 4- x\ 1 4. .r^ - S.c ' +24x-- '32x 4- 1 6.

15. 1 Ga;^ 4- DGo.-^ 4- 2 16.^*4-216.^4- SI. IG. 2aU'3..4- 6rt.i'Z>=?/'.

17. 2a*x'-^l2a'^j;-bY + 2bY- IS. 2 (.3.^4-1 Oar* 4- .-c^).

19. 1-4.^2 + 60;^ -4x^4-^1 20. 1 4-2.r4-3.i;2-H2a;^4-;i.'^.

22. l+2x-x^-2xr^ + x\ 23. 1 4-6.6'+ 13.c"- 4- 120,-3 + 4 j;-*.

24. l-6x+l5x^-l8x^ + 9x\ 25. 2(4 + 25.r='+ 160,-^).

26. l + ox + 6x- + 7x^-i-6x^ + 'dx^ + x'^.

28. 1 + 3.?;- 5x^ + 3a^— x^.

29. 1 + 9.r + 33;c- + 63^^ + C6.?r* + 3Ga'' f S.r«.

30. l-9j; + 36.r--81.r'+108.c^-S1.2^ + 27.i?«.

31. 2(36.r+17Lr3+144.r'). 32. l-2x + 3x^-x*+2x'' + a^.

33. 1 + 4 .1' + 1 0.i-- + 20.r^ + 25.-^^ + 24.1-^ + 1 6x\

34. 4:(ab + ad+bc + cd). 35. 2 [a- + 2ac + c- + b- + 2bd -h cP).

36. 1 + G;c + 1 5j;2 + 20.^7^+15^ + 6jr' + a;".

37. 1 - 12.C+ 60j;-- 160jr^ + 240.JP-'- 192a^ + 64^.

38. 1 + 8j: + 28.r- + ' G.f^ + 70.r* -^ 5 6x'^ + 2S:i-" + Sx"^ + ;?A

39. 1 - 3.c^ + 3.c« - .L^ 4 0. 1 + 3.r2 + G.r^ + 7.^"^ + 6x^ + 3.v'^ + .r".

XXXII. 1. Sa'b\ 2. 2fl5. 3. -4a6^ 4. 2«&V.

6. -ofcV. 6. ^. 7. --^. 8.
J-.

9. gp

I
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10. ~. 11. 4a + o&. 12. 7a^-G5. 13. C.r' + 1.

14. 8a-f35.. 15.^2.- ^^•^2.^3^- l-^=^'^+l-

15. 1-:c+ 2j^. 19. :c= + 3.r + S. 20. a;'-2.r-2.

21. 1-2x4 3.1-2. 22. 2x*-x'^'-2. 2.3. x^-ax + ^a-.

24. x'^-ax+ b-. 25. x' - Gx- + 1 2.c - 8. 2G. :r^ + 2ax- - 2a^x - a\

27. l-x+x'-a^ + x*. 2S. |H-i*^-i^. 29. 1+^.
2y C'^ 4^

30. 2jr-3y. 31. l-x+x\ 32. x--{a + b)x + ab.

33. x+1. 34. a^-xy + y-. 35. 34. 3G. 45.

37. 61. 33. 72. 39. 87. 40. 99.

41. 123. 42. 321. 43. 407. 44. 55'5.

45. C-42. 46. -914. 47. 1234. 48. 5420.

49. 620*1. CO. 70-58. 51. 8-008. 52. -41)37.

63. 12007. 54. 50406. 55. l'S042. 56. "2'1319.

57. -75416. 58. 443329. 59. '94868. 60. 2-49198.'

61. -65574. 62. -09233. 63. 4-12310. 64. 11-357S1.

65. 18-63-iSS. 66. 11950331. 67. 2x + :iy.

68. 12j;" + 4y'. 69. x-a-b. 70. x-+x+\.
71. x--ax-a\ 72. 2X' + Acx-2c\ 73. l-3.r + 4.r-.

74. l-x-^x^-x^. 75. l + 2.r. 76. 3a:- 1.

77. 27. 78. 35. 79. 54. 80. 61. 81. 88. 82. 92.

S3. 138. 84. 148. 65. 378. 86. 392. 87. 576.

83. -604. 89. nil. 90. 27o5. 91. 45045. 9*2. 17479.

XXXIir. 1. J. 2. -. 3. -. 4 100. 6. -
.

3 S ^^ .
2"

6. a"'. 7. a'. 8. a~\ 9. a~\ 10. a'^^. 11. x^-y^.

\2. a-h. 13. u;=+2j;' + x-4. 14. x'+ 1 + x"*. \').a-^-\.

16. a--3a5 + 3a"5-a-2. 17. a^ + 2rtW + a6 - a:V-
18. x^ + x^y-xy^-y^^ 19. x^ + x^y^ ¥ x^y^ -^ yK

20. a^ +aM + 6'. 21. 16ar~^- 12a:~^l/~^4-9y"^
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22. x^y. 23. a^-A^+&^ 24. a^ + 6^-c\

25. ^^ + 2a.-^a- + 3Ai + 2j;y+rt2^ 23. x^-^x'y^+y*,

27. ^^-2.1;"^. 28. x-2-x-\ 29. a;*- - 2a;-' + a?i

SO. 2;r5-3 + 4;c~^.

XXXIY. 1. 7^/2. 2. 94/4. 3. 1^3. 4. ^.

^1^5^ g5|2^ 7.2 + 2^2-2^3. 8.2 + ^^6.

9. 4 + ^V2. 10. 5 + 2^6. 11. ?^r^
12. JmS + 9v/6 + 4x/15 + G Vio)- 13. 3+^/5.

14. 3-^7.* 15. ^'G4-v'2. 16. j\-J\
17. ^/3-^/2. 18. 2 + ^/3. 19. ^^3. 20. ^/lO.

AAX\. 1. g. 2. -, g, 2, ^, g. 3. 27-

4. 14, 21. 5. 24, 30. 6. 20, 32. 7. 1.

8. 15, 10. 9. 6, S. 10. 35, 42. 11. 4.

ah
12. —^. 13. 50,60,90. 14. 0,2:5.

XXXVI. 1. 14. 2. IS. 3. 15. 4. 12. 5. 4.

G. 4. 7.2,2^. 8. 5. 9.1,-1. 13.
" 45, GO, 80.

14. 4, C, 9.

XXXVI T. 1. 4. 3. 5 : 2. 4. 2. 5. 4.

6. 5. 7. 8. 8. dbc. 9. -rj. 10. ^113j.

11. 15. 12. ;£15360,
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XXXVIII. 1. 936. 2. 77i 3. 69. 4 139J.
6. 37i 6. -115. 7. 14,16,18. 8. 14^, 14|,..,

9. 6i,6,... 10. -^, ^,... 11. 10,4. 12, 82.

la 5, 9, 13, 17. 14. 5, 7, 9. 15. 1, 2, 3, 4, 6.

16. 18, 19. 17. 7. 18. 6. 19. 1, 4, 7. 20. 1, 2.

XXXIX. 1. 1365. 2. 13f 3. 40|. 4. 63(^/2 + l).

665 463 3 4 2
^- 648- ^' "96 • ^- 4- ^' 3- ^' 3' ^^' ^'

11 -^ 12 ii- 13 ^-^
14. -^^^- 33* ^^ 333* ***• 495* ^** 1980*

15. 4, 16, 64. 16. 8, 12, 18, 27. 17. -9, 27, -81, 243.

18. 3, 12, 48; or 36, -54, 81. 19. 1, 3, 9,... 20. 3, 6, 12.

XL 1 ^ 5 1 2 ^ A 1 3 3 1?^^- ^- 2' 5'^' ^- 5' 13' 2- ^' ^' 5

^ h' h'iz' ^' ^' ^^' ^' ^^' ^*-
^- ^' ^' ®- ^' ^*

XLI. 1. 134596. 2. 5040. 3. 126. 4. 30240.

5. 11. 6. 1900. 7. 15504; 8876. 8, 27; 99.

XLII. 1. a"-13a^'.c + 78a"x»...-78aVi+ 13a;c"-«*».

2. 243-810:bV 1080a;* -720a;' + 240j;' -32.C*!

3. 1 -14y + 842/2- 280y' + 560y*-672y' + 448/- 128y'.

4. a;- + 2n;r-»y+2n(n-l)a;-V+^^^^^^l^^^^^^"V.

5. l + 4j; + 2j^2-8a;»-5.z;* + 8;r' + 2.r«-4a;' + a;'. 6. l + 5«

+ 15x=+30.r' + 45.c*+51j;*+45.c«+30;c^4- 15j^ + 5j:^ + x^.

7. l-8;c+ 28x2-56a;' + 70a;*-56a;'+ 282;«-8j;'4-a?».

8.5922. 9.1590. 10.a;=2,y = 3,n = 5. U.x = 4,y^^, n^S.

12. ai-- ^ j28—

13. l + f + ^+?^. 14. l + 2x + 4J9^ + 8a*+...
2 3 54 v..

T. . 91
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3.7.11.15.19,, , a . -
16. r+1. 16. -^ (3a?)-f-V.

_1£ _i» _i« 1040 i» 4040 **
17. a »+10a ^6-K65a 8^)2+ i^a-i'63+^a""»'6*

3 o

(>-+l){r+2)(r+3) .xl..^'** 3a"

;c a;' 7.1?'

^°' 1 + 2-8-T6-

XLIII. 1. 2042132. 2. 22600. 3. 11101001010.

4. 2076. 5. <4592. 6. Radix 8. 7. Radix 6

8. 9<?21 ; te. 9. Radix 5. 10. eee.

XLIV. 1. -. 3. w = -.
a r

Miscellaneous, l. 729, 369, 1, 41. 2. 41a? -Sly.

3. 9-30:r + 37a?2-20;c3+4a;*. 4. l+a?-a?«-ir*,

l_^ + ^_a^. 6. ^^^^^=^. 6. (4^:2-9) (9a?2-4).

7. -. 8. 3. 9. 240,360. 10. £2, £%

14. 2a?2-;r2/-2i/». . 15.
^^~^"^

.

59
16. (^-10)(* + l)(^ + 3). 17.

(^_io)(x + l)(^^3)
-

18. 5. 19. 7. 20. £40. 21. 2a-2&-a?--2y,

a + 36 + 4« + 42/. 22. 11. 23. ^-a*. 24. |- + |-^.

25. ««-2. 26. ^^. 27. (16^-l)(^-4).

28. 6. 29. 14*, 21iP, 52^5. 30. 100.

31. 1. 32. (a>*-a')(««-62)i {j«-a){jK-hl
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33. 44r*-2xV +a:V-^+^- 34. x-2.

35.
l[^^~J^\

' 36. 1. 37. 4. 38. 2. 39. 30 minutea.

40. ^£18, ^6. 41. 10j?+10.2. 42. la^-ixy + j^,

43. a+b-c. 44. a;* 4-1. 45. -^. 46. («2-4)(j?2-9).

•*7. o^^*^"^^i - 48. 1. 49. ^. 60. 30 lbs.

51. 3a*-5a'6-12a22>2-ai>3 + 32,4^ 3a'-8a'&-4a6' + 3&'.

65. 1; 2. 66. 352. 2jr-5. 53. 2. 54. ^^"^ ^^
. 65. 1 ; 2. 66. 3 ; 6.

57. 6; 8. 68. 4; 5-; 2. 59. am + 6n' hm — an'

60. f. 61. ^ + ^+l+;^4-:^.
5 X* or

62. -r-T—=;

—

77:- 63. -^

—

-. 64. 1. 65. 4; 3.
7jr + 7J? + 2 jr' +

1

66. 2; 4. 67. 3; -3. 68. 3. 69. 2.

70. 20; 40 years. 71. 1. 72. ^^ , \.2x— 1 o

73. (a;-2)(;c-l\ (*-2)(j:-5), (x-l)(jr-5). 74. 0.

75. \ . 76. V . t • 77. 3 shiUings, 2 shiUings.
o «>

78. 3*3- x+1. 82. (jr'-4yV- 83. 8; -2.

84. 5. 85. 47 or 74. 86. 45 gallons.

87. 4j^-,3xy'-»-5»A'. 88. 52|. 89. 4-65409. 91. x-y.

92. 8(:B* + y»);48(j?«-l^). 03.—^^^. 94.1. 95.4,5,6.

96. 3, -):. 97. 20 miles. 98. Present prico 3 pence

per dozen. 99. 18fl-^^;lS. 100. 4,8,16.
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101. «*-l, l + a^ + x^. 102. (^-a2)(;c«_a«), 103. a.

104.1. 105. 13, ^^fy. 106. ±3; ±4; =f5:

or ±3; i5; =f4. 107. 20 shillings.

108. 48. 109. -•+!--. 111. a:»+l + a?"-.

y X
_,_ a;» + 5;r+10 6 ,,^ „ 38 ,, . ,

^^2' ^^2^ + 3^^6 > 7- ^^^- ^M- 114. lor -3.

115. :.2;.l. 116. ^,^;^, |.

117. |. 118. -^c-''. 119. 612.

^21-
2a6^-&3 + a-& ' 1^2. Zx^-6xy^.2y\

123. ;»(3:» + 4)(^-6). 124- ^. 125. 2,^.

126. 6, -^; 4,^. 127. 1, |; 2; |. 129. 3.

130. 3(3"-l). 131. -. 132. 2a?(3;y + 4).
X

133. 4,-3. 134. x'^-x-Q = Q. 135. :c^= a4 or ^.

136. ±2. 137. 819615. 138. 1-2 JZ. 139.^^.

140. £±^^^ (a )̂{c+h-2a)
_

b-a 2(&-a) ' '

142. 197, Sx^-ix'^-Sx-Z. 143. a (a^ + &2), ^^,

.

144. (1)4. (2) 0, 5. (3) 5; 7. 145. (1) 3, ^. (2) 8.

(3) ±7; ±5. 146. 16; 16. 147. 20. 148. 16, 24.

149. ^, 169. 150. As 5 to 1. 151. a^. 152. a»+ 4&.

153. x-3. 154. (1) 5. (2) 3. (3) 7; 4.

155. (1) a (2) 9. (3) ±9; d.7. 156. 30 pence.
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167. 80. 158. £10. 159. aj + 2a. /

161. a, 21a-27& + 6c, a^l•«'^ 162. 3 (a- a?).
'

163. 72(ar-y)>(x» + y3). 164. (1) 9. (2) 6. (3) 12.

(4) 20; 2. 165. (1) 6, |. (2) 11. (3) ±11, ±13.;

±13, ±11. (4) ±2; Tl. 166.12day8. 167.4,8. 168. r^.
lo

170. 208; 400. 171. 23J-18a. 172. 2,p\x^.

173. a^-Zoj^ + ^a'x-a*. 174. (1) 13. (2) 4. (3) 6; 10.

(4)3. 175. (1)2,4. (2) ±5; ±4, (3) ±1, ±7;

•pi, ±5. (4) 1, 5; 5, 1. 176. 161*5- minutes after 12.

177. 36. 178. 40,23. 179. 36(1-^5), 36.

180. 7-^/6. 181. 15. 182. ^^g^.g^ 184. (1) 9.

(2) 6; 8. (3) 4, -\, 185. (1) 13, -15. (2) 7. (3) 2, -1.
4

186. 288, 224. 187. 29 mUes. 188. On the first day

A won 8 games and lost 4 games. 190. -85^.

,^, 18.r*+ 1 2.^^-434:* + 36j;- 18 6.c»- 20jr" 4- ar -»- 36
191. n4 ' 4 •

(2) 7. (3) 40; 16. 195. (1) |, -|. (2) 13. (3) 2,4;

4,2. 196. 66 miles. 197. 24. 198. 23+15.

199. a*-ah + b\ a'+b\ 200. 2,4,8,16.

201. li^^Hi?^. 202. ;r'-2.r + 4. 203.
''''

3(7-20:) • ""- " '•^"'* ^"' (2 + 3^)«»

^
204. (1) 9. (2) X- (3) 6; 8.

l+«'-»-«*'
*

* ^6
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205. (1) 7, |. (2) 1,-4 (3) i3; ±2. 206. 10 milefc

207. 24 208. 6 crowns +18 shillings.

209. 2x^+ 2ax+ 4b'. 210. 7, 11, 15, ...

211. 3:.3_2^y+ 3^^-5/. 212. -j^^^|-^.

^^^•rara^o- ^^^•(^)^- ^^)^^'^-

(3) 3; 6; 9. 215. (1) 3, -6. (2) d=7; ±5. (3) 2, 4; 4, 2.

216. 1*14 of each. 217. 126. 218. 21. 219. 11,12,

13,14 220. 3 + 2 J2. 221. af + a^+lipa^+ qx-r.

222. ^r'[ , ,
^y:& + c

223. (7a; -4) (3:5 --2) (^-3).
6(a + 6<r)' a-b-c

224 (1)9. (2) 23; 19. (3)12; -24; 36. 225. (1)28, -3.

(2)100.-200.- (3) a,^,y(,,_,, ; ^^,^.^ -

226. :^ of a mile. 227. 500; 1000; 4000. 22a 2 hours;

ihours. 229. 2,5,8,.... 230. ^(9-w).

231 ^»^». ^J^!±^ ^^-^^^ ' «(a2_62)» (a-&)2(a2+ 62)-

232. 9^f^. 233. (1)1. (2) .1.(3) i;^.

234 (1) 5, ~. (2) ^^. (3) 5; ±4 235. 19.

236. 150, 50. 237 . 40, 50. 238. 1975.

239. a^ + a^b + al^ + l^, a + 2b + 3c. 240. xh/^ + 8x^yl

241. 14cy, ?ill^-^. 242. x + a. 243. 105 shil-
1 — a?*

lings. 244. 54. 245. 3, 5, 8. 246. 6}; per cent

247. 220a 248. ^. 249. 5*678, 1234 251. 2a- &.

-^
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295. (1) 4. (2) 61; 73. (3) 16; 8. 296. (1) 7,-8.

(2) 7, -=r- (3) 1,5. 297. 144 minutes.
4

298. 4.\ hours with the stream, 7^ hours against the

sfa-eam. 299. a~^b, a, a+-bi 300. 3,-1.

TEE END.

.

J

rBIKT£I} AT THE STEAJdC PRESS ESTABLISHMENT OF COPP, CLABK * CO.

COLBORNE STREET. TORONTO.
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